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How to read these notes

These notes teach the full course at undergraduate level. They assume calculus, complex numbers and
basic circuits. They define signals, classify systems and show why one function describes a linear time-
invariant system. They then represent signals with complex exponentials and explain how sampling
changes a signal.

Read the chapters in order because each chapter uses the one before it. First, a signal is defined as a
function. Next, a system is defined as a map on functions. A linear time-invariant system is then described
by one function. The frequency-domain chapters use this function to turn convolution into multiplication.

Each topic follows the same teaching order. A picture introduces the purpose of the idea. A definition and
an equation state it exactly. A short derivation names each step. A worked example applies the method
and ends with a check. Each worked example uses five headings: Given, Find, Method, Solution, Check.
Try the Check step before you read it.

Two conventions apply throughout the notes. Energy and power are normalised: the resistance is 1 2, so
instantaneous power is |:c]2 The imaginary unit is j.

The third contents column gives textbook references. For example, OW CH1.1-1.4 points to the matching
material in Oppenheim and Willsky, Signals and Systems, second edition. The OW mark separates a
textbook address from a course address. The numbering systems differ: these notes introduce the
continuous-time Fourier transform in chapter 5, while the textbook introduces it in chapter 4.
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The continuous-time signal z(t) = cos(t) is drawn as an unbroken curve.
The discrete-time signal z[n| = cos(n) is drawn with stems.
Converging. As the window [—T", T'| grows, the shaded area approaches a finite limit.
Diverging. For z(t) = cos(2t) every period adds the same area cos?(2t), so E, — 00.
The running average Pr = Ep/(2T) of two signals.

Energy signal: B, = 1, P, = 0.

Power signal: E,, — oo, P, = 1.

Neither: both limits diverge.

A time shift changes the signal position but not its shape.
z[n]=1—-n/dforn=0,1,2,3.

y[n] = z[n — 2]: every stem moves two samples right.

Reversal moves the pulse on [1, 3] to [—3, —1].

Original: support [1, 3].

Compressed: support [0.5, 1.5].

Stretched: support [2, 6].

z(t)

v(t) = z(t — 5)

y(t) = =(3t - 5)

Periods are 4, 8,12, . .. The fundamental period is Ty = 4.

Periods are 8, 16, 24, . . . The fundamental period is Ny = 8.

Both sides line up after a shift of 2, but the dashed copy (¢ + 2) has its jump at t = —2, where
z(t) has none.

z(t) = cos(%L) + sin (%) repeats every 12.

t2 is even.

t3 is odd.

e ! is neither.

z(t), with its mirror 2 (—t) dashed.

Ev{z(t)}: height § on both sides.

Odd{z(t)}: the left half flips below the axis.

The even cos(7rt) times the odd ¢ gives the odd ¢ cos(7rt).

The unit sample d[n]: 1 atn = 0 and 0 elsewhere.

The unit step u[n]: 1 for n > 0, including u[0] = 1.
111
)99 49 8"
The arrow height shows the area, never a value of a function.

Unit-area rectangles with e = 1

Sampling: the impulse at £ is scaled by the value of x there.

A unit-area rectangle of width 1 and height 1, and the same rectangle with t replaced by 2t.
z(t):arampto2,adropto1att = 2,andadroptoOatt = 3.

z'(t): slope 1 on (0, 2) and two impulses of weight —1, drawn pointing down.

z = 2e7™% =1+ j+/3 lies at distance r = 2 and angle 7 /3.

© 2026 Hiseyin Ugur Yildiz - huguryildiz.com - Course content: CC BY-NC-SA 4.0

16
16
17
17
19
20
20

20
22

23
23
23
24
24
24
26
26
26
27
27
27

28
29
29
29
30
30
30
31
32
32
35
36
36
37
38
38
39

Lecture Notes - 5



.39
.40
.41
.42
.43
.44
.45
.46
.47
.48
.49
.50
.51
.52

= = = = T S S S S e R S S S R

.53
.54
.55
.56
.57
.58
.59
.60
.01
.62
.63
.64
.65
.66
.67
.68
.69
.70
.71
.72
.73
.74
.75
.76
77

BOR R R R R R R R R R R R R R R R R R R R R R R R

Signals and Systems — Lecture Notes

1+ jand —1 — j give the same y/x = 1, but they lie in opposite quadrants.
a < 0: decay.

a > 0: growth.

A damped sinusoid, Re{2e*'e/2™} with A = 2, 7 = —0.5 and wy = 27 rad/s.
z(t) = e + eI

0.5" decreases.

2" increases.

0.95" cos(0.147n): |a| = 0.95 decays.

wo = /4 slow.

wo = m: (—1)", the fastest.

wo = Tw/4 = 27 — 7 /4: the same samples as 7 /4.

Re{e/3™/5} repeats every 10 samples.

cos(n) has wy = 1, so wy/2m = 1/(27) is irrational.

The dashed curve cos(67t/17) repeats every 17/3, but no sample falls at the end of its first or

second cycle.

The harmonics k = 1 (dashed), k = 2 and k = 3 with T;; = 1.

a = 0.5: the partial sums rise towards 1/(1 — 0.5) = 2.

a = —0.5: the partial sums swing above and below 1/(1 + 0.5) = 2/3.
N = 6, k = 0: all six terms sit at 1, and the sum is 6.

N = 6, k = 1: the six terms e/™/ are spread evenly over the circle, and the sum is 0.
Unit step: u(t) = 1fort > 0 and u(t) = 0fort < 0.

Unit ramp: 7(¢) = tu(t).

Sign: sgn(t) = 1fort > 0and —1fort < 0, so sgn(t) = 2u(t) — 1fort # 0.
One-sided exponential: z(t) = e~ *u(t) with a > 0.

Rectangle: rect(t) = 1 for [t| < 1 and O for [¢| > 3.

Triangle: tri(t) = 1 — |¢| for [¢| < 1 and 0 otherwise.

z(t) = sinc(7t), with the unnormalised sinc(0) = sin6/6.

Gaussian: z(t) = e~ .

Sine: z(t) = Asin(27t/Ty).

Square: z(t) = Afor0 <t < Tp/2and —AforTp/2 < t < Tj.
Triangle: z(t) = A (1 — 4]t|/Tp) for [t| < Top/2.

Sawtooth: z(t) = A (2¢/Tp — 1) for 0 < ¢t < Ty,

Chirp: z(t) = cos (27 (fot + 5¢%)).

Beats: cos(27 f1t) + cos(2m fot), drawn with f; = 10 Hz, f, = 11 Hz.
AM: z(t) = (14 mcos(2m fmt)) cos(2m fot) with 0 < m < 1.

FM: z(t) = cos (27 f.t + Bsin(2m f,,t)).

White noise w[n]: the samples are independent, with zero mean and the same variance.

Signal plus noise: z(t) = cos(2m fyt) + o w(t).
Random walk: z[n] = z[n — 1] + w[n] with [0] = 0.

Random telegraph: z(t) is +1 or —1 and flips sign at random times.

CHAPTER 2 - SYSTEMS AND THEIR PROPERTIES

2.1
2.2

The same operator description applies in continuous time and in discrete time.
A constant input switched on at rest.
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Series, parallel and feedback connections of two systems. 59
The input z[n]. 62
The accumulator output y[n]. 62
The first difference: w[n] = x[n]. 62
A causal system may use the past and the present of the input. 64
The bounded input u[n]. 65
The unbounded output 12 + 1. 65
Example 2.9 with ty = 2. 67
Example 2.12 in the complex plane with a = j. 69
CHAPTER 3 - LINEAR TIME-INVARIANT SYSTEMS

The input is one unit sample at n = 0. 72
The sequence z[n| = {1,2,1,2} onn =0,...,3. 73
One term of the sum: z[1] §[n — 1] = 2§[n — 1]. 73
h[k]| 75
Flip: h[— k] 75
Shift: h[3 — k|, with h[0] at k = 3 75
z[n] 76
y[n] = z[n] * h[n] 76
Pulses of width A = 1. 78
Pulses of width A = 0.25: the staircase follows z(7) closely. 78
Case 1,t < 3:z(7) and h(t — 7). 80
The result y(t), continuous at t = 3. 80
0<t<1 82
1<t<?2 82
2<t<3 82
The complete result. 82
Two systems in parallel, with their outputs added, act as one system with impulse response hy + 83
ho.

h[n] = 0.7™u[n]. 86
h[n] = uln], the accumulator. 86
The shaded area under h from 0 to t = 1 is the height of s(1) =1 — e 1. 87
Integrator: the input 6(¢) gives the output u(¢). 89
Differentiator: the input u(¢) gives the output 4 (¢). 89
Non-recursive: h[n] = 3 (8[n] + 6[n — 1] + &[n — 2]) stops after three samples. 91
Recursive: h[n] = 0.2 (0.8)"u[n| never stops. 91
Left: y[n] = bx[n] + ay[n — 1] with an adder, two gains and a unit delay. 92
The impulse response and the step response of y’ + 2y = x atrest. 93
Example 3.8: y[n] = 25(1 — 0.8""")u[n] settles at 25 °C. 94
Example 3.9: v(t) = 30(1 — e~%/1%) m/s settles at 30 m/s. 94

CHAPTER 4 - FOURIER SERIES

The continuous-time and the discrete-time statements, side by side. 98
The input cos 2t (dashed) and the output 0.447 cos(2t — 1.107) (solid) of Example 4.1. 100

4.2
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The input z[n| = cos(27n/3). 101
The output 3 cos(2mn/3 — 7/3): the same frequency. 101
Each exponential passes through the system on its own. 101
cos 2t (dashed) and cos (2(t — 3)) (solid). 102
z(t) = cos4t + cos Tt (dashed) and the delayed output (solid). 102
1/t: condition 1 fails. 103
sin (27 /t): condition 2 fails. 103
Halving steps: condition 3 fails. 103
Two cosines of periods 2/9 s and 8/21 s, added. 105
z(t) =1+ % cos(27t) + sin(3t): a constant and two sinusoids, with period Ty = 2 s. 106
Magnitudes, even in k. 106
Phases, odd in k. 106
cos(2t) cos(4mt): two different harmonics of Tp = 1. 108
cos2(27rt): a harmonic times itself never goes negative. 108
On for half of each period: ag = 3. 108
A sawtooth, odd about the middle of each period: ag = 0. 108
Example 4.6: 2B cos wt = 0.8 cos 7t (long dashes) and —2C sin 7t = —0.6 sin 7t (short 110
dashes) add to one cosine of amplitude 24; = 1 (solid).

The wave for T3 = 1 and Ty = 4. 111
Its coefficients. 111
Ty = 4T with T} = 1: each ay, sits at w = kwy on the dashed envelope E(w)/T. 112
Ty = 8T7: the samples are twice as dense and half as tall. 112
N = 3: the partial sum (solid) and the wave (dashed). 113
N =27. 113
N = 9nearthejumpatt = 1. 114
N = 27 nearthe jumpatt = 1. 114
N = 81 nearthe jumpatt = 1. 114
The sawtooth for Ty = 1 (dashed) and its partial sum with N = 9 (solid). 115
lag| = 1/(2|k|) for T;, = 1. 115
Every phase is =7/2, alternating in k. 115
The impulse train for Ty = 1. 116
Its coefficients: a;, = 1/T, = 1 for every k. 116
z[n] = cos(27n/8) + 0.4 sin(47n/8), with one period of N = 8 marked. 117
Its coefficient magnitudes, % atk = +1and 0.2 at k = £2, repeat every 8 in k. 117
Magnitudes over one period, —12 < k < 11, with k = 12 equal to k = —12. 118
Phases: 7 /5 atk = +9, Fr/2 atk = £10. 118
N =10, N; = 2:five ones and five zeros in every period. 120
The ten values of r = e 7*27/10, 120
N =10, N; = 2. 120
N =20, N; =2. 120
N =30,N; =2. 120
Aramp from —b5 to 5, repeated every 11 samples. 121
|ay|: largest at k = +1, repeating every 11. 121
A rectangular wave with Ty = 2 (dashed), delayed by tg = 0.4 (solid). 122
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The phase change —0.47k, drawn in [—, 7].
The delayed wave of the previous figure: Re{ay }, even in k.
Im{a;}, oddin k.
z(t) with Ty = 2.
x(2t): the period halves to 1 and wy doubles.
z[n] with N = 4.
x(3)[n]: two zeros after each sample, period 12.
The rectangular wave, Ty = 2, T7 = 0.5.
1

Its periodic convolution with itself: a triangular wave, peak 1, mean 3.

cos(wgt): ayq = %
cos?(wot): the pair convolved with itself.

z(t), To = 2, mean ay = 0.5 (dashed).

fot x dr drifts upward.

f(f (z — ap) d7 is a periodic triangle.

z[n] =1,1,—1,—1,...:mean zero, and s[n] = Y __ z[r] repeats.

z[n] =1,1,1,—1,...: mean % and s[n] climbs by 2 each period.

Power per harmonic of the rectangular wave with T, = 477.

Power in the harmonics |k| < N.

Each harmonic is an eigenfunction.

b; = 0.6€7%5 with wy = .

| H (jw)| with the four input harmonics marked at kwo, wo = 7.

z(t) (dashed) and y(t) (solid): the average stays at 1 and the fast wiggles shrink.

|H (jw)| of the high-pass system, with the same four harmonics.

z(t) (dashed) and y(t) (solid): the harmonics pass almost unchanged and the average drops to 0.

w, = 3.57: the harmonics inside the passband pass unchanged; the rest are removed.

The output (solid) is the partial sum with N = 3 of the wave (dashed).
The input.
The output.

High-pass h1: zero average.

Low-pass hs: the average remains.

a = 0.6: gain 2.5 at w = 0, low-pass.

a = —0.6: gain 2.5 at w = =, high-pass.
The output of Example 4.20.

CHAPTER 5 - THE CONTINUOUS-TIME FOURIER TRANSFORM

(O B © 1 e @ 2 O N G N N N 0]
o N o U B~ W N
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The periodic extension of the pulse z(¢) = 1 on [¢t| < 1, with T' = 5T7.

T = 47T;7.

T = 167T}: the same dashed curve, sampled four times as finely.

The strips of the sum for T = 677, each of height X (jkwg) and width wy = 7/3.
W = 12 rad’s.

W = 48 radss.

The transform 2a/(a2 + w2) fora = 1, 0.5 and 0.25, with peaks 2, 4 and 8.

The phase of 1/(a + jw) for a = 0.2 (steepest), 1 and 5 (flattest).

122
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5.9 T1 = 1:peak 2, zeros at 7, -2, . .. 154
5.10 T = 5:peak 10. 154
5.11 77 = 10: peak 20. 154
5.12  The square wave with 7' = 8T : impulses of weight 27ray, at k7 /4 sample the dashed envelope. 157
5.13  The magnitude, even in w. 160
5.14  The phase in rad, odd in w. 160
5.15  x3(t)is3on2 <t <4and2on4 <t <6. 162
5.16  The trapezoid z(t). 169
5.17 g = da/dt: pulses of height +1 where & ramps. 169
5.18 Delay: |H| = 1. 174
5.19  Differentiator: |[H| = |w|. 174
5.20  Integrator: 1/|w|, and wd(w). 174
5.21  x (dashed), h (dotted) and y (solid) fora = 1,b = 2. 176
5.22 | X]| (dashed), | H| (dotted) and their product |Y'| (solid). 176
5.23  Two half-height copies on 27w < |w| < 6. 178
5.24  Z(jw) at the receiver. 180
5.25 Y (jw) and the filter (dashed box). 180
5.26  The filter output: X (jw). 180
5.27 X (jw); the band near w, is shaded. 181
5.28  Shifted down by w,; the dashed box is Hjp,. 181
5.29  Shifted back: Y (jw) on 9 < w < 15. 181
5.30  Example 5.23: the triangle of apex 2 on |w| < 47r; dashed, the band X. 182
5.31  Example 5.24: the trapezoid, flat on |w| < 27 and zero beyond 6. 182
5.32  The magnitude, 2/3 atw = 0. 184
5.33 The phaseinrad, odd in w. 184
5

1

.34 The output with C' = -1

(solid) and, dashed, the version with the sign lost. 186

CHAPTER 6 - THE DISCRETE-TIME FOURIER TRANSFORM

6.1 The finite-support sequence, N; = 2. 191
6.2 Replication with N = 9 > 2Nj: the copies stand clear. 191
6.3 Replication with N = 4 < 2N;: the copies add. 191
6.4 The envelope of the pulse with N; = 2, over two periods. 192
6.5 The scaled coefficients Naj, for N = 9: samples of the dashed envelope at w = kwy. 192
6.6  The stems are z[n| = 1 + cos(0.4n). 195
6.7 The points e for w = 71'/4: each step turns by w, and after eight steps the point is back at 1. 195
6.8  Thereal parts, cos(mn/4) forn = 0,...,8. 195
6.9 N = 8:the stems are | X [k]| at w, = 27k/8, strong for k = 0, ..., 7 and faint where they 197
repeat.
6.10 N = 4:the stems read 4, 0, 0, 0. 197
6.11 L = 12, padded to N = 48: many stems, one merged peak near 0.357 and its mirror. 198
6.12 L = 40, padded to N = 48: two separate peaks, at 0.37 and 0.4. 198
6.13  The phase of e /3“, the transform of d[n — 3]. 199
6.14  Magnitude for a = % touching 1/(1 —a) =2and 1/(1 + a) = 2/3 in every period. 201
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Phase for a = % touching £ arcsin % = +0.5236 rad atw = F7/3.

Ni = 2: peak 5, least value —1.2500), first zeros at +-27 /5 (red).

N, = 4: peak 9, least value —2.0391, first zeros at +27 /9.

The spectrum for W = 7 /4, over three periods.

lts inverse transform, with [0] = W /7 = 0.25.

The transform of 1 + cos(mn/2) + 1(—1)": four impulses in each period, /2 apart, of weights
2m, w, /2, .

The square wave with N = 10, N; = 2.

The spectrum over three periods.

|G (e7*)|: peak 5, and the finite value 1 at w = -7

|Y(2)(e7)|: the same picture twice inside every 27, with the same peak 5.

The dashed trapezoids are the copies; the solid curve is their sum.

Two equal bands of half-width 71'/2: each copy is a triangle of peak % that ends exactly at £, so
the copies do not overlap.

cos(mn/4) kept for L = 16 samples.

Rectangular window, L = 32.

Hann window, L = 32.

Spectrogram of four notes of 48 samples, each a pair of tones: 0.157 and 0.557, then 0.357 and
0.807r, then 0.157 and 0.807r, then 0.357 and 0.557.

For o = % and D = 3: the echo response |1 + ae 7P| (solid) swings between 0.5 and 1.5
three times in each period; the response of the recursion that removes it (dashed) is its reciprocal,

between 2/3 and 2.
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CHAPTER

Signals

A signal represents information as a function. This chapter fixes the notation for continuous-time and
discrete-time signals. It then shows how to calculate energy and power, change the time axis, test
periodicity and symmetry, and use impulses and complex exponentials. It ends with a catalogue of common
signals.

1.1 Definitions and notation

A signal is a physical quantity that varies and carries information. Mathematically, it is a function of one or
more independent variables.

The independent variable in this course is usually time. An image instead uses two space variables. The
same signal operations apply to those variables.

Continuous-time and discrete-time signals use different domains. Keep their notation separate.
CONTINUOUS TIME
z(t), VteR

Round brackets. The signal has a value at every real instant.

DISCRETE TIME
z[n], Vn € Z

Square brackets. The signal has a value only at integer indices. Here n is an integer index, not a time in
seconds.
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z(t) z[n]

A

NANA A o Ll
BAVEAVAR VAR IR [ R

t n

FIGURE 1.1 The continuous-time signal z(t) = cos(t)is ~ FIGURE 1.2 The discrete-time signal z[n] = cos(n) is

drawn as an unbroken curve. It has a value at every real t. drawn with stems. The dots are the signal values. A curve
drawn through the dots is a different signal, a continuous-
time one. Chapter 7 gives the conditions under which the
samples fix that curve uniquely.

Two short cases show what the brackets mean. For 2(t) = cos(t), the value at t = 0.5 exists:
x(0.5) = cos(m/2) = 0. For z[n] = n?, there is no value at n = 1.5, because 1.5 is not an integer.
The sequence has the value z[1] = 1 at n = 1 and the value z[2] = 4 at n = 2, and nothing between
them.

® THE BRACKETS STATE THE DOMAIN

Writing z[t] or z(n) states the wrong domain. The domain determines the periodicity test, the
convolution limits and the transform properties.

1.2 Energy and power

From circuit power to signal power

Signal energy and power come from circuit power. Let U(t) be the voltage across a resistance R. The
currentis 4(t) = v(t)/R by Ohm's law, so the instantaneous power is

p(t) = v(t)i(t

0 (1)

Power is measured in watts. For example, a constant voltage v(t) = 2 V across R = 4 Q gives p(t) =
v?/R = 4/4 = 1 W at every instant.

Energy is power times time when the power is constant. The power of a signal varies, so integrate it over
the time interval instead. The energy is the area under the power curve:

ts ts 1
E :/ p(t)dt :/ —v%(t) dt.
t t R

1 1

From this point onward, set R = 1 {2 and use |az:(t)|2 as the power. This is the normalised convention.
Restore the factor 1 / R when a physical calculation uses a different resistance.
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We use the modulus because a signal may be complex valued. The product |z (¢)|? = z(t) z*(t) is real
and never negative. Writing 2 (t) instead is correct only for real signals.

Total energy

TOTAL ENERGY OVER ALL TIME

o]

T
EooéTngO/T|m(t)|2dt:/ o(t) ] dt

—00

N 00
B2 lim 3 fz[n)f = ) [a[n]?

N—o0
n=-—00

The window is symmetric, —1"to T" or — N to N, so a two-sided signal is counted on both sides. Average
power uses the same window.

For example, let x[n] = 1 forn = 0, 1, 2 and z|n] = 0 elsewhere. Only three terms of the sum are non-
zero, so B, = |12 + |12 + |1]2 = 3.

VAN L
R AV VARVAR VA

FIGURE 1.3 Converging. As the window [—7",T| grows, ~ FIGURE 1.4 Diverging. For z(t) = cos(2t) every period
the shaded area approaches a finite limit. The tails add less ~ adds the same area cos?(2t), so E,, — oo.
and less.

A

When total energy diverges

The integral or the sum may not converge. Then the signal has no finite total energy. To see this, compute
the energy Er in the finite window [T, T'] first, and take the limit last.

For z(t) = cos(2t), use the identity cos” § = 1 (1 + cos 26) with 6 = 2¢. Then integrate each term
and evaluate at the limits:

T
ET:/ cos?(2t) dt

=T

T
:/ 1+ cos(#t) 4,
T 2

_ [t . sin(4t)]TT

2 8

(52 (5
sin(4T)

4

=T+
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The fourth line uses sin(—47') = — sin(47T"). The sine term stays between —1/4 and 1/4, while T’
T

grows without limit. So E, — 00. A constant does the same: for z(t) = 2, Er = [, 22dt =4 -

2T = 8T, which also grows without limit.

Such a signal still carries a finite amount of energy per unit of time. Average power measures that amount.

Average power

Average power is energy per unit time. Over a finite interval [tl, tz], divide the energy by the length of the
interval:

1 t2
P = / t) dt.
ot p(t)

For the average over all time, use the symmetric window [—T, T'| of length 2T, as for the energy. Then
let the window grow.

AVERAGE POWER OVER ALL TIME

Py lim — ' |lz(t)|* dt
o = lIm —
T—oo 2T _T
1 N
AN B 2
Po = lm oN 1 Z_N|$[”]‘

In discrete time the divisor is 2IN + 1, because that is the number of samples from — NN to N with both ends
included. A divisor of 2/ gives the same limit, but the wrong value at a finite IV.

For example, z[n] = (—1)" has |z[n||?> = 1 at every n. The window from — N to N then holds energy
ON + 1,50 Poo = imyy00(2N +1)/(2N +1) = 1.

For z(t) = cos(2t), divide the window energy found above by the window length 27"

TiI;o 2T

The last step uses | sin(47") /(8T")| < 1/(8T"), which tends to 0.

/A TAKE THE LIMIT OF THE RATIO

Calculate the energy-to-duration ratio for each finite window first. Then take the limit. The ratio may
approach any non-negative value, including zero.
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square wave : Py, =1/2

single pulse : Py, =0
1 1 1 I"
5 10 15 20

T

FIGURE 1.5 The running average Pr = Er/(2T) of two signals. The single pulse is 1 for [¢| < 1/2 and has energy 1.
The square wave repeats that pulse every 2 s. The two averages agree until T' = 3/2. The square wave keeps adding
energy, so its average approaches 1/2. The pulse adds none, so its average 1/(21") approaches 0.

The two limits in the figure follow from the definition. For the single pulse and every T' > 1/2, the window
holds the whole pulse, so Er = 1 and Pr = 1/(2T") — 0. For the square wave, take the windows with
T =2k + % where k is a positive integer. Such a window holds the 2k + 1 whole pulses centred at
0,%2,...,+2k, each of energy 1:

p Er 2k +1 2k +1 N 1 PR

— = _ = — as 00.

TToT  2(2k+1) 4k +1 2

Energy signals, power signals, and neither

TABLE 1.1 Energy signals, power signals, and signals that are neither.

TYPE CONDITION TYPICAL SIGNALS

Energy signal F., < 00, and then Py, = 0 Finite pulses and decaying responses

Power signal 0 < P, < o0, andthen B, — 00 Constants, sinusoids and other continuing signals
Neither E. — ocoand Py, — 00 Signals that grow without bound, such as ¢ u(t)

The two energy-signal conditions are not independent. If E is finite, the energy in every finite window is
at most E . Dividing this bound by 27" makes P, approach zero. The power condition follows from the
energy condition:

T
Br :/ o) dt < Bn,
-T

. ET . (9]
< o = —< _— =
05 Po = Jim 5 < fim 57 =0

P, =0.

In the same way, a finite non-zero P, forces Ep ~ 2T P, for large T', so the energy of a power signal
diverges.

The constant z(t) = 1 is the simplest power signal. The energy in the window grows with the window, but
the window length cancels in the average:
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T
ET:/ 12dt = 2T — oo,
=T
E 2T
P = lim —Z — i

o m — = 1.
T—oo 2T T—oo 2T

A constant of another amplitude works the same way. For z(t) = 3, |z(t)|? = 9, so Er = 18T and

P, = 18T/(2T) = 9.

The ramp z(t) = tfort > 0, and z(t) = 0 for t < 0, is in neither class. The lower limit of the energy
integral is 0 because the ramp is zero for t < 0:

T 817 73
ET:/ tzdt:{—} = — — 00,
0 31, 3
E T3/3 T?
Poo:lim—T:lim / = lim — = co.

T—oo 2T T—oo 2T T—oo 6

The exponential z(t) = e’ is also in neither class. Here |z(t)|? = e?, and
b T gy _ 6_2tT _62T_e—2T . P e2T_e—2T_
S R I o T m M Ty T

Both limits diverge. Compute both before you assign a class.

A A 4
1 4
2

-
I Ll

Y
A 4

-2 2 -2 2 -2 2
t t t
FIGURE 1.6 Energysignal: E., =1, FIGURE 1.7 Power signal: Fo, — FIGURE 1.8 Neither: both limits
P, =0. 00, Py, = 1. diverge.

¢ EXAMPLE 1.1

GIVEN z(t) =1for0 <t < 1,and z(t) = 0 otherwise.

FIND Is this an energy signal or a power signal?

METHOD Find E, first because finite energy implies zero average power. This result then determines
the class.

SOLUTION Start with the definitions and then use the support of the signal:

Ey = /Oo lz(t)|* dt

—00

1
:/ 12 dt
0

:t|(1):1<oo.

For every T' > 1, the window contains the whole pulse. Therefore

© 2026 Hiseyin Ugur Yildiz - huguryildiz.com - Course content: CC BY-NC-SA 4.0 Lecture Notes - 20



Signals and Systems — Lecture Notes

So :E(t) is an energy signal, with £, = 1 J and P,, = 0 W. It is not a power signal.

CHECK Halving the amplitude must divide the energy by four. Direct calculation gives
f01(1/2)2 dt = t/4|(1] = 1/4, so the result has the required quadratic dependence on
amplitude.

¢ EXAMPLE 1.2

GIVEN x[n] = 4 for every integer n.
FIND Is this an energy signal or a power signal?
METHOD Each sample contributes the same positive energy, so E, diverges. Infinite energy does not

decide the class. Calculate P,, next and use the exact count 2N + 1.

SOLUTION  Each sample contributes [4|> = 16, so

Bo= Y [an]?

n=—oo

= > 14

n=—oo

The finite window from — N to N contains 2N + 1 samples. Hence

P, = llm 2N—|—1 Z |z[n

]\}v—>00 2N _z: 16

. (2N +1)16
= llm —_—
N—oo 2N +1

= lim 16 = 16.

N—o0

So z[n] is a power signal, with P,, = 16.

CHECK A constant of amplitude A must have P., = A2, and here 4> = 16. The factor 21N + 1
cancels exactly, which confirms the sample count was right.
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® DO NOT INFER POWER FROM ENERGY ALONE

Infinite energy does not imply infinite average power. For the constant sequence, both the energy
sum and the sample count grow at the same rate. Their ratio approaches 16.

A capacitor that discharges from 5 V is an everyday energy signal: v(t) = 5¢ /7 fort > 0 and v(t) =0
for t < 0, with time constant 7 > 0. The signal is zero for ¢ < 0, so the energy integral starts at 0:

Ey = / (5e7/7)"dt = / 25 ¢ 2/7 dt
0 0

_ _z—wr]‘”: ( 1):&
25[ ze | =25 (043 -

The mains voltage, 325 cos(2m 50t) V, never stops. Each period adds the same energy, so it is a power
signal. A hand clap and the rainfall of one storm end, so they are energy signals.

1.3 Signal operations

This section changes the time axis of a signal in three ways: a shift, a reversal and a scaling. Each one
changes the argument of . None of them changes the height of the signal.

Time shifting

TIME SHIFT
z(t) — z(t —to)

If to > 0 the signal is delayed and moves right. If 5 < 0 it is advanced and moves left.

Read the argument before moving the graph. At time £, the shifted signal uses the original value at ¢ — %g.
For ty > 0, it reaches each original value t; seconds later. The graph therefore moves right. For example,
z(t + 2)is x(t — to) with to = —2, so its graph is the graph of z(¢) moved 2 to the left.

€T
advance by 3 s 4 delay by 3 s

z(t + 3) (1) z(t — 3)

FIGURE 1.9 Atime shift changes the signal position but not its shape.

For example, a radar sends a pulse :c(t) and the echo returns 0.2 ms later. With ¢ in ms, the echo is
ac(t — 0.2). It arrives later, so it is a delay with £g = 0.2 > 0. Thunder is the same: from a strike 1 km
away it arrives about 3 s after the flash, so the sound we hear is z(t — 3).
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TIME SHIFT IN DISCRETE TIME
z[n] — z[n —ny), ng € Z

The sign rule is the same as in continuous time. If ny > 0 the stems move right. If ny < 0 they move left.

Every sample moves by the same whole number of steps. The shift must be an integer because a
sequence has values only at integer indices. The expression :I:[n — %] is therefore not defined.

Read a shifted sequence one sample at a time. Let z[n| =1 —n/4forn = 0,1,2,3 and z[n| = 0
elsewhere, and let y[n| = z[n — 2]. Then y[3] = z[3 — 2] = z[1] = 1 — = 0.75.

z[n] y[n]
1 1 I
T h g 1 I T ? T h g T # T T T T I I I ? T #
2 -1 1 2 3 4 5 6 2 -1 1 2 3 4 5 6
n n
FIGURE 1.10 z[n] =1—n/4forn=0,1,2,3. FIGURE 1.11 y[n| = x[n — 2|: every stem moves two

samples right. The sample z[1] = 0.75 appears atn = 3.

A one-sample delay, a:[n — 1], is the basic memory element of every difference equation in Chapter 3.

Time reversal

TIME REVERSAL
z(t) — z(-t) (m[n] — m[—n])

Reflect the signal about the vertical axis. The value at time ¢ moves to time —t¢.

Find the new support from the argument. Let = be non-zero only on [, B]. Then z(—t) is non-zero only
where —t lies in [a, ,8] Multiply each inequality by —1. A negative multiplier reverses both inequalities:

a< —t<f «— —p<t<—a.

So x(—t) is non-zero on [— 3, —a], and the width 8 — a does not change. A pulse on [1, 3] moves to
[—3, —1] and keeps width 2. A signal that is non-zero only on [—1, 4] becomes non-zero only on [—4, 1].

Z

z(-t) z(t)

A 4

FIGURE 1.12 Reversal moves the pulse on [1, 3] to [—3, —1]. The shape is kept; only the order in time changes.
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This pulse has the same shape forwards and backwards, so reversal only moves it. A signal that is not
symmetric in time changes more. A plucked guitar string at 220 Hz starts loud and dies away:

2(t) = e [sin(27r 220t) + § sin(2r 440¢) + L sin(27 660 t)], t>0,

and z(t) = 0 for t < 0. Played backwards, z(—t) is also loudest at t = 0. It grows towards that instant
and then stops at once. A steady tone does not change under reversal, because the cosine is even:
cos(—2m440t) = cos(2m 440¢).

Time scaling

TIME SCALING
y(t) = z(at), a>0

If @ > 1 the signal is compressed and speeded up. If 0 < a < 1 it is stretched and slowed down. The height

does not change.

Write the scaled signal as a new signal y(t). Writing z(t) = x(at) would force a = 1.

Find the new support by solving at < [a, B] Dividing by a > 0 keeps the direction of both inequalities:

at € [a, B]
a<at<p
o

—<t<
a

Q™

So z(at) is non-zero only on [a/a, 3/al, and the width is divided by a. For example, if z(t) is non-zero
only on [2, 6], then y(t) = 2(2t) needs 2 < 2t < 6, thatis 1 < ¢t < 3. The width falls from 4 to 2.

; T x(t) | TT_@i ; T x(0.5¢)
1 é 1 1 »

\ 4

\ 4

t t t

FIGURE 1.13 Original: support [1,3]. FIGURE 1.14 Compressed: support FIGURE 1.15 Stretched: support
[0.5, 1.5]. [2, 6].

Time scaling also changes frequency. Substitute at for t in one tone:
z(t) =sin(2nfot) = z(at) = sin(2n fo(at)) = sin(2n (afo)t).

Every frequency is multiplied by a. Take a melody of four plucked notes, where note k starts at ¢t = 0.4k
sfork = 0,1,2,3, so the melody lasts 2 s. In z(at), note k starts where at = 0.4k, thatis att =
O.4k/a s. The melody then lasts 2/a s, and each pitch is multiplied by a. At a = 2 each frequency
doubles, which is one octave up. This is what a voice message sounds like at double speed. At a =

440 Hz tone becomes % - 440 = 220 Hz.

, a

D=
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® DISCRETE-TIME SCALING NEEDS SEPARATE RULES

x[2n] keeps only the even-indexed samples z[0], [4-2], [+4], . . . and discards the odd-indexed
samples. This operation is decimation, and the lost samples cannot be recovered. A video played at
double speed drops frames in the same way. The expression a:[n/Z] is undefined at odd 7 unless
an interpolation rule supplies those values. Continuous-time scaling does not have this integer-index
restriction.

Combining a shift and a scale

To construct z(at — b) from z(t), use an intermediate signal so that each operation is explicit.

SHIFT, THEN SCALE
(1) v(t) ==(t—b) (2) y(t) =v(at) = z(at — b)

Shift by b first. Then scale the result by a.

Step (2) replaces t by at in v(t) = x(t — b), which gives v(at) = xz(at — b). For example, to get
z(2t — 4), shift z(t) right by 4 and then compress by 2. Shifting by 2 first would give v(t) = x(t — 2)
and then v(2t) = (2t — 2), which is a different signal.

® WHY THE ORDER MATTERS
Scaling first gives w(t) = z(at). Shifting that by b gives w(t — b) = z(a(t — b)) = z(at — ab).
Unless a = 1 this is a different signal: it is shifted by b instead of by b/a.

¢ EXAMPLE 1.3

GIVEN z(t) is zero for t < —2, equal to 1 on [—2, 0], equal to 2 on [0, 2], and falls linearly from 2
to 0 on [2,4].

FIND Plot y(t) = = (3t — 5).

METHOD Here a = 3 and b = 5. Shift right by 5, then compress by 3. Each corner ¢ of x(t) moves to

the time ¢ that satisfies 3t — 5 = ¢, and keeps its height.

SOLUTION  For the shift, each original corner ¢ moves to ¢ + 5, so —2, 0, 2,4 become 3,5, 7, 9. For
the final signal, solve the argument equation for each original corner:

3dt—-5=c
3t=c+5
5
p=S12
3
Thus
c=-2024 — t=2219%_ 1574
3°3°3°3 33
Soy(t)is1on 1, g] 2 0n [%, %], falls linearly from 2 to 0 on [%, 3], and is zero elsewhere.
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CHECK The original support [—2, 4] has width 6. Compression by a = 3 must give width 6/3 = 2,
and the result has support [1, 3]. Also set 3t — 5 = 0. This gives t = 5/3, where

y(5/3) = z(0) = 2.

A

e N I = I N I

™ T T I | T L

5 10 5 10 5 10

t t t

FIGURE 1.16 z(t) FIGURE 1.17 v(t) = z(t — 5) FIGURE 1.18 y(t) = (3t —5)

1.4 Periodicity, even and odd

Periodic signals

PERIODICITY
z(t)=x(t+T) forallt e R, for someT >0

z[n] = z[n+ N] for alln € Z, for some integer N > 0

A signal that is not periodic is aperiodic.

The definition has two requirements. A positive period must exist, and the equality must hold for every ¢ or
n. Holding for some values is not enough. In continuous time, 7" may be any positive real number. In
discrete time, N must be a positive integer because the sequence exists only at integer indices. A value

such as 3.5 samples cannot be a period.

If T" is a period then so is 21", 3T', and so on. The fundamental period 7§, is the smallest positive period.
The same applies to N in discrete time.

FUNDAMENTAL FREQUENCY

2 2
= = and wozl

Wy = —
TO NO

Without the word smallest, wy would not be well defined.

Two short cases show the definition at work. For z(t) = cos(mt/3), the angular frequency is wy = /3,
so Ty = 27/(w/3) = 6. For z[n] = (—1)", the test N = 1 fails because (—1)"*? = —(—1)". The
test N = 2 succeeds because (—1)""2 = (—1)"(—1)? = (—1)" for every n. So Ny = 2.
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x(t n _
R (t) T, — 4 . y[n] Ny =8
- L 1 4 I_'_l
° J_l_l_l,
5 10 15 20 -10 10
14 I
t n
FIGURE 1.19 Periods are 4, 8,12, ... The fundamental FIGURE 1.20 Periods are 8,16,24, ... The fundamental
period is Tjy = 4. period is Ny = 8.

A repeating shape that is not periodic
Each piece of a signal may repeat while the whole signal fails the test. Take

2(t) = sin(wt), ¢t<0
cos(mt), t>0.

Both pieces have period 2. For t > 0, the test (¢t + T') = x(t) reads cos(nwt + nT) = cos(nt), so a
period must be a multiple of 2: T' = 2m withm = 1,2, ... Testsuch a T" att = —0.5. The shifted point
—0.5 4+ 2m is positive, so the cosine piece applies there:
z(—0.5 4 2m) = cos(m(2m — 0.5)) = cos(2rm — 0.5m) = cos(0.57) = 0,
z(—0.5) = sin(—0.57) = —1.

The two values differ for every m, so no T works and z(t) is aperiodic. A shifted copy would carry the

jumpatt =0tot = —T', where m(t) has no jump. The test must hold across the joint as well.
T
A
z(t) solid, z(t + 2) dashed jump of z(t) at t =0

FIGURE 1.21 Both sides line up after a shift of 2, but the dashed copy (¢ + 2) has its jump at t = —2, where z(¢) has
none.

The signal y(t) = cos(mt) u(t) is aperiodic for the same reason. Suppose it had a period T'. Then
y(t) = y(t — kT) for every positive integer k. Choose k so large that t — kT' < 0; there y is zero, so

y(t) = 0 for every t. But y(0) = cos 0 = 1, so no period exists.

The period of a sum

Let x(t) = x1(t) + x2(t), where 1 has period 17 and 5 has period T5. The sum repeats when both
parts repeat at the same time. So look for a " that is a whole number of periods of each part, T' =
kT, = mT; with integers k, m > 1. Then
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z(t+T) =z1(t + kTh) + z2(t + mTy)
= z1(t) + z2(t) = z(t).

A COMMON PERIOD

Tl m
T:lezmT2 e e

T, k

A common period exists only if T /T is rational. The smallest one is the least common multiple of T and T5.
It is the fundamental period of the sum unless terms cancel, which does not happen for a sum of sinusoids at
different frequencies.

¢ EXAMPLE 1.4

GIVEN z(t) = cos(%) +sin(%).
FIND The fundamental period 1.
METHOD Find the period of each part from 1" = 27r/w. Then take the least common multiple from the

prime factorisations.

SOLUTION  The two periods are

21
T _ —_— :3
' or/3 ’
2
T2: —ﬂ- :4
/2

Their ratio 3/4 is rational. The factorisations are 3 = 3 and 4 = 22. They share no prime
factor, so the least common multiple is their product:

Ty =lem(3,4) =3 -4 = 12.

CHECK 12 = 47T = 37T5. In one period of the sum the cosine makes four cycles and the sine
makes three. No smaller common multiple exists: the multiples of 4 below 12 are 4 and 8,
and neither is a multiple of 3.

A Ty =12

NN s\ s Ao [ N e 1'8\/2% 2"2\/ 24

FIGURE 1.22 z(t) = cos(Z) + sin(Zt) repeats every 12.

A second case: z(t) = cos(4t) + cos(6t) has T1 = 27 /4 = w/2and T = 27 /6 = 7 /3. The
condition k7w /2 = m /3 gives 3k = 2m, and the smallest positive solution is k = 2, m = 3. So
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Thy=2-7/2 =m.

/A WHEN NO PERIOD EXISTS

Continuous time. cost + cos(1/2t) has Ty = 2 and T = 27/+/2. The ratio T} /T = /2 is
irrational, so no common period exists and the sum is aperiodic.

Discrete time. A sum of two periodic sequences is always periodic. The periods N1 and N3 are
integers, so N = N1 N, is a whole number of periods of each part: 1[n + Ny N;| = 1[n] and
:IZQ[TL + N1N2] = :cz[n]

Even and odd signals

Asignal is even if z(t) = x(—t) for every t, and odd if z(t) = —x(—t) for every t. The same
definitions apply to :c[n] with 12 in place of £. The graph of an even signal is its own mirror image about the
axis t = 0. A half-turn about the origin maps the graph of an odd signal onto itself.

To test an odd signal at the origin, set ¢ = 0 in the definition. This gives 2(0) = —(0), so 22(0) = 0

and z(0) = 0. Therefore any signal with z(0) # 0 is not odd.
1
. | . / J I | ;
-1

t t t

FIGURE 1.23 t2is even. FIGURE 1.24 t3is odd. FIGURE 1.25 e !is neither.

To classify a signal, compute z(—t) and compare it with z(¢). Do not rely on the look of the graph alone.

« x(t) = cos(mt) gives x(—t) = cos(—mnt) = cos(wt) = x(t), so itis even.

. z(t) = sin(—7t) = —sin(nt) = —z(¢), so it is odd.

. z(t) = tsmt gives z(—t) = (—t) sin(—t) = (—t)(—sint) = tsint = z(t), so it is even.

e z(t) = e 2u(t) has z(—1) = O but z(1) = e 2, soitis not even. Ithas (0) = 1 # 0, so it is not
odd. It is nelther.

= sin(mt) gives z(—t)

« z[n| = nfor|n| < 3 and 0 otherwise gives z|—n| = —z[n| at every n, and z[0] = 0. So it is odd.

Every signal splits into an even part and an odd part:

EVEN AND ODD PARTS
Eviz(t)} = %[m(t) + CL‘(—t)], O0dd{z(t)} =
z(t) = Ev{z(t)} + Odd{z(¢)}

[2(t) — z(—1)]

[N

The same construction works for z[n].

Three short checks show that these definitions do what their names say. Replace ¢ by —t in each part.
The even part does not change and the odd part changes sign:
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Evi{z(—t)} =
Odd{z(—t)} =

Ha(—t) +z(t)] = Ev{z(®)},
Lz(~t) — (t)] = ~Odd{z(t)}.

Adding the two parts returns x, because the x(—t) terms cancel:

Ev{z(t)} + Odd{z(t)} = 3[x(t) + (1)) + 3[z(t) — z(-1)]
= 3[22()]

= z(t).

The split is unique. Suppose z(t) = e(t) + o(t) with e even and o odd. Replacing t by —t gives
z(—t) = e(t) — o(t). Adding and subtracting the two equations gives e(t) = 3[z(t) + z(—t)] and

o(t) = 1[z(t) — z(—t)]. These are the two formulas above.

Two quick cases. For z(t) =t + 1, Odd{z(t)} = 2(t + 1) — 3(—t + 1) = tand Ev{z(t)} = L.
For the step and ¢ 7 0, exactly one of u(t) and u(—t) is 1, so Ev{u(t)} = §[u(t) + u(—t)] = 1.
QO EXAMPLE 1.5

GIVEN The unit pulse () = 1for0 < t < 1, and z(t) = 0 otherwise.

FIND Ev{z(t)} and Odd{z(t)}.

METHOD Write down the mirror image a:(—t) first. Then apply the two definitions interval by interval.

SOLUTION  The mirror image is ¢(—t) = 1 for 0 < —t < 1, thatis for —1 < ¢ < 0, and 0 otherwise.
The two pulses do not overlap, so on each interval only one of them is non-zero:

10+1)=4, —1<t<0
evlz(t)} = Ha®) +2(—t)] = { L1 +0) =1, 0<t<1
L0, it >1
(l0-1)=-1, —-1<t<0
0dd{a(t)} = $[a(t) — ()] ={ J1-0) =}, 0<t<1
0, t] > 1.
CHECK Addthetwoparts.0n0<t<1:%—#% :1:x(t).0n—1<t<0:%—%:O:

z(t). Outside [—1, 1] both parts are 0. The sum returns z(t) everywhere.

A A A
r===d 1 11
[} l__I _I
| ; —I: I 1 1 I: 1 ' 1 | Ll
2 1 1 2 2 1 1 2 2 — 1 2
t t t
FIGURE 1.26 x(t), with its mirror FIGURE 1.27 Ev{z(t)}:height 3 on FIGURE 1.28 Odd{z(t)}: the left
x(—t) dashed. both sides. half flips below the axis.
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Products of even and odd signals

Many integrals of a product are zero by symmetry alone. Two short results give this. Let . be even, let x,
be odd, and let y(t) = z.(t) z,(t). Replace t by —t and use the two definitions:

EVEN TIMES 0DD IS 0DD
y(—t) = (=) zo(—t) = z.(t) (~2o(t)) = —y(2).

The same step shows that even times even is even, and odd times odd is even, because (—1)(—1) = 1.

Next, an odd signal integrates to zero over a symmetric interval [—a, a]. Split the integral at 0. In the left
half putt = —s, so dt = —ds; the limit t = —a becomes s = a and the limit ¢ = 0 becomes s = 0.
Then use ,(—s) = —x,(s):

/Z T,(t)dt = /i ,(t) dt + /Oa z,(t) dt

_ _/Oawo(s)ds+/0agco(t)dt:0.

In discrete time, Zi:[:fN xo[n] = 0 for the same reason: the terms at n and —n cancel, and z,[0] = 0.
For example, ¢* is odd and cos ¢ is even. Their product ¢ cos ¢ is odd, so [”_t* cost dt = 0 with no
calculation. Chapter 4 uses this to find the Fourier coefficients of even and odd signals.

t cos(nt) solid, cos(nt) and ¢ dashed

FIGURE 1.29 The even cos(7t) times the odd ¢ gives the odd ¢ cos(rt). Each shaded lobe on [0, 2] has a lobe of
opposite sign on [—2, 0], so the area on [—2, 2] is 0.

© 2026 Huseyin Ugur Yildiz - huguryildiz.com - Course content: CC BY-NC-SA 4.0 Lecture Notes - 31



Signals and Systems — Lecture Notes

1.5 The impulse and the step

The discrete-time impulse and step

DEFINITIONS

§ln] = {1, n=>0

0, otherwise

{1, n>0
u[n] =
0,

otherwise

Both are ordinary sequences. Nothing infinite happens here.

A shifted impulse d[n — ny) is 1 only where n — ng = 0, that is at n = ny. For example, d[n — 3] is
non-zero only at n = 3. The step includes its first sample: u[0] = 1. So z[n| = u[n — 2| has z[2] =
ul[0] = 1.

8[n] u[n]

T

o>
4
v °

- h 4 - I - A 4 - T T T I I
-2 2 4 -2 2 4
n n
FIGURE 1.30 The unitsample §[n|: 1atn = 0and 0 FIGURE 1.31 The unitstep u[n]: 1 for n > 0, including
elsewhere. ul[0] = 1.

First difference and running sum

Afirst difference converts the step into the impulse. A running sum converts the impulse back into the step.
These operations are the discrete-time forms of differentiation and integration.

FIRST DIFFERENCE AND RUNNING SUM

d[n] = u[n] — ujn — 1]

uln] = > 8[n — k] = 8[n] + 8ln — 1] + 8 — 2] + - --
k=0

Check the first difference region by region. For n < 0, both u[n] and u[n — 1] are 0. Atn = 0, u[0] —
u[—1] =1— 0= 1.Forn > 1, both are 1, so they cancel. Only n. = 0 survives, which is d[n].

Each term §[n — k| of the running sum places one unit sample atn = k. Theterms k = 0,1,2,. ..
therefore fill every n > 0 with a 1 and leave n. < 0 at 0. To write the sum as an accumulation up to n,
substitute m = n — k. Then k = 0 gives m = n, and k — oo gives m — —o0:
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uln] = Zé[n— k] = Z d[m].
k=0 m=—o00

The two operations undo each other. A first difference reverses a running sum, and a running sum
reverses a first difference. For example, take [n] = u[n] — u[n — 3] region by region. For n < 0 itis
0—-0=0.Forn=0,1,2itis1 —0=1.Forn > 3itis1 —1=0.Sou[n| —uln — 3] = d[n| +
d[n — 1] + &[n — 2], with three non-zero samples.

The step as a sum of weighted impulses
The step can also be written with its own samples as weights:

o0

uln] = Y ulk]d[n — kl.

k=—o00

Each term is an impulse at n = k scaled by the sample u|[k]. The weight u|k]| is O for k < 0 and 1 for
k > 0, so it switches off every term with & < 0:

uln)] = Y: 0-8[n—kl+» 1-6n—k
=—00 k=0
:ZJ[n—k]
k=0

This is the running sum found above. A weighted sum of impulses is read one sample at a time. For
z[n] = 24[n] + 6[n — 1], only the term §[n — 1] is non-zeroatn = 1, so z[1] = 1.

Sampling and sifting

Sampling and sifting both use a shifted impulse, but they return different types of result.

SAMPLING PROPERTY
z[n] d[n — no] = x[no] §[n — ny]

Both sides are sequences. Multiplying by a shifted impulse keeps one sample and deletes the rest.

Check it at each n. At n = ng both sides equal x[ng] - 1. At every other n, 6[n — ng] = 0, so both sides
are 0.

SIFTING PROPERTY

z[ng] = Z z[n] d[n — ny)

n=—0oo

The right-hand side is a number. Sifting is sampling followed by a sum.

To derive sifting, apply the sampling property inside the sum. Then take the constant x[no] outside, and
use the fact that §[n — ny| has exactly one non-zero sample:
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Z z[n] d[n — ng] = Z z[ng] §[n — my]
= z[ng] Z d[n — ng|
= z[ng] - 1
QO EXAMPLE 1.6
GIVEN z[0] =1, z[1] = 2, z[2] = 3, and z[n] = 0 elsewhere. Take ny = 2.
FIND The sampled sequence and the sifted value.
METHOD Multiply by d[n — 2] to keep the sample at n = 2. Then sum the sampled sequence to sift

out its value.

SOLUTION  Sampling:
z[n] é[n — 2] = z[2] §[n — 2] = 3d[n — 2],

a single stem of height 3 at n = 2. Sifting: only n = 0, 1, 2 can give non-zero terms, and
d[n — 2]is 0,0, 1 there:

> [n]é[n — 2] = 2[0](0) + =[1)(0) + =[2](1)
=1-0+2-0+3-1
= 3.
CHECK The sampled result is a sequence. The sifted result is the number 3, which equals 33[2] as

the sifting property requires.

The impulse may sit at a negative index. For z[n] = n?, the impulse d[n + 1] = §[n — (—1)] sits at
n=-1,s0Y, n?dn+1 =z-1=(-1)?2=1.

Apply the sampling property at every integer shift k and add the results. This produces the representation
used to derive convolution in Chapter 3.

REPRESENTATION PROPERTY

o0

zln] = ) z[k]6[n — k]

k=—o00

Any sequence is a sum of weighted, shifted impulses. The weights are the sample values themselves. At a
fixed n, only the term k = n is non-zero, and it equals z[n).

The continuous-time impulse

The continuous-time step is u(t) = 1 fort > 0 and u(t) = 0 for t < 0. The continuous-time impulse is
not an ordinary function.
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(® DEFINE THE IMPULSE BY ITS ACTION

An ordinary function that is zero except at one point has integral 0, not 1. The impulse is therefore a
distribution, also called a generalized function. A distribution is defined by how it acts inside an
integral.

DEFINING PROPERTY (SIFTING)

2(ty) = /00 (t) 6(t — to) dt

(o.¢]

This holds for every x that is continuous at %. It is the definition. Everything else about § follows from it.

An informal picture is often written as §(t) = oo att = 0, §(¢) = 0 elsewhere, with ffooo d(t)dt = 1.
Use it only as a picture. A figure draws 5(t) as an arrow, and the number beside the arrow is its weight.
The weight is an area, not a function value. So for z(t) = 38(¢), [°_z(t) dt = 3.

To picture the impulse, use a rectangle J. (t) of width € and height 1/5, centred at 0. lts area is ¢ -
(1/e) = 1. Arectangle of width 0.1, for example, has height 1/0.1 = 10. Now lete — 0. The
rectangles do not approach an ordinary function at each fixed . Their integrals against a continuous
function do approach the sifting result. Shift the rectangle to to; itis 1 /e on [ty — £/2, tg + /2] and 0

elsewhere:

00 1 tote/2
/ z(t) 0c(t — to) dt = —/ z(t)dt — z(tg) ase — 0.
- t

00 € 0—6/2

The middle expression is the average of  over a window of width € around £. For x continuous at ¢,
that average tends to the value at the centre.

0c(t)
8

A

width e, height 1/¢, area 1

FIGURE 1.32 Unit-area rectangles withe = 1, %, ;11, %. The number beside each top is its height 1/¢. As ¢ — 0 the

rectangle becomes the impulse 6(¢).

Step, impulse, sampling and sifting in continuous time

The impulse and the step are related by differentiation and integration:

i(t) = %u(t), u(t) = /_ o(r)dr.
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The running integral follows from the unit area of §. For ¢ < 0, the interval (— oo, t| does not contain the
impulse at 7 = 0, so the integral is 0. For £ > 0, the interval contains it, so the integral is its area, 1. That
is u(t). The pair 6[n] = u[n| — u[n — 1] is the discrete-time analogue: the difference becomes a
derivative and the sum becomes an integral.

SAMPLING PROPERTY, CONTINUOUS TIME
2(£) 8(t — to) = x(to) (t — to)

Both sides are signals. Inside any integral they act in the same way, because the impulse sees only the value
of x at {y.

Sifting follows from sampling. Replace the product by x(to) §(t — to), take the number z(to) outside,
and use the unit area:

/oo 2(t) 8(t — to) dt = /OO 2(to) 6(t — to) dt

= :E(t()) /oo 5(t — t(]) dt
év(t()) . 1?0

5(t) x
%1 T z(t)
I I T I I I# ! ) I#
-2 -1 1 2 %
‘ *Z(t0) 0(t — to)
t t
FIGURE 1.33 The arrow height shows the area, never a FIGURE 1.34 Sampling: the impulse at t is scaled by the
value of a function. value of x there. Integrating returns that number.

¢ EXAMPLE 1.7

GIVEN z(t) = costand ty = .
FIND >
/ cost §(t — ) dt.
—00
METHOD Use the sampling property to replace cos ¢ by its value at the impulse. Then use the unit

area of the impulse.

SOLUTION  The impulse sits at{ = m, so

N cost 0(t —m)dt = N cos(m) §(t — ) dt
/ /

s(m) /_Z o(t —m)dt
1)(1) = —1.

(
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CHECK The result is a number, not a signal. It equals :c(to) = cos ™ = —1, as the sifting property
requires.

Scaling the impulse

Compressing the time axis changes the weight of an impulse, not its position. Find the area of 5(at) with
the substitution s = at, so dt = ds/a. For a > 0 the limits stay —oo and oo:

/:5(at)dt:/25(s)%= é/(:cs(s)ds: é

For a < 0 the substitution swaps the limits: ¢ = —o0 gives s = 400, and t = 400 gives s = —00.
Swapping them back changes the sign:

/_Z(S(at)dt:L_ood(s)% :_2/_‘:5(8)(18:_2 _ ﬁ

The same substitution inside a sifting integral gives [ z(t) d(at) dt = z(0)/|a
z(0) at s = 0. So d(at) acts exactly like §(t)/|al:

, because z(s/a) equals

SCALING PROPERTY

1
d(at) = ﬂ5(7:), a#0
a
The impulse stays at £ = 0. Only its weight changes. In the rectangle picture, (55(at) keeps its height and has
width 1/|a| times the original, so its area is 1/|a/.

Oc
A
1.5+

0-(2t) solid, area 1/2 0¢(t) dashed, area 1

|
0.5- :
|

A 4

t

FIGURE 1.35 Aunit-area rectangle of width 1 and height 1, and the same rectangle with ¢ replaced by 2¢. The height stays
1 and the width halves, so the area halves.

¢ EXAMPLE 1.8

GIVEN z(t) = cost.
FIND o
/ cost §(2t) dt.
— 00
METHOD Use the scaling property to rewrite §(2t) as a weighted impulse at t = 0. Then sift.

SOLUTION  With @ = 2, §(2t) = 16(t). Then
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/costd(Zt)dt:%/ cost 0(t) dt

—ECOS —2

Substitute s = 2t directly, with d¢ = ds/2 and unchanged limits:
[ cos(s/2)6(s)ds/2 = 1 cos0 = 3. The two routes agree.

Differentiating a signal with jumps

A signal with jumps has a derivative in two parts. On each smooth piece, differentiate as usual. At a jump

of size k at £, the signal contains a step k u(t — o), and its derivative is k d (¢ — to). So each jump
adds an impulse whose weight is the jump.

¢ EXAMPLE 1.9

GIVEN

FIND

METHOD

SOLUTION

CHECK

z(t) =ton|0,2], z(t) = 1on (2, 3), and z(t) = 0 elsewhere.

2/ (t).

(1) Differentiate each piece: the ramp gives 1 and a constant gives 0. (2) At each jump of
size k at to, add k d(t — o). (3) Check that the running integral of the result returns ().

The pieces give slope 0 for t < 0, slope 1 for 0 < t < 2, and slope 0 for 2 < t < 3 and for
t > 3. The slope 1 on (0, 2) is u(t) — u(t — 2). Now read the jumps as the value just after
minus the value just before:

t=0: x(0")—z(07)=0-0=0,
t=2: z2")—-z(27)=1-2= -1,
t=3: z(3")—2z(37)=0-1=-1.

The ramp starts at 0, so there is no impulse at £ = 0. Therefore
o' (t) = u(t) —u(t —2) —8(t —2) — d(t — 3).

Integrate =’ from —coto t. For 0 < t < 2:f(fld7' =t=u2a(t).For2 <t < 3:
JPldr—1=2-1=1=a(t).Fort >3:2—1-1=0=zx(t).

4L
1
-
N
w
~
4
T
-
N
w
N

Y

t t

FIGURE 1.36 x(t):arampto2,adroptoiatt =2,and  FIGURE 1.37 z'(¢):slope 1 on (0,2) and two impulses of

adroptoOatt = 3. weight —1, drawn pointing down.
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1.6 Complex exponentials

Complex numbers in polar form

A complex exponential is easiest to read when its complex constants are in polar form. A complex number
has two forms, linked by Euler's relation e’ = cos 6 + jsin@:
TWO FORMS OF ONE NUMBER

z=z+jy
:T6j0

=rcosf + jrsinf

r=|z| = vz + 32, 0=~z

Read 6 from the quadrant of the point (z, y). The value arctan(y/x) alone cannot tell 1 + j from —1 — j:
both have y/z = 1,but1 + j = V2em /4 and —1 —j= V2 e i3/4

Comparing the real parts and the imaginary parts of the two forms gives £ = r cos # and y = r sin 6. For
example, z = 2¢/™/% has 2 = 2 cos(n/3) = land y = 2sin(n/3) = V3,502 = 1 4+ jv/3~ 1+
71.73. In the other direction, 2 = —2j hasz = 0and y = —2. Thenr = /02 + (—2)2 = 2, and the
point lies on the negative imaginary axis, so § = —7/2 and —2j = 2eIm/2,

Products are simple in polar form. The law of exponents gives 7 el 1"26j02 =77y e7(01192): the moduli
multiply and the angles add.

Im Im
A A
2 z=1+3jv3
“““ T z=1+7j
I 14 o
b l
7r/|3 w/4
1 B
3 2 - 1 2 3 -2 1 L/ —3m /1 2
-1 4
) -1+
z=—-1—3
5 '| z=—23
Re Re
FIGURE 1.38 z = 2¢/™/3 = 1 + j+/3 lies at distance FIGURE 1.39 1+ jand —1 — j give the same y/z = 1,
r=2andangle w/3. z = —2j = 2e~7/2 Jies on the but they lie in opposite quadrants. Their angles are 7 /4 and
negative imaginary axis. —37r/4.
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Continuous-time complex exponentials

DEFINITION

z(t) = Ce™, C,acC

Complex exponentials describe growth, decay and oscillation in one form. The real and imaginary parts of
a determine which behaviour occurs.

Case 1: C and a real

If a < 0 the signal decays. If a > 0 it grows. If a = 0 it is the constant C'. A larger |a| makes the decay
or growth faster.

Each time t advances by 1/\a|, the exponent changes by 1 in magnitude. So the signal is multiplied by
e ~ 2.72 when it grows, or divided by e when it decays. For example, :r;(t) — e % reaches e ! where

—2t = —1,thatis att = 1/2. Asignal e that doubles every second has e*! = 2,s0a = In2 ~ 0.69

m(t) 5 m(tz 5 2
e %% (dashed) e! e 2 20 e’ (dashed) €' €

—
_—

—
T e — — —

FIGURE 1.40 a < 0:decay. Alarger |a| decays faster. FIGURE 1.41 a > 0: growth. Every curve starts at
z(0)=C =1.

Case 2: a = jwo purely imaginary
Write C' = Ae’? in polar form and use Euler's relation:
z(t) = Cel*t
= Ael? iwot
N~~~

C
_ Aej(w0t+€)

= Acos(wot + 8) + jAsin(wot + 6).
Here A = |C| is the amplitude, wy is the angular frequency in rad/s, and § = ZC' is the phase in
radians. The amplitude is never negative. For z(t) = —3e’?, write —3 = 3e’™,s0 A = 3 and § = .

The modulus is constant: |z(t)| = A |e/“**9)| = A for every t, because |e/¢| =

\/cos2 ¢+ sin’ ¢ = 1. This signal neither grows nor decays. With wg = 27 fo, where fj is in hertz, the
real part cos(27rf0t) is a pure tone of f Hz. Doubling f; halves the period and raises the pitch by one
octave.

To test periodicity, impose the condition (t) = (¢ + 1) and solve for T". Divide both sides by
Aed@tt0) \which is never zero:
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z(t+T) = z(¢)
Aej[wo(t+T)+0] _ Aej(w0t+0)

edT =1
woT = 2k, keZ
p 2k
wo

The fourth line holds because /¢ = cos ¢ + j sin ¢ equals 1 only when cos ¢ = 1 and sin ¢ = 0, that
is when ¢ is a whole number of turns: e/2™ = cos(27k) + j sin(27k) = 1 + jO = 1.

© RESULT

The smallest positive period comes from k = 1 when wg > 0, so Ty = 27 /|wy|. Every continuous-
time complex exponential with wy # 0 is periodic. There is no extra condition.

¢ EXAMPLE 1.10

GIVEN z(t) = e/0-5m,
FIND The fundamental period.
METHOD Use Ty = 27 /wy because the exponent is purely imaginary and wy # 0.

SOLUTION  Here wy = 0.57 rad/s, so

27 27 2
To= = 0mr 05 1%

CHECK 0.57 x 4 = 2m, so the phase advances by one full turn over the calculated period.

Case3:a =1+ jwy

Now let a have a real part 7 and an imaginary part wy. Split e3¢ with the law of exponents:

Jt(t) _ Aejee(r+jwo)t
— A et ej(wotJr@)
N ——

envelope rotation

= Ae" cos(wot + 6) + jAe™ sin(wot + 6).
The real partis Re{z(t)} = Ae" cos(wyt + 6). The curves = Ae"™ bound the sinusoid. If 7 < 0, the
oscillation is damped. If » > 0, it grows. If » = 0, it is sustained.

Read 7 and wy directly from the exponent. For z(t) = e("1+7%% r = Re{a} = —1 < 0, so the real
part e ! cos 4t decays. A plucked string and a car spring after a bump sound and move like a tone with
r < 0.
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A
2 ™N----
—————— T N T T T T oe——a - — = — — — —
I ! '____\./___L___\_,?—qb_ —
\/ e gomm T 4 5
) L=
t
FIGURE 1.42 A damped sinusoid, Re{26—0.5tej27rt}, with A = 2, 7 = —0.5 and wy = 27 rad/s. The envelope 49605
is dashed.

A sum of two exponentials

A sum of two complex exponentials with different frequencies can be written as one exponential times a
cosine. Take out the exponential at the average frequency. What is left is two exponentials with opposite
frequencies, and Euler's relation turns them into a cosine:

e® + 7% = (cos ¢ + jsin p) + (cos ¢ — jsin @)

= 2cos ¢.
QO EXAMPLE 1.11
GIVEN z(t) = &3 + &%,
FIND z(t) as one exponential times a real signal, and |z (t)|.
METHOD Factor out /4, because 4 = (3 + 5)/2 is the average frequency. Then use e/ + e 7% =

2 cos ¢ and |e/¥| = 1.

SOLUTION s
z(t) = e + €

_ ej4t(e—jt+ejt)
= J4 2 cost,
<~
e~ Jt4eit
z(t)| = |&’*| |2 cost| = 2| cost|.

——
1

CHECK Att = 0 both terms equal 1, so z(0) = 2, and the formula gives 2e° cos 0 = 2. Att =
7/2, & = eP37/2 4 /52 = —j 4 j =0, and 2| cos(7/2)| = 0.

The same steps work for any two frequencies w — d and w + d: e/ (@~ 9t | ei(Wtd)t — 9eivt cos(dt),
with |z(t)| = 2| cos(dt)|. The magnitude repeats every 7/d, so a smaller gap makes it change more
slowly. For z(t) = e/* + €78, the average is w = 5 and the half gap is d = 3, so z(t) = 2€’° cos 3t
and |z(t)| = 2| cos 3t|.
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T
4 |z(t)| = 2| cost| bold, Re{x(¢)} light

2 -
1 —m
l/ | T T N’ T T L \!#
1 \/1 2 v 4 5\/6 \7/ 8

24
t

FIGURE 1.43 xz(t) = e’* 4 ¢/°. The magnitude 2| cos t| repeats every . The real part 2 cos t cos 4t oscillates inside it.
Discrete-time complex exponentials
DEFINITION AND POWER FORM
z[n] = C ", C,peC
a=¢ — m[n]zC’eﬁn:C(eﬁ)n:Can

Use the power form in discrete time, because the solutions of difference equations have this form.

Forreal C and a: if 0 < a < 1 the sequence decreases, and if « > 1 it increases. For example,
z[n] = o™ with 2[3] = 8 has a® = 8, so & = 2 and the sequence 2" grows. For complex C' = |C|e”’
and o = |a|e?*?, use the polar forms and the law of exponents:

z[n] = Ca™
= |Cle’ (Jale™)"
| (|; (|ofe™)

— |C||a|nej(won+0)

= |C||a|" cos(won + 0) + j|C||a|" sin(wn + 6).

Read the modulus || as the envelope. If |a| = 1 the oscillation is sustained. If || > 1 it grows. If
|a| < 1it decays. The angle wy sets only the oscillation, in radians per sample. For example, x[n] =
(1.1e77/3)" grows because |a| = 1.1 > 1.

A negative real « is a special case with wy = 7. For z[n| = (—0.5)", n > 0, the samples are
1,—0.5,0.25, —0.125, . .. The sequence decays because |a| = 0.5 < 1, and it changes sign at every

step.

1 1000
0.5 500
5 10 5 10
n n
FIGURE 1.44 0.5" decreases. FIGURE 1.45 2" increases. FIGURE 1.46 0.95" cos(0.147n):

la| = 0.95 decays.
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/A THE BOUNDARY MOVES

In continuous time the growth-decay boundary is Re{a} = 0, the imaginary axis. In discrete time it
is || = 1, the unit circle. The map between them is o = €.

Low and high frequencies in discrete time

In discrete time, frequencies that differ by 27 give the same sequence. Split the exponent with the law of
exponents:

e](wo+27r)n — elwon e]27m
= efom .

= elwon,

The second line holds because €/2™ = cos(2mn) + j sin(27n) = 1 for every integer 1. So one
interval of length 27t holds every distinct sequence. Near wy = 0 or 27 the samples change slowly. Near
wqy = 7 they change fastest. At wy = T,

e’™ = cos(mn) + jsin(mn) = (—1)".
——

0

This sequence changes sign at every sample. No discrete-time sinusoid changes faster. For example,
cos(117n/6) looks fast but is slow: 117 /6 = 2w — /6, so cos(11mn/6) = cos(2mn — 7n/6) =
cos(—mn/6) = cos(mn/6). The last two steps use the 27-periodicity of the cosine and the fact that it is
even.

1 A A O [
FINLTET AL TF

n n n

FIGURE 1.47 wy = 7/4: slow. FIGURE 1.48 wy = 7: (—1)", the FIGURE 1.49 wy = Tm/4 =271 —
fastest. 7 /4: the same samples as /4.

When is a discrete-time exponential periodic?

A discrete-time period must be an integer. Apply z[n| = x[n + N] to z[n] = C'e/**™ and solve for that
integer. As in continuous time, divide by C'e’“°™ and use the condition for e’ = 1:

z[n + N| = z[n]
Cejwo(nJrN) — Cengn
edN =1
woN = 27k, keZ
)
wo
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PERIODICITY CONDITION

wo_k
27‘(‘_N€Q

N must be an integer, and so must k. This is possible only when w0/27r is rational. If the ratio is irrational, no
integer IV satisfies the periodicity condition and the sequence is aperiodic.

For example, z[n] = €/2" has wy /27 = 2/2m = 1/7, which is irrational. No integer period exists, so
the sequence is aperiodic. The values N = 7w and N = 27 are not periods, because a period must be
an integer. In the same way, cos(n/4) has wy/2m = 1/(8) and is aperiodic.

TABLE 1.2 Continuous-time and discrete-time complex exponentials compared.

CONTINUOUS TIME, efwo! DISCRETE TIME, efwon
Periodic? For every wp # 0 Only if wy /27 is rational
Distinct frequencies Each wy gives a different signal wo and wy + 27 give the same sequence
¢© EXAMPLE 1.12
GIVEN z[n] = el (3/5)n
FIND The fundamental period Ny.
METHOD Use N = 2wk /wy and take the smallest positive integer k that makes N an integer.

SOLUTION Substitute the frequency before choosing k:

27k
wy

27k
3/5
10

= —k.
3

N =

k = 1gives 10/3 and k = 2 gives 20/3, neither an integer. The smallest positive integer k
giving an integer IV is k = 3, so Ny = 10.

T
crecK wolNg = = X 10 = 67 = 27 X 3. The phase therefore advances by three full turns in

ten samples.
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FIGURE 1.50 Re{e’>™/%} repeats every 10 samples. FIGURE 1.51 cos(n)haswy = 1,sowp/2m = 1/(2m)

is irrational. The samples never repeat exactly. It looks
periodic, but it is not.

A sampled sinusoid has its own period

A sequence may take its values from a periodic curve and still have a different period from the curve.

¢ EXAMPLE 1.13

GIVEN

FIND

METHOD

SOLUTION

CHECK

z[n] = cos(67n/17), the values of the curve cos(67t/17) at integer ¢.

The period T of the curve, the fundamental period [Ny of the sequence, and the
fundamental frequency of the sequence.

The curve has Ty = 27 /wp. The sequence needs the smallest integer N = 27rk/wo.

With wo = 67/17:

2 17
T, = = — L ~567,
6m7/17 3
_2mk 17
- 6m/17 3

k =1and k = 2 give 17/3 and 34/3, which are not integers. k = 3 gives Ny = 17 =
3T} . The fundamental frequency of the sequence is

2 2r wy

N, 17 3°

One period of the sequence holds 3 cycles of the curve: wy Ny = ‘i—777 <17 =67 =3 2m.
So the fundamental frequency is w0/3, not wy.
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z[n] Ny =17

FIGURE 1.52 The dashed curve cos(67t/17) repeats every 17 /3, but no sample falls at the end of its first or second
cycle. After three cycles, at n = 17, a sample falls on the start of a cycle again. The brackets mark one cycle of the curve
and one period of the sequence, both fromn = 17.

A second case: z[n| = cos(47mn/9) has N = 27k /(4 /9) = 9k /2. The smallest integer comes at
k=2,s0Ny=09.

Harmonically related exponentials

Chapter 4 builds a periodic signal as a weighted sum of exponentials that share its period. This family has
a name. In continuous time, with wy = 27 /Ty,

CONTINUOUS-TIME HARMONIC FAMILY

: 2
be(t) = et o= Xk =0,41,£2,...

Ty

For k # 0, ¢, has fundamental period T /| k|. It makes | k| full cycles in Tp, so every member repeats after

T),. The frequencies kwy, all differ, so all the members are different.

To check that T} is a period of every member, shift by T and use wyTy = 27: ¢ (t + Tp) =
ejkwot ejkaTO — ¢k(t) ej27l'k — ¢k(t)

Re{u(0))

| I T »
-1 \\ // E \\ //

FIGURE 1.53 The harmonics k = 1 (dashed), k = 2 and k = 3 with T = 1. The k-th makes k full cycles in Tj, so all of
them start together again att = Tj.

In discrete time the family with period N uses the frequencies k 27/ N. Adding NN to the index adds 27
to the frequency, which changes nothing:

duln] = HCTIN,
brin[n] = eIF@r/Nin giNCn/N)n — Pr[n] ‘eﬂm, = ¢r[n].
1
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So only N members are different, for example k = 0,1,..., N — 1. With N = 6, ¢_;[n] =

¢-1+6[n] = ¢s5[n].
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Geometric sums

Sums of discrete-time exponentials are geometric sums. Each term is the one before it times the ratio a.
To sum NN terms, write the sum, multiply it by «, and subtract:

Sy=1+a+a’+---+a¥!

aSy=a+a’+ -+ +a
N

N

Sy —aSy=1—-«
(l—a)SN:]_—O{N
1-—a"

Sy = T a# 1.

The subtraction cancels every middle term. The last step divides by 1 — a, which is allowed only for cv #
1.Fora =1, everytermis1,s0 Sy = V.

GEOMETRIC SUMS

N-1 1—al
o) Ioa a#l
n=0 N, a=1
00
1
Za”zm, |a|<1
n=0

For |a| < 1, || = |aY — 0, so the finite sum tends to 1/(1 — a). For || > 1 the terms do not shrink to
zero, and the infinite sum does not converge.

For example, with o = 1/3 the ratio satisfies [1/3| < 1,s0 Y > (1/3)" =1/(1—-1/3) =
1/(2/3) = 3/2.

SN SN
1/(1—a)=2 —a)=
A L Ya-o=2 1 1/(1-a) =2/3
S I 1 1 O 5 e
2 4 6 8 10 2 4 6 8 10
N N
FIGURE 1.54 «a = (.5:the partial sums rise towards FIGURE 1.55 a = —0.5: the partial sums swing above
1/(1-0.5) =2. and below 1/(1 + 0.5) = 2/3.

Summing one harmonic over a period
The finite geometric sum gives a result that Chapter 4 uses to find Fourier series coefficients. Sum one

discrete-time harmonic over one period. Its terms form a geometric sum with ratio o = eik2m/N .

N-1 -1
§ :ejk(Zw/N)n — a”, a= e]k27T/N.

n=0 n=
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If k is not a multiple of N, then k27 /N is not a whole number of turns, so & # 1. Use the finite sum, and
note that o = /%™ = 1:

L, 1-a¥ 1-eikr 11
o = =

1—a 1—« :1—a:0'

n=

If k& is a multiple of IV, then o = 1 and all IV terms equal 1, so the sumis V.

ONE HARMONIC OVER A PERIOD

%‘:1 emnm N, k=0,+£N,£2N, ..
e _—

0, otherwise
n=0

For example, with N = 4 and k = 1 the terms e/™/2 forn = 0,1,2,3arel, 5, —1, —7, and they add
to 0. On the unit circle, the terms of a harmonic with k not a multiple of N are spread evenly, so they
balance about the origin.

(]
-~ @ -
Y
(]

Re Re

FIGURE 1.56 N = 6,k = 0: all sixterms sitat 1, andthe FIGURE 1.57 N = 6, k = 1: the six terms e/™/3 are
sum is 6. spread evenly over the circle, and the sum is 0.

1.7 A catalogue of common signals

A small set of named signals appears again and again in later chapters. This section collects them with
their formulas. It introduces no new result. Each one is built from the ideas of this chapter.

Building blocks: step, ramp, sign and exponential

L 4
Y

t t

FIGURE 1.58 Unitstep:u(t) = 1fort > 0andu(t) =0 FIGURE 1.59 Unitramp: r(t) = tu(t). Its slope is 1 for
fort < 0. t > 0,sodr/dt = u(t).
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sgn(t)

FIGURE 1.60 Sign:sgn(t) = 1fort > 0and —1fort < FIGURE 1.61 One-sided exponential: z(t) = e~ “u(t)
0, so sgn(t) = 2u(t) — 1fort # 0. with a > 0. Its energy is 1/(2a). A larger a decays faster.

Many signals are sums, shifts and products of these four shapes. A voltage V' switched on at ¢ is

V u(t — to). The ramp is the running integral of the step, r(t) = ffoo u(7) d7. The step is the running
integral of §(¢). The sign function checks both formulas: for t > 0, 2u(t) —1 =2 —1=1,and fort <
0,2u(t) —1=0—-1=—1.

The energy of the one-sided exponential follows from the definition of E,. The signal is zero for t < 0, so

By = / (e7)?dt = / e %t dt
0 0

e 207> 1 1
—[— %0 :|0—0—<—2—a>—%, a > 0.

Pulses: rectangle, triangle, sinc and Gaussian

the lower limit is O:

rect(t) tri(t)
A
+ 1
-2 -1 1 2 -2 -1 1 2
t t
FIGURE 1.62 Rectangle: rect(t) = 1 for [t| < £ and 0 FIGURE 1.63 Triangle: tri(¢) = 1 — |¢| for |t| < 1and 0
for [t| > 1. Energy 1. otherwise. Energy 2/3.

-2 -1 1 2
t t
FIGURE 1.64 z(t) = sinc(mt), with the unnormalised FIGURE 1.65 Gaussian: z(t) = e~ _Itis smooth
sinc(f) = sinf/0. Peak 1 att = 0; zeros at t = everywhere and its area is 1.

+1,42,. ..
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The sinc is unnormalised here: sinc(f) = sin 6/6, so sinc(nt) = sin(wt)/(mt). Its zeros are where
sin(mt) = 0 with ¢ # 0, that is at the non-zero integers. At t = 0 the limit sin /6 — 1 gives the peak 1

The rectangle has energy f_lﬁz 12dt = 1. The triangle energy shows how to use symmetry in an energy

integral. The integrand is even, so integrate over [0, 1] and double. Then substitute s = 1 — ¢, ds =
—dt, whichmapst =0+ s=1andt =1+ s =0:

E, = /_11(1— t))* dt = 2/01(1 —t)*dt

0 1 391
:2/ 82(_d3):2/ s2ds:2[s—} :2.
1 0 3 0 3

A pulse can shape the loudness of a tone: p(t — tg) cos(27 - 440t). The jumps of the rectangle are
heard as clicks, while the Gaussian starts and ends softly. The pulses return later. The triangle is the
rectangle convolved with itself (Chapter 3). The rectangle and the sinc are a transform pair (Chapter 5).

Periodic waveforms: sine, square, triangle and sawtooth

z(t)/A z(t)/ A

aNa At L

\/ \/2 \/3 1 2 3
-1 -1 A _I I I

t/T, t/T,
FIGURE 1.66 Sine: z(t) = Asin(2nt/T}). Average FIGURE 1.67 Square: z(t) = Afor0 <t < T,/2 and
power A2 /2. —AforTy/2 < t < Tp. Average power AZ.

z(t)/ A z(t)/ A

NAA L A1
NN N

t/Ty t/T)

FIGURE 1.68 Triangle: x(t) = A (1 — 4[t|/Ty) for [t| <  FIGURE 1.69 Sawtooth: z(t) = A (2t/Tp — 1) for 0 <
Ty /2. Average power A?/3. t < Ty. Average power A”/3.

For a periodic signal, the average over all time equals the average over one period, Py, =
T .

Tio o 1z(t)|? dt, because every period adds the same energy. The square wave has |z(t)|> = A? at

every t, so P,, = A” For the sine, use sin® § = 1(1 — cos 26); the cosine term integrates to zero over

whole periods:

To 2 To 1 _ 2 2
P —i/ A2sin2(27rt)dt_ - 1 - cosdmt/Tb) g _ A" To _ A
0

T T 2 T, 2 2
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For the sawtooth, substitute s = 2t /T — 1, dt = %‘lds, whichmapst =0+ s = —landt =T, —
s=1:

Ty 2 2
p.— 1+ A2(§—1) = D[ 2,
Ty Jo Ty T, 2 /4
A2 7310 42 2 g2
:7{3] . 2 3 3"

For the triangle, average over the period [—T1( /2, T;) /2]. The integrand is even, so integrate over
[0, T0 /2] and double. Then substitute s = 1 — 4t /Ty, dt = —%ds, which mapst = 0 — s = 1 and
t=Ty/2—~s=—1

T To Ty J1 4

A 1des:A—2- —A—2
T

To/2 9 2 -1
R A2(1—ﬂ) at = 24 32(_5)013
B 2

2/, 2 '3

Played with the same period, T, = 1/220 s, all four have the same pitch. The shape changes only the
colour of the sound, which Chapter 4 explains with harmonics. The triangle and the sawtooth have the
same average power, A? / 3, and still sound different. Power does not fix the shape.

Signals for the ear: chirp, beats, AM and FM

=)

e AR
e |3

-2 4
t (s)
FIGURE 1.70 Chirp: 2(t) = cos(27(fot + 5t%)). Its FIGURE 1.71 Beats: cos(27fit) + cos(27 fat), drawn
frequency fy + kt rises with time. Drawn with fo = 0.3 Hz,  with f; = 10 Hz, fo» = 11 Hz. The dashed envelope is
k = 0.5 Hzss. +2cos(m(fi — f2)t).

FIGURE 1.72 AM: z(t) = (1 + FIGURE 1.73 FM: z(t) = cos(2mf.t + Bsin(27 f,,t)).
mcos(27rfmt)) cos(27 f.t) with 0 < m < 1. The dashed  Drawn with f. = 10 Hz, f,,, = 1 Hz, 8 = 5.

envelope is & (1 + m cos(2m frt)). Drawn with f, = 12

Hz, fr, = 1 Hz, m = 0.8.
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Beats come from the sum-to-product identity cos 6; + cos 6y = 2 cos(glg—ez) cos(ﬁ;—ez). With 8, =

27 f;t, the half-difference is w(f1 — f2)t and the half-sum is w(f1 + f2)t:
cos(2m fit) + cos(2m fot) = 2cos(m(fy — fo)t) cos(m(f1 + fo)t).

The slow factor sets the loudness. The loudness follows |2 cos(m(fi — f2)t)|, which has period
1/|f1 — fal, | f1 — f2| times a second. Two strings a few hertz apart beat. A musician turns

the peg until the beats slow down and stop, which means f1 = f2.

The frequency of a signal cos gb( ) at time ¢, in hertz, is i —¢ . Differentiate the phase of the chirp and of

FM:

chirp:

[277(f0t + gtzﬂ — fy+kt,

; [2m et + Bsin(2mfint)] = fo+ Bfim coS(2mfint).

1

27
FM: L
27

In FM the amplitude stays fixed and the frequency swings about f.. A chirp sweeps its frequency, as a bird
call or a radar pulse does. Beats and AM keep the tone and move its loudness.

Random signals: noise, a noisy tone, a random walk and a telegraph signal

wn] x(t)
A
1 -
T T
10 20 ‘30 40 1 2 3
4] l
n t (s)
FIGURE 1.74 White noise w[n|: the samples are FIGURE 1.75 Signal plus noise: z(t) = cos(27 fot) +
independent, with zero mean and the same variance. No o w(t). The dashed curve is the tone alone.
sample predicts the next one.
A 4
5 T pr—
T T T l=
20 40 60 1 2 3 4
i i ] LU
5 -
n t (s)
FIGURE 1.76 Random walk: z[n] = z[n — 1] + wn] FIGURE 1.77 Random telegraph: z(t) is +1 or —1 and
with m[()] = 0. Each step is random, but the sum wanders flips sign at random times. Only the times of the flips are
far from zero. random.

A random signal has a rule for how it is made, not a formula for each value. Run the rule again and the
waveform changes, but its average behaviour does not. A measured signal almost always contains some
noise. Heard as sound, white noise is a hiss, the random walk is a low rumble because it changes slowly,
and the telegraph signal crackles.
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1.8 Summary

1. £, and P, are limits. Finite energy forces zero average power. Finite non-zero average power forces
infinite energy. Unbounded growth gives neither.

2. To build z(at — b), shift by b first, then scale by a. The other order gives z(at — ab).

3. Ty and N are the smallest positive periods, and wy = 27 /Ty = 27/ Ny. A sum of periodic signals
has the least common multiple of their periods as a period; in continuous time it exists only if the ratio
of the periods is rational.

4. Every signal splits in one way into an even and an odd part: Ev{xz(t)} = 3[z(t) + z(—t)] and
Odd{z(t)} = ;[z(t) — z(—t)]. The odd partis 0 at t = 0, and an odd signal integrates to 0 over
[—a,al.

0[n] = u[n] —u[n — 1] anduln] = > 7_ _ J[k]: afirst difference and a running sum.

. &8[n] is an ordinary sequence. (t) is a distribution, defined by sifting. It scales as §(at) = §(t)/|al.

. Every sequence is a sum of weighted, shifted impulses: z[n] = >, z[k] 6[n — k.

. Sifting, [ @(t) d(t — to) dt = z(to), gives a number. Sampling, z(¢t) §(¢ — to) = z(to) 6(¢ — to),
gives a signal.

0 N o O

9. In e(" 7o)t sets the envelope e': growth for r > 0, decay for 7 < 0. wy sets the oscillation. In
discrete time || sets the envelope, with the boundary at || = 1.

10. A discrete-time exponential elem g periodic if and only if wo/27r is rational. A continuous-time one
with wy # 0 always is.

11. e70™ gnd e/ (“0t2m)n gre the same sequence, so discrete-time frequencies repeat every 27. The
fastest sequence is /™ = (—1)".

12. 3" Fam = (1 — V) /(1 — a) for a # 1, and one harmonic summed over a period gives N
when k is a multiple of NV and 0 otherwise.

Exercises

1.1 Classify z(t) = e 3u(t) as an energy signal, a power signal, or neither. Give the value of whichever
quantity is finite.
Answer: Energy signal, o, = 1/6.

1.2 For z[n] non-zero only on —1 < n < 1 with values 1, 2, 1, sketch z[n + 4] and 2[n — 5] and give
the support of each.
Answer: Supports —5 < n < —3and4 < n < 6.

1.3 Asignal z(t) is non-zero only on [—1, 5]. On what interval is (2t + 3) non-zero?
Answer: [—2, 1].

1.4 Find the fundamental period of z[n| = cos(47n/7), or show that it is aperiodic.
Answer: Ny = 7.

2
1.5 Use symmetry to evaluate f_2 (t3 + tcost + 1) dt without integrating the first two terms.
Answer: 4. The first two terms are odd.

1.6 Evaluate [* (t*4+1)6(t —2)dtand Y.~ 27"é[n — 3].
Answer: 5 and 1/8.

© 2026 Hiseyin Ugur Yildiz - huguryildiz.com - Course content: CC BY-NC-SA 4.0 Lecture Notes - 55



Signals and Systems — Lecture Notes

1.7 Find the fundamental period of z(t) = cos(7t/2) + sin(7t/3).
Answer: Ty = 12.

1.8 Write £(t) = e/* + €77 as one exponential times a cosine, and give |z (t)|.
Answer: z(t) = 2e/* cos 3t and |z(t)| = 2| cos 3¢|.
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CHAPTER

Systems and their properties

A system turns an input signal into an output signal. This chapter describes a system only through its input
and its output. It gives tests for six properties: memory, invertibility, causality, stability, time invariance
and linearity. For each property it shows how to prove it for every input, and how to disprove it with one
counterexample.

2.1 The input-output abstraction

A system is a rule that turns an input signal into an output signal. The rule is deterministic: the same input
always gives the same output.

Write the rule as an operator, y = S{:e} The operator acts on the whole input signal, not on one value of
it. So the output at one time may depend on input values at other times. This form lets us ask which input
times affect an output, and how the system responds to a time shift.

v

»| continuous-time system

Y
v

discrete-time system

FIGURE 2.1 The same operator description applies in continuous time and in discrete time.

() EQUAL SYSTEMS

Two systems are equal when they give the same output for every input. How they are built does not
matter. Let S; double its input with an amplifier, and let Sy add its input to itself. Then S {zx} = 2z
and Sz{x} = x + & = 2z for every input z, so S1 and S are the same system.

One equation, many systems

Different physical systems can share one input—output equation. Two examples show this.

An RC circuit. A source voltage v,(t) drives a resistor R in series with a capacitor C'. The output is the
capacitor voltage v¢ (t) Kirchhoff’s voltage law around the loop gives v, = R 1 + v, where ¢ is the loop
current. The capacitor current is ¢ = C' dve /dt. Substitute it:

© 2026 Hiseyin Ugur Yildiz - huguryildiz.com - Course content: CC BY-NC-SA 4.0 Lecture Notes - 57



Signals and Systems — Lecture Notes

vs(t) = Ri(t) + v (t)
dvc(t)

= RC =55 4 uo(t).

Divide both sides by RC' and exchange the two sides:

dvo(®) , 10 L

A car. Aforce f(t) pushes a car of mass m. Friction opposes the motion with the force p v(t), where v is
the speed. Newton’s second law gives m dv/dt = f — pv. Move the friction term to the left and divide
by m:

ONE FORM

di—?) +ay(t) = ba(t)

yln] + ayln — 1] = bz[n]

The circuit has the first form witha = b = 1/RC'. The car has it with a = p/m and b = 1/m. The second
line is the discrete-time form. One method of analysis then serves every system of the same form; Section 3.5

gives it.

A savings account has the discrete-time form. With 1 % interest a month, the balance is y[n| =

1.01y[n — 1] 4+ z[n], where z[n] is the deposit in month n. Move 1.01 y[n — 1] to the left: y[n] —
1.01y[n — 1] = z[n].Soa = —1.01and b = 1.

With equal time constants 7 = RC = m/p, the circuit and the car respond in the same way. Switch on a
constant input at ¢ = 0, with the system at rest. In both systems the output, divided by its final value, is

1 — e /7 fort > 0. For the circuit with v,(t) = 1 for t > 0, substitute vg = 1 — e~/ into the left side
of the equation:

d 1 1 1 1
—(1— —t/T (1 — —t/T\ — — t/T - tT
dt( € )+T( € ) Te +7' Te
_1_ 1 ®)
~r RCY

The left side equals the right side, so the curve solves the equation. It also starts at vo(0) =1 — 1 =0,
as a system at rest must. Section 3.5 shows how to find such a solution.
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normalized amplitude

B
>

t/T
FIGURE 2.2 A constantinput switched on at rest. The capacitor voltage and the speed of the car both follow 1 — e /7.
/A A MODEL HAS LIMITS
Ohm’s law and linear friction are idealizations. An analysis holds only while the signals stay in the
range where the model is accurate. An amplifier is linear only until it clips. A circuit that warms up is
only close to time invariant.

Connecting systems

Larger systems are built by connecting smaller ones. Three connections occur again and again.

« Series, or cascade: the output of S is the input of Ss.
« Parallel: both systems get the same input, and their outputs add.
« Feedback: the output of S; passes through S5 and is added to the input of Sj.

series parallel feedback
»  S1 z Yy
T Y T Yy 51 >
—> Sl > SZ —> —
o 5o
S2 e

FIGURE 2.3 Series, parallel and feedback connections of two systems. The circle adds the signals that enter it.

In the feedback connection, let S7 pass its input unchanged and let So be a one-sample delay. The signal
that enters S is then z[n| + y[n — 1], and S passes it on:

y[n] = z[n] +y[n — 1],
This system is the accumulator. Section 2.2 shows that it remembers every earlier input.

The order of a series connection can change the result. Squaring and then doubling gives 22, Doubling
and then squaring gives (2z)* = 4z”.

¢ EXAMPLE 2.1

GIVEN Si:y[n] = x[n — 1], followed in series by Sa: y[n] = 2 z[n|.
FIND The rule of the whole connection.
METHOD Name the signal between the two systems. Write each system rule for it, then substitute one

rule into the other.
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SOLUTION  Call the output of S w[n|. Then w[n| = x[n — 1]. The system S, doubles its own input,
which is w[n|:

y[n] = 2w(n]
= 2z[n —1].

The connection delays the input by one sample and doubles it.
CHECK Take z[n] = &[n]. Then w[n| = d[n — 1] and y[n] = 24[n — 1]. The rule y[n] =
2 z[n — 1] gives 2 §[n — 1] for the same input.

2.2 The six properties

Each property is a statement about every input. To prove a property, give an argument that holds for every
input. To disprove it, give one explicit input for which it fails. One example that works cannot prove a
property.

Memory

( CRITERION

A system is memoryless if the output at time £, or at n, depends only on the input at that same time.

TABLE 2.1 Memory: verdicts for example systems.

SYSTEM VERDICT REASON

y(t) = [2a(t) — 22(t)] 2 memoryless  Only z(t) appears. There is no (¢ + 1) or z(t — 2) term.
y[n| = z[n] memoryless  The identity system.

y[n] = z[n — 1] has memory  The output at n uses the sample at n — 1.

y(t) = z(t/2) has memory  Att = 2 the output uses z(1), an input at a different time.
y[n] = z[n] + y[n — 1] has memory  See the derivation below.

The last system is the accumulator from Section 2.1. Assume initial rest: the output is zero until the input
starts. Then substitute the feedback relation into itself, again and again:

y[nl = z[n] +yln — 1]
=z[n] +z[n — 1] + y[n — 2]
=z[n] +zn—1] +zn — 2]+ y[n — 3|

=zn|+zn—-1]+zn—-2]+---

= Zm[n—k]

k

o0

o

© 2026 Hiseyin Ugur Yildiz - huguryildiz.com - Course content: CC BY-NC-SA 4.0 Lecture Notes - 60



Signals and Systems — Lecture Notes

The result uses x[n — k] for every k > 0, so the output depends on the whole input history. Output
feedback gives the system memory. For the impulse input z[n] = d[n], the term §[n — k| is 1 only at
k = n, and such a k > 0 exists only forn > 0:

The impulse enters once, and the feedback keeps it. So y[3] = 1.

©® CIRCUIT EXAMPLES

Aresistor, v(t) = Ri(t), is memoryless: the voltage at ¢ uses only the current at ¢. A capacitor is
not memoryless, because v(t) = & ffoo i(7) d7 uses the whole current history.

Invertibility

() CRITERION

A system is invertible if distinct inputs always produce distinct outputs. The map from inputs to
outputs must be one-to-one.

To prove invertibility, find a formula that recovers every input from its output. To disprove invertibility, find
two distinct inputs that give the same output.

¢ EXAMPLE 2.2

GIVEN y(t) = [cos(t) + 2] z(¢).
FIND Is the system invertible?
METHOD Solve the system rule for (), and show that the divisor is never zero.

SOLUTION First bound the gain. Add 2 to each part of the bound on the cosine:
—1<cos(t) <1
1 <cos(t)+2<3.

The gain is never zero. Now divide the system equation by it:

y(t) = [cos(t) + 2]z(t) = =(t) = y(t)

cos(t) +2°
Every input is recovered from its output, so the system is invertible.
CHECK t
Substitute the formula back: [cost + 2] v = y(t). With the gain cos(t) alone, the
cost + 2

system would lose the input at every zero of the cosine.

¢ EXAMPLE 2.3

GIVEN y(t) = z2(t).
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FIND Is the system invertible?
METHOD Look for two distinct inputs that squaring maps to the same output.

SOLUTION  Take x1(t) = 1 and z2(t) = —1 for all t. Then

S{z;} =12 =1,
S{zy} = (—1)* = 1.

The inputs are different, but their outputs are equal. The system is not invertible.

CHECK One counterexample is enough. The sign of the input is lost and cannot be recovered from y
alone.

® NOT AN INVERSION FORMULA

Writing z(t) = +/y(t) does not invert y = x>. It keeps only one of the two possible inputs. An
inversion formula must return the actual input, for every input.

Inverse systems

An invertible system S has an inverse system. Placed in series after .S, the inverse returns the input: its
output w equals x for every input x.

The accumulator y[n] = Y7 __ x[k| has the first difference w(n| = y[n] — y[n — 1] as its inverse.
To show this, split the last term off the first sum. Every other term then appears in both sums and cancels:

wln] = y[n] —y[n —1]

n n—1
= 2 alkl= > alkl
k=—00 k=—o0
n—1 n—1
- ( Y x[k]+9c[n]) - Y 2K
k=—00 k=—o0
= z[n].
z[n] yln] w(n]
3 3
| I | ‘ 2 [
1 1
T ' I T T T = T 1 1 1 1 = T I I T T T =
21“2468 21“2468 -2_1“2468
n n n
FIGURE 2.4 Theinput z[n]. FIGURE 2.5 The accumulator output ~ FIGURE 2.6 The first difference:
yln). wln] = z[n).

A lossless encoder must be invertible. The decoder is its inverse system and recovers the message
exactly.
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¢ EXAMPLE
GIVEN
FIND

METHOD

SOLUTION

CHECK

Causality

2.4

y(t) = 3z(t — 2).
The inverse system.

The system delays the input by 2 and then multiplies it by 3. Undo the two operations in

reverse order: divide by 3, then advance by 2.

The inverse is

w(t) = 3y(t+2).

Substitute the system rule, evaluated at t + 2:

w(t) = Ly(t+2)

.

().

8 wi~ wi~

(t+2)-2)

The cascade returns the input. The candidates 3 y(t — 2) and 3 y(t + 2) retumn z(t — 4)

and 9 z(t) instead.

(@ CRITERION

A system is causal if the output at time £, or at n, depends only on inputs at times up to ¢: the

present and the past.

TABLE 2.2 Causality: verdicts for example systems.

SYSTEM VERDICT REASON

y[n] = z[n — 1] causal  Uses only a past sample.
y[n| = z[n] + not z[n + 1] is a future sample.
z[n+1 causal

y(t) = ffoo z(7)dr causal The upper limitis £, so only 7 < ¢ contributes.

y[n| = z[—n] not y[—1] = z[—(—1)] = z[1]. The output at n = —1 needs a future input.
causal
y(t) = z(2¢) not Att = 1 the output uses x(2), a future value.
causal
y(t) = z(t) cos(t + causal  Uses only (t). The factor cos(t + 1) is a known function of ¢, fixed in advance.
1) It is not a future input.

For y(t) = x(2t) and t < 0, the output uses 2t < t, which is the past. One output time that needs the
future is enough to make a system non-causal.
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now

available to a causal system forbidden: the future

B
>

5 4 3 2 -1 | 2 3 4 5
time relative to the output instant

FIGURE 2.7 A causal system may use the past and the present of the input. It may not use the future.

A system that works while the signal arrives must be causal, because future input values are not yet
available. A program that processes a stored recording may use later samples.

Stability

A signal is bounded if some finite constant B satisfies |z(t)| < B for every t.

(® CRITERION
A system is BIBO stable if every bounded input produces a bounded output. BIBO stands for
bounded input, bounded output.

/\ PROOF AND COUNTEREXAMPLE

To prove stability, derive an output bound that holds for every bounded input. To disprove stability,
find one bounded input that produces an unbounded output.

¢ EXAMPLE 2.5

GIVEN y(t) = 2z2%(t — 1) + z(3t).
FIND Is the system BIBO stable?
METHOD Assume |z(t)| < B for every t, and bound |y| with the triangle inequality: the modulus of a

sum is at most the sum of the moduli.

SOLUTION Start from the system rule, apply the triangle inequality, then use the input bound:

y(8)] = [22*(t — 1) + =(31)|
< J22*(t — 1)| + |(31)|
= 2|z(t — 1)|* + [a(3t)]
< 2B?+ B < oo.

The output has the finite bound 2B2 + B, so the system is stable.

CHECK A shift or a scale of the time axis does not change the set of values a signal takes. So a:(t —
1) and x(3t) are bounded by the same B.

QO EXAMPLE 2.6
GIVEN y[n] = > r_ . z[k], the accumulator.

FIND Is the system BIBO stable?
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METHOD Look for one bounded input with an unbounded output.

SOLUTION  Take x[n| = u[n], so |z[n]| < 1. The factor u[k] removes every k < 0. Forn > 0,

k=0
=n+1— 0.

The input is bounded and the output is not. The system is not stable.

CHECK The input never exceeds 1, and the output passes every bound. That is exactly the failure
that BIBO stability rules out.

z[n] y[n]
SR S S G SR SR B SR B --‘--‘--‘-- 10 l
5
| N et 1] ] M
! 5 10 5 10
n n
FIGURE 2.8 The bounded input u[n]. FIGURE 2.9 The unbounded output n + 1.

/A TWO SEPARATE TESTS

Causality and stability are separate tests. The accumulator is causal and not stable. The time
reversal y|n] = x[—n] is stable and not causal.

Time invariance

( CRITERION

If 2(¢) produces y(t), the system is time invariant when x(t — to) produces y(t — to), for every
shift ;.

The test compares two computed signals.

1. Path 1. Shift the input, then apply the system: yo = S{z(t — to)}.
2. Path 2. Apply the system, then shift the output: y1 (¢ — o).

The system is time invariant exactly when the two agree, for every input and every .

¢ EXAMPLE 2.7

GIVEN y(t) = sin(z(t)).
FIND Is the system time invariant?
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Compute both paths of the test for an arbitrary input 1 and an arbitrary shift ¢;.

Path 1 shifts the input and then applies the system:

Jiz(t) = :L’l(t — t()),
y2(t) = sin(z2(t)) = sin(@1(t — to)).

Path 2 applies the system and then shifts its output:

y1(t) = sin(wl(t)),
yl(t — to) = sin(wl(t — to))

So yo(t) = y1(t — tp). The system is time invariant.

Both paths give the same expression, and neither step used a special input or a special .

¢ EXAMPLE 2.8

GIVEN

FIND

METHOD

SOLUTION

CHECK

y[n] = nz[n].
Is the system time invariant?
Look for a counterexample with an impulse input and a one-sample shift.

Take z1[n] = &[n]. Path 2 applies the system and then shifts:

y1[n] = nd[n] =0,
yi[n —1] = 0.

Path 1 shifts the input first:

=1-6n—1]=6dn-—1].

The step n §[n] = 0 holds because §[n] is non-zero only at n = 0, where the factor n is 0.
The step nd[n — 1] = §[n — 1] holds because §[n — 1] is non-zero only at n = 1. So
y2[n| # yi[n — 1], and the system is not time invariant.

The two outputs differ at n = 1: path 1 gives 1 there, and path 2 gives 0. The explicit 1 in
the rule does not move with the input.

¢ EXAMPLE 2.9

GIVEN

FIND

METHOD

SOLUTION

y(t) = z(21).
Is the system time invariant?

Compute both paths for an arbitrary input. Then make the difference visible with the pulse
z1(t) = 1for |t| < 2, zero elsewhere, and the shift ty = 2.

Path 1 shifts the input and then applies the system. The system replaces t by 2t in its input
9.
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z2(t) = z1(t — to),
yg(t) = $2(2t) = ’131(2t — to).

Path 2 applies the system and then shifts the output:

y1(t) = z1(2¢),
yi(t —to) = z1(2(t — to)) = 1(2t — 2t).

The two shifts differ: ¢y against 2¢. For the pulse with ¢y = 2, y2(t) = 1 when |2t — 2| <
2. Add 2 to each side of —2 < 2t — 2 < 2 and divide by 2: 0 < ¢t < 2. Likewise y; (t —
2) = 1when |2t — 4| < 2, thatis —2 < 2t — 4 < 2,s0 1 < t < 3. The two pulses differ,

so the system is not time invariant.

CHECK The unshifted output y; (t) = x1(2t) is the pulse —1 < ¢t < 1. Path 1 moves itby ty/2 =
1,100 <t < 2.Path2movesitbytg = 2,to 1 <t < 3.

amplitude
A

'1 ———————
Y2 (t)

A\ 4

o e e )

FIGURE 2.10 Example 2.9 with £y = 2. Path 1 gives the pulse on 0 < t < 2; path 2 gives the dashed pulseon 1 <t < 3

© TWO PATTERNS THAT BREAK TIME INVARIANCE
An explicit time variable in the rule, such as the n in n z[n] or the cos(t) in z(t) cos(t), does not
move with the input. A scaled or reversed argument, such as x(2t) or z|—n], changes the size or
the direction of every shift. In either case, apply the two-path test.

Linearity
CRITERION: SUPERPOSITION
ax1+brs — ays +by: for all complex a, b

Here £1 — ¥y1 and 2 — y2. The statement combines two conditions. Additivity: 1 + 2 — y1 + y2.

Homogeneity: a * — a y for every complex a.

0 EXAMPLE 2.10
GIVEN y(t) = 2w z(t).

FIND Is the system linear?
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METHOD Apply the system to a weighted sum and compare the result with the same weighted sum of
the two outputs.

SOLUTION Let x3 = ax1 + bxs. Apply the system and distribute the constant:

S{z3} = S{az; +bxs}
=27m(ax; + bxy)
= a(27x1) + b(27x2)
ay; + bys.

Superposition holds, so the system is linear. It is also time invariant, so it is LTI (linear and
time invariant).

CHECK The final expression is a S{xz1} + b S{x,} for arbitrary inputs and arbitrary complex
scalars.

¢ EXAMPLE 2.11

2
GIVEN y[n] = (:1:[271]) )
FIND Is the system linear?
METHOD Compute both sides of the superposition test and compare them term by term.

SOLUTION  Let z3[n] = ax1[n] 4+ bxza[n]. Combining first and then applying the system gives

ysln] = (z3[2n))”
= (az1[2n] + bas[2n])’
= a’23[2n] + 2ab x1[2n] 22[2n] + b%z3[2n].

Applying the system first and then combining gives
ayi[n] + bya[n] = ax?[2n] + bx3[2n)].

The first expression has a cross term, and its powers of a and b differ. The system is not
linear.

CHECK Scaling the input by a scales this output by a2, so homogeneity fails on its own.

Complex scale factors

Additivity and homogeneity are separate conditions. A system can pass one and fail the other.
Homogeneity must hold for every complex a, and a real a can hide a failure.

¢ EXAMPLE 2.12

GIVEN y[n] = Re{z[n]}, with complex inputs.
FIND Is the system linear?
METHOD Additivity holds, because the real part of a sum is the sum of the real parts. Test homogeneity

with the complex scale factor a = j.
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SOLUTION  Write ¢1[n] = r[n] + j s[n], where r[n] and s[n] are its real and imaginary parts. Then
y1[n] = r[n]. Scale the input by j and use j* = —1:

za[n| = j z1[n]
= jrn] +j2s[n]
= —s[n| + jr[n].

The output is its real part, y2[n] = —s[n]. Homogeneity asks for a yi[n| = j r[n]. Areal
—$[n| cannot equal an imaginary j r[n] unless both are zero. So y» # a yi, and the
system is not linear.

CHECK Take the single value 1 = 2 + j. Then y; = 2 and ay; = 2j. The scaled input is j(2 +
j) =27+ j% = —1+ 23, whose real partis y, = —1 # 2j. For areal a, Re{az} =
aRe{x}, so the test with a real scalar passes.

axry =—1+2j

Yo = —1

A
N e-———®
Y

FIGURE 2.11 Example 2.12 in the complex plane with a = j. The output y» = Re{a z;} is —1, but a y; is 2.

Incrementally linear systems

Every linear system maps the zero input to the zero output. Put a = 0 in homogeneity: S{O . x} =0
y = 0. So a rule with an added constant cannot be linear. For example, y(t) = z(t) + 1 gives y = 1 for
the zero input.

¢ EXAMPLE 2.13

GIVEN y[n] = 3 z[n] + 2, with the constant inputs z1[n] = 1 and x2[n| = 2.
FIND Does 1 + x2 give Y1 + Y2?

METHOD Compute the three outputs directly from the rule.

SOLUTION

yiln] =3-142 =25,
y2[n] =3-242 =28,
ysn] =3-(14+2)+2=11

Buty: + y2 = 5 + 8 = 13 # 11. Additivity fails, so the system is not linear.
CHECK The gap 13 — 11 = 2 is the added constant. It enters y3 once but y; + y- twice.
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Split the output into a linear part and a part that does not depend on the input:

y[n] :w+\2/.

linear Yo[n]

The term yg[n] is the zero-input response, the output when z[n] = 0. The difference of two outputs is
linear in the difference of the inputs, because the constant cancels:

yin] —ys[n] = (3z1[n] +2) — (3za[n] +2)
= 3(w1[n] — x2[n]).

A system with this property is called incrementally linear. It is a linear system plus a zero-input response.

2.3 Classification in practice
Test an unfamiliar system in a fixed order. The order puts the tests that most often fail first.

1. Time invariance. Look for an explicit ¢ or n, or a scaled or reversed argument. If you find one, apply
the two-path test.

2. Linearity. Test with one scalar and one sum. Squares, products, sin(a:), absolute values, saturation
and added constants usually fail.

3. Memory and causality. Read every input argument. An argument different from ¢ or . gives memory.
An argument later than the output time gives non-causality.

4. Stability, then invertibility. Assume |a:| < B and derive a finite output bound, or find a bounded input
with an unbounded output. Then find an inverse formula, or two distinct inputs with the same output.

©® ONE GENERAL IMPLICATION

Memoryless implies causal, because a memoryless system uses only the present input. The
converse fails: y[n] = [n — 1] is causal and has memory. A causal system need not be stable,
and a linear system need not be time invariant.

TABLE 2.3 Six properties of seven example systems.

SYSTEM MEMORYLESS INVERTIBLE CAUSAL ~ STABLE  TIME INV. LINEAR
y(t) = 27z(t) yes yes yes yes yes yes
yln] = z[n — 1] no yes yes yes yes yes
y(t) = z2(t) yes no yes yes yes no
yln] = nzxn| yes no yes no no yes
y[n] = > j<, (K] no yes yes no yes yes
y[n] = z[—n] no yes no yes no yes
y[n] = (z[2n])? no no no yes no no
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Read each property down its column. Every pattern of verdicts occurs, so each property needs its own
test.

Everyday systems carry the same properties. An RC circuit, ve (t) = 5 (1 — e /) for a supply switched
to 5V, is causal and has memory. A guitar overdrive, y(¢) = tanh(2z(t)), is memoryless and not linear.
A savings account with 1 % a month, y[n| = 1.01 y[n — 1] + z[n], is linear and time invariant, but a
deposit of 100 each month makes its balance grow without bound. A digital echo, y[n| = z[n] +

0.6 z[n — 8], is linear and time invariant.

2.4 Summary

TABLE 2.4 The six system properties: the definition of each and how to disprove it.

PROPERTY DEFINITION HOW TO DISPROVE IT

Memoryless  The output at £ uses only the input at the same Find an output that uses the input at another time.

t.
Invertible Distinct inputs give distinct outputs. Find two distinct inputs with the same output.
Causal The output at £ uses only :L‘(T) forT <'t. Find an output that uses a future input.

BIBO stable  Every bounded input gives a bounded output.  Find one bounded input with an unbounded output.

Time z(t —to) — y(t — to) for every to. Find one input and one shift where the two paths

invariant differ.

Linear ax1+bxy — ay; + bys forall complex a, Find inputs and scalars where superposition fails.
b.

(© WHAT CHAPTER 3 PROVES

If a system is linear and time invariant, its response to one input, the unit impulse, determines its
response to every input.

Exercises
2.1 Classify y(t) = z(t) u(t) against all six properties.

Answer: Memoryless, not invertible, causal, stable, not time invariant, linear.

2.2 Show that y[n| = z[n] — z[n — 1] is invertible on inputs that are zero for n < 0, and give the
inverse.
Answer: z[n] = Y, y[k].

2.3 Give a system that is linear and causal but not stable, and one that is stable and time invariant but not
linear.

2.41s y(t) = z(t/2) time invariant? Prove it or give a counterexample.
Answer: No. Path 1 gives z(t/2 — to) and path 2 gives z((t — t0)/2).
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CHAPTER

3

Linear time-invariant systems

This chapter develops a direct way to find the output of a linear time-invariant (LTI) system. Its response to
one unit impulse describes the system completely. Convolution then uses that response to find the output for
any input. The chapter ends with systems given by difference and differential equations.

3.1 Impulse response and the representation property
(@ DEFINITION
The impulse response is the output when the input is a unit impulse: z[n| = §[n] gives y[n| =

h[n]. In continuous time, z(t) = d(t) gives y(t) = h(t).

amplitude

8
=
Il
[«
=
o
(6)}
eam— ]
—=e
» 4—e
+—
-+—
+—o
-—o
3 © T.

FIGURE 3.1 The input is one unit sample at n = 0. This system answers one step later, and its answer dies away.

For a general system, this experiment gives one input—output pair and nothing more. It does not determine
the response to another input.

For an LTI system, one impulse response is enough. Time invariance gives the response to every shifted
impulse: the input d[n — 3] gives the output h[n — 3]. Linearity then gives the response to every
weighted sum of shifted impulses. The next result shows that every discrete-time signal is such a sum.
Therefore h[n] determines the response to every input.

Every signal is a sum of impulses

Start from the sampling property of Chapter 1. A product with a shifted impulse keeps one sample, atn =
k, with the weight z[k]:

z[n] é[n — k| = z[k] §[n — k.

Next, the sum of all shifted impulses is 1 at every n:in ), 6[n — k] only the term k = n is non-zero,
and it equals 1. Multiply z[n] by this sum, move x[n/| inside, and apply the sampling property to each
term:
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k=—00
= ) 2[k]d[n — K]
k=—00
REPRESENTATION PROPERTY
z[n] = Z z[k] O[n — k]
k=—00

z[n| amplitude
z[1] 6[n — 1]
2 2
1 I 1
T I T T T T T > r I T T T T T T>
-2 1 2 3 4 6 2 1 2 3 4 5 6
n n
FIGURE 3.2 The sequence z[n| = {1,2,1,2} onn = FIGURE 3.3 One term of the sum: z[1] §[n — 1] =
0,...,3. 248[n — 1].
Read a signal off this form one index at a time. For z[n] = 3d[n + 1] — §[n — 2], atn = —1 only the

first impulse is non-zero:
z[-1] =30[-1+1] — §[-1 — 2]

= 35[0] — 6[3]
=3-1-0=3.

3.2 The convolution sum
The purpose of this section is to obtain the output of an LTI system from h[n]. Start with the
representation property, then apply the system to both sides.
z[n] = Z zlk]én—k — S — y[n]=7
k=—00
1. Time invariance. Since d[n| — h[n|, also §[n — k] — h[n — k].
2. Homogeneity. The number x[k| does not depend on n, so z[k] d[n — k| — z[k] hin — k.

3. Additivity. The response to a sum is the sum of the responses.
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Write the three moves as one chain. Apply the system to the representation. Take the sum outside the
system by additivity, take each weight outside by homogeneity, and replace each shifted impulse response
by time invariance:

o0

yln] = S{; z[k] o[ — k] }
- k_i S{z[k]d[n —k|} (additivity)
_ ki 2k S{d[n— K]} (homogeneity)
- ki z[k] hin — k] (time invariance).
CONVOLUTION SUM
yln] = kf: z[k] hn — k] = x[n] * hn]

The symbol * denotes convolution.

® CHECK THE SYSTEM BEFORE USING CONVOLUTION

Convolution gives the system output only when the system is linear and time invariant. The derivation
uses time invariance to shift h, and linearity to scale and add the responses. For a system that is
linear but not time invariant, the step d[n — k| — h[n — k] fails, and  * h is not its output.

Either signal can be flipped

Replace the summation index by m = n — k, so k = n — m. As k runs over all integers, m also runs
over all integers, only in the opposite direction. The sum has the same terms, so its value is unchanged:

oo oo

Z z[k| h[n — k] = Z z[n — m|h[n — (n — m)]

k=—00 m=—00

= Z him|z[n — m| = h[n] * z[n].

m=—00

So convolution is commutative, and either factor may be the reversed and shifted one. Choose the signal
whose support gives the simpler limits. For example, take z[n] = {1,2,1,2}onn =0,...,3 and
hin] = {1, 0.6, 0.3} onn = 0, 1, 2, and evaluate both forms at n = 3. In the first form [0]h[3] = 0,
because h[3] = O:
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3" 2[k] A3 — k] = 2[1]A[2] + z[2]R[1] + 2[3]A[0]
k
= 2(0.3) + 1(0.6) + 2(1) = 3.2,

> " h[m]z[3 —m] = h[0]z[3] + A[1]z[2] + A[2]z[1]

=1(2) +0.6(1) + 0.3(2) = 3.2.

The same pairs of samples meet in both sums. The second form also gives the effect of a shifted impulse
atonce. If h[n] = §[n — 2|, only the term m = 2 survives:

z[n] *x dn —2] = Z dm — 2] z[n — m] = z[n — 2].

m=—00

Convolution with a shifted impulse shifts the signal.

Flip, shift, multiply, add
1. Flip. Reverse h[k] to get h|—k|.
2. Shift. Move it by n to get h[n — k.
3. Multiply and add. Form z[k] h[n — k] and sum over k.

4. Repeat for every n.

In h[n — k] the variable is k, and n is fixed. The sample h[0] sits where n — k = 0, thatis at k = n.
With h = {1, 0.6, 0.3} and n = 3, the sample 0.3 = h|[2] sits where 3 — k = 2, thatis at k = 1.

® DO NOT SKIP THE FLIP

Without the flip the sum is ), x[k] h[k — n]. This is the cross-correlation of = and h, not their
convolution. A symmetric h hides this error, because reversal does not change it. Use an asymmetric
example to check the construction.

1L 5 Tl

T | T : T I T : f | T :
5 5 -5 5 5 5
k k k
FIGURE 3.4 h[k] FIGURE 3.5 Flip: h[—k] FIGURE 3.6 Shift: h[3 — k], with
h[0]atk =3

¢ EXAMPLE 3.1

GIVEN z[n] ={1,2,1,2}onn =0,1,2,3,and h[n] = {1,1} onn = 0, 1. Both are zero
elsewhere.

FIND y[n] = z[n] * hn].

METHOD Only four samples of x are non-zero, so the convolution sum has four terms. Each term is a

copy of h, delayed to one sample of = and scaled by its value.
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Start from the convolution sum and keep the terms k£ = 0, 1, 2, 3:

o0

yln] = ) z[k]h[n — k]

= m_[()]h[n] + z[1]h[n — 1] + z[2]h[n — 2] + z[3]h[n — 3]
= h[n] + 2h[n — 1] + hin — 2] + 2h[n — 3].

Now evaluate at each m. Since h[m] = 1 only for m = 0 and m = 1, the factor h[n — k|
is non-zero only when n — k = 0 or n — k = 1. Keep only those terms:

y[0] = z[0]R[0] =1-1 =1,
y[1] = z[0]h[1] + z[1]R[0] =1-1+2-1 =3,
y[2] = 2[1Jh[l] + 2[2]A[0] = 2-1+1-1 =3,
y[3] = z[2]h[1] + z[3]h[0] =1-1+2-1=3,
y[4] = z[3]h[l] =2 -1 =2

Forn < 0 and n > 4 no term survives, so y[n] = 0. The resultis y = {1, 3,3,3,2} on
n=20,...,4.

The support must hold 4 + 2 — 1 = 5 samples, from 0 to 4, which it does. The sums must
multiply: Y-, y[n] =1+3+3+3+2=12,and (3, z[n]) (3, hln]) =6 x 2 =
12. Also, h = {1, 1} is a two-point moving sum, so each output adds two neighbouring
inputs: 1, 1 4+ 2,2+ 1,1+ 2, 2.

z[n] y[n]
3
2
| 1 |
2 4 6 | 2 4 6
n n
FIGURE 3.7 z[n] FIGURE 3.8 y[n| = x[n] * hin]

¢ EXAMPLE 3.2

GIVEN

FIND

METHOD

SOLUTION

z[n| = (%)nu[n] and h[n| = u[n].
y[n] = z[n] x hn].
Use the supports to set the summation limits. u[k] keeps only & > 0, and u[n — k] keeps

only £ < n. The overlap changes when n changes sign, so treatn < 0 andn > 0
separately.

Substitute the two signals into the convolution sum:
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o0 o0

yln) = > zlklhln—k = Y (1)  ulk]uln — k).

k=—00 k=—o00

The factor u[k] is 1 only for k > 0. The factor u[n — k] is 1 only for n — k > 0, that is for
k < m. Aterm survives only when both hold.

Case 1, n < 0. No k satisfies both k > 0 and k < n < 0. No term survives, so y[n] = 0.
Case 2, n > (. The surviving terms are 0 < k < n, and on this range both steps equal 1:

k=0

This is a finite geometric sum with first term 1, ratio r = % and n + 1 terms. Apply the

formula in the box below with a = 1 and m = 0:

1— 1 n+1
y[n] = (2)1
T2
1\n+1
1-(3)
= i
2
—9_9 (% n+1
— 1\7
=2-(3)
The last line uses 2 (%)n+1 = (%)n the factor 2 cancels one factor of %
1\n
Together, y[n] = (2 — (3)") u[n].
CHECK Atn = 0 the formula gives 2 — 1 = 1, and direct substitution gives z[0]h[0] = 1-1 = 1.

Asn — 00, y[n] — 2, the total sum of the input: D ;- (%)k =1/(1- %) = 2. This fits
h[n] = u[n], which forms the running sum of its input.

( GEOMETRIC SUM
~ _a(mort) y .
E O = T . The finite sum needs only » = 1. The condition |r| < 1 is needed
—r
k=m

only when the sum runs to infinity.

/\ THE ACCUMULATOR

In Example 3.2 the input has a finite sum, so the output stays bounded. The accumulator h[n] =
u[n] is still not BIBO stable: Example 2.6 gave it the bounded input u[n] and an unbounded output.

3.3 The convolution integral

The continuous-time derivation has the same purpose and uses the same three LTI moves. First, the
sifting property represents x as a continuum of weighted impulses:
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z(t) = /_00 z(r)o(t — 7)dr.

This form comes from the sifting property of Chapter 1, z(to) = f (t) 5(t — to) dt. Rename the
integration variable ¢ as 7, and the instant ¢, as ¢. This gives (¢ f z(7) §(7 — t) d7. The impulse is
even, 6(T — t) = &(t — 7), which gives the form above.

Pulses of width A

A staircase shows where the continuum of impulses comes from. Let d (¢) be a pulse of height 1/A on
0 <t < A, soitsareais 1. Onthe interval kA <t < (k + 1)A, the staircase below keeps only its
term k, which equals z(kA) - 1 - A = z(kA):

2(t) = Y @(kA)da(t —kA)A.

k=—00

Each pulse has area 2(kA) A. Let ha (t) be the response of the system to 0 (£). Time invariance and
linearity give the response to the staircase. As A — 0, kA becomes the continuous variable 7, A
becomes dr, the pulse becomes the impulse, ha becomes h, and the sum becomes an integral:

0 00

)= Y a(kA) ha(t - kA)A 270, / 2(7) h(t — 7)dr.

k=—o0 00

0.5 0.5
f 1 T T T T L L f 1 T T T T T T L
1 1 2 3 4 5 6 7 -1 1 2 3 4 5 6 7
T T
FIGURE 3.9 Pulses of width A = 1. FIGURE 3.10 Pulses of width A = 0.25: the staircase

follows z(7) closely.

The direct derivation applies the system to the sifting form. Additivity takes the integral outside the system,
because an integral is a limit of sums. Homogeneity takes the weight z(7) dr outside, because it does
not depend on ¢. Time invariance replaces S{d(t — 7)} by h(t — 7):

=8 { / (t—1) dT}
= / 7)8{6(t — 1)} dr (additivity, homogeneity)

= / z(T)h(t —7)dr (time invariance).

o0
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CONVOLUTION INTEGRAL

y(t) = /_ T e() h(t— 1) dr = a(t) *h(2)

y(t) = / R z(t — ) dr

—00

The two forms are equal. Choose the form that makes the support conditions easier to write.

To pass from the first form to the second, substitute 0 =t — 7. ThenT =t —ocanddT = —do.As T
goes from —o0 to +00, o goes from 00 to —oo. Swapping the limits back removes the minus sign:

/OO z(t)h(t —17)dr = /—oo 2(t — o) h(o) (—do)

00 +o00
0

= / h(o)z(t — o) do.
—00

The name of the integration variable does not matter, so o can be written as 7 again. This is the second

form, and it shows that  * h = h * x.

A shifted impulse again gives a shift. If h(t) = d(¢t — 2), the impulse 6(t — 7 — 2) sits where t — 7 —
2 = 0, thatis at 7 = t — 2, and sifting keeps the value of x there:

w(t)*S(t—2):/_Oom(r)d(t—T—2)dT:a:(t—2).

A\ SHIFT, THEN REVERSE
Build a reversed and shifted signal in a fixed order: apply the shift before the reversal. For 5(—t +
5), first form v(t) = &(¢t 4 5), an impulse at ¢ = —5. Then form v(—t) = 6(—t + 5), which

moves it to ¢ = +5. An impulse sits where its argument is zero, so §(3 — ¢) sits at ¢ = 3. Writing
both moves prevents a sign error in the integration limits.

¢ EXAMPLE 3.3

GIVEN z(t) = e*u(—t) and h(t) = u(t — 3).
FIND y(t) = z(t) * h(t).
METHOD Use the two support conditions to set the integration limit. x(T) is non-zero for 7 < 0, and

h(t — 1) = u(t — 7 — 3) is non-zero for 7 < t — 3. The overlap ends at min(0, ¢t — 3),
so the upper limit changes at t = 3.

SOLUTION Substitute the two signals into the convolution integral:

o0 o0
y(t) = / z(t)h(t —7)dT = / e u(—7)u(t — 7 — 3) dr.
—0o0 —00
The factor u(—7) is 1 only for 7 < 0. The factor u(t — 7 — 3)is 1 onlyfort — 7 —3 > 0,
that is for 7 < ¢ — 3. Both must hold, so the integrand is > for 7 < min(0, ¢t — 3) and
1,27

zero elsewhere. The antiderivative of €27 is Le , and e 5 0asT — —00, so the lower
2
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limit contributes zero.
Case1,t < 3.Heret — 3 < 0, so the upper limitis t — 3:

Case 2,t > 3.Heret — 3 > 0, so the upper limit is 0 and the whole of x is covered:

y(t) = / ordr

—0Q0
0
- (1]
— 00
=1l —0=1
Together, y(t) = 3€2¢~%) fort < 3and y(t) =  fort > 3.
CHECK At t = 3 the first branch gives %eo = % the value of the second, so the branches join

continuously. The final value is the area of z, ffoo 2" dr = % This fits the system: the
delayed step adds up the area of x until t — 3, and after £ = 3 it holds all of it.

amplitude y(t)
' 0.6
O — 1 A
0.4
05 0.2
5 ' 5 2 4 6
T t
FIGURE 3.11 Case1,t < 3:x(7) and h(t — 7). The FIGURE 3.12 The result y(t), continuous att = 3.
shaded area is y(t).
O EXAMPLE 3.4
GIVEN z(t) = 1on0 < t < 1 and zero elsewhere. h(t) =t on 0 < ¢t < 2 and zero elsewhere.
FIND y(t) = z(t) x h(t).
METHOD Use y(t) = [ k() z(t — 7) d7. This form reverses the rectangle, whose constant height

makes the overlap easy to read. Its support becomes the window ¢t — 1 < 7 < ¢, of width 1,
which moves across the rampon 0 < 7 < 2.

SOLUTION Substitute into the chosen form:

y(t) = /_OO h(7)z(t — ) dr.

(0.¢]
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Here h(7) = 7 for 0 < 7 < 2. The factor (¢ — 7) equals 1 when 0 < ¢t — 7 < 1. Solve
this pair of inequalities for 7: subtract ¢ to get —t < —7 < 1 — ¢, then multiply by —1,
which reverses both inequalities: £ — 1 < 7 < t. So the integrand is 7 on the overlap of

0 <7 <2witht —1 < 7 <t and zero elsewhere.

The window has the moving edges t — 1 and . The ramp has the fixed edges 0 and 2. Set
each moving edge equal to each fixededge:t —1 =0,t —1=2,t = 0andt = 2. This
givest = 0, 1, 2, 3, which divide the calculation into five cases. In every case the
antiderivative of 7 is %7’2.

t < 0: the window lies left of the ramp. There is no overlap, so y = 0.

0 <t < 1:theleftedget — 1 is below 0, so the overlapis 0 < 7 < t:

¢ t
y(t) :/ Tdr = [%72]0 = %tz—Oz
0

1 <t < 2:the whole window lies on the ramp, so the overlapist — 1 < 7 < t:

y(t) = /7:1 Tdr = [%7'2]::1

= 1t-1)
1,2 1,42
=t — (" —2t+1)

— ¢t 1
_t 20

2.

N[ =

2 <t < 3:theright edge t is past 2, so the overlapist — 1 < 7 < 2:

2 2
y(t) :/ TdT = [%7'2]
t-1 -1

t > 3: the window lies right of the ramp. There is no overlap, so y = 0.
CHECK Continuity. At ¢t = 1: % 212 = % and 1 — % = %.Att =2:2— % = % and —% -4+ 2+

% = % Att = 3: —% -9+ 3+ % = 0. Every pair of branches agrees. Support. The

supports [0, 1] and [0, 2] add to [0, 3]. Area. The areas must multiply: [y =
(fz) ([ k) =1 x 2 = 2. Integrate each branch:

Y (1,3] 1
/515 dt = 6’5]0:6’
0 |
2 "o 2
[ e-pa=[r -y =c-n-G-1=1,

3 _
1,2 3 1,3 1,2 3
/2(—515 +t+3)dt = —5t" + 3t +5t]

The total is % + 1+ % = 2, as required.
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(©® FIND THE BOUNDARIES BEFORE INTEGRATING

List the moving edges and the fixed edges, then set each moving edge equal to each fixed edge. The
resulting values divide the calculation into all the cases it needs.

A
2 2 2
i 1 1
/
2 2 2
T T T
FIGURE 3.13 0<t< 1 FIGURE 3.14 1 <t <2 FIGURE 3.15 2 <t <3
y(t)
A
1.5 1

A 4

FIGURE 3.16 The complete result. The peak is 1.5 at t = 2. A unit-width rectangle adds up one second of the input, so the
output rises while the window fills and falls as it leaves the ramp.

A convolution checklist

1. Confirm that the system is linear and time invariant. Convolution gives the system output only under
this condition.

2. Choose the factor whose reversal gives the simpler support conditions.

3. Write the support of each factor as an inequality in the dummy variable.

4. Set each moving edge equal to each fixed edge to list every case boundary, before integrating
anything.

5. Integrate or sum, case by case.

6. Check continuity at every boundary, check that the supports add, and check that the total areas or
sums multiply.

(©® WHAT EACH CHECK FINDS

A mismatch at a case boundary points to a wrong limit. A wrong output support points to an error in a
shift, a reversal or a support condition. A wrong total area or sum points to an error in the integrand or
the summand.
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3.4 Properties of convolution

TABLE 3.1 Properties of convolution and what they mean for interconnections.

PROPERTY STATEMENT WHAT IT MEANS FOR INTERCONNECTIONS

Commutative £ xh =hx*x The input and the impulse response play the same role in the algebra.

Distributive ~ x * (hy + h2) = & * hy + Two systems in parallel, outputs added, act as one system with impulse

x * hy response hy + hso.
Associative  x * (h1 * hz) = (w * Two systems in cascade act as one system with impulse response
hl) * h2 h,1 * h2.

Commutativity was derived in Sections 3.2 and 3.3 by a change of variable. The distributive property
follows because a sum of two sequences can be split term by term:

o0

(z % (b1 + h2))[n] = Y alk](ha[n — k] + haln — K])
k=—00
= Y a[klhfn— k] + Y z[k] holn — k]
k=—o00 k=—o0

= (z * h1)[n] + (x * hy)[n].

So parallel paths add their impulse responses. For example, hi[n] = §[n]| and ha[n] = d[n — 1] in
parallel act as one system with h[n] = §[n] + d[n — 1]. The same steps with integrals in place of sums
give the continuous-time result.

parallel

hy

hi + ho L 5

|

ha

FIGURE 3.17 Two systems in parallel, with their outputs added, act as one system with impulse response h1 + ho.

For the associative property, write the cascade (az * hl) * ho as a double sum, exchange the order of the
two sums, and change the inner index. Let w = x * hy be the output of the first system. The inner sum
over m uses the substitutonp = m — k,som =p+kandn —m = (n — k) — p:
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(% * h1) * he) [n] = Z w[m| ha[n — m)|

= 3 (X et halm — )bl —m)
m=—o0 k=—o00

= > alk] Y hfm—klhaoln—m]
k=—00 m=—00

k=—00

= (z * (hy * hy))[n].

The third line moves z[k] outside the sum over m, because z|k] does not depend on m. The fifth line
recognises the inner sum as the convolution h; * hy evaluated at n — k. Exchanging the two sums is
allowed when the double sum converges absolutely, which holds for finite-length or absolutely summable
sequences.

With commutativity, associativity shows that the order of two LTI systems in cascade does not change the
combined impulse response.

® LTI SYSTEMS ONLY

Reordering a cascade needs both systems to be linear and time invariant. A saturating amplifier
followed by a filter is in general not the same system as the filter followed by the amplifier.

Inverse systems

An LTI system with impulse response g is the inverse of the system with impulse response h when the
cascade returns its input unchanged. The identity system has impulse response &, so the condition is

hxg=24.
¢ EXAMPLE 3.5
GIVEN hi[n] = §[n] — 6[n — 1] and hy[n| = u[n] are connected in cascade.
FIND The impulse response hi * hs of the cascade.
METHOD Distribute the convolution over the two impulses of k1. Convolution with §[n — ng| shifts a

signal by n (Section 3.2).

SOLUTION

hi * hy = (8[n] — &[n — 1]) * un]
d[n]| * u[n| — d[n — 1] x u[n]

= u[n| —uln —1J.

Evaluate the difference region by region. For n. < 0 both steps are 0. Atn = Qitis 1 —
0=1.Forn > 1litisl —1=0.So hi * ha = d[n|: the two systems are inverses of
each other.
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CHECK hs is the accumulator and h is the first difference, and Section 2.2 showed that the first
difference undoes the accumulator.

System properties from the impulse response

For an LTI system, each property test of Chapter 2 becomes a test on h.

TABLE 3.2 System properties read from the impulse response of an LTI system.

PROPERTY CRITERION REASON

Memoryless  h[n] = ad[n], or h(t) = a (t) Then y[n] = a z[n], a pure gain.

Invertible h x g = § for some g g is the impulse response of the inverse system.
Causal h[n] = 0forn < 0,orh(t) =0fort <0 The output uses only present and past inputs.
BIBO stable Y, |h[k]| < oo, or [|h(t)]dt < oo See the proof below.

Memoryless. Substitute h[n — k] = a §[n — k] into the convolution sum. The impulse keeps only the
term k = n:

y[n| = Z z[k|adn — kj
k=—0c0
=a Y x[k]dn K
k=—o00
= az[n].

A non-zero value of h at some n. # 0 would make the output read the input at another time.

Causal. Use the second form of the sum, y[n] = >, h[k] z[n — k|. If h[k] = 0 for k < 0, every term
with a negative k vanishes and the sum starts at k = 0:

M

yln] = hlk] z[n — k|

k

—00

I
V]2

hlk] z[n — k]
0
0jz[n] + h[1)z[n — 1] + A2]z[n — 2] + - --

> -

Every input index n — k with k£ > 0 satisfies n — k < n, so the output uses only present and past
inputs. For example, h[n] = d[n + 1] has h[—1] = 1 # 0, and its output is y[n] = z[n + 1], a future
sample. That system is not causal.

Stable, sufficiency. Assume |z[n|| < B for all n. Take the modulus of the convolution sum, apply the
triangle inequality, and then use the input bound on every term:
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yinl| = | S Bkt k|

k=—00

Z \h[k]| |z[n — k]| (triangle inequality)

<
k=—00

< ) |nlk]|B (since |z[n — k]| < B)
k=—o0

=B ) |h[k]] < 0.

k=—00

An absolutely summable h[n] therefore maps every bounded input to a bounded output. The bound
B, |h[k]| does not depend on n. For example, hn] = (—%)n u[n] gives the geometric sum
Ym0 (%)n =1/(1— 3) =2 < 00, so that system is stable.

Stable, necessity. Suppose instead that ) _, |h[k]| is infinite. Choose the input z[n] = sgn h[—n],
where sgn is +1 for a positive argument, —1 for a negative one and 0 at zero. This input is bounded,
because |z[n|| < 1. Evaluate the output at n = 0. Since x[—k] = sgn h[k], and a number times its
own sign is its modulus:

o]

y[0] = ) hlk]z[0 K]
k=—o0

= ) hlk]sgnhlk]
k=—00

= > |nlk)]| = oo
k=—00

A bounded input gives an unbounded output, so the system is not stable. Absolute summability is
therefore also necessary. The same input reaches the sum when it is finite. For h[n] = (—0.8)"u[n], the
input z[n| = sgn h[—n]is (—1)" forn < 0 and 0 for n > 0, and

o o0 1
0 => (-08)"(-1)" =) 08" = = 5.
yl0] = > (-08)" (-1 = —
k=0 k=0
h[n] h[n]
1 1
l ] ] T I ? ? ® (] o l !
5 10 5 10
n n
FIGURE 3.18 h[n| = 0.7"u[n|. Here ), |h[n]| = FIGURE 3.19 h[n] = u[n], the accumulator. Here
30000 0.7" = = = & < 00 stable and causal. >, |h[n]| diverges: causal but not stable.
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The step response

The step response s is the output of an LTI system when the input is the unit step. By the convolution
integral, s = h * . The factor u(t — 7) is 1 for 7 < ¢t and 0 for 7 > {, so it cuts the integral off at 7 = ¢:

s(t) = /00 h(T)u(t —7)dr

o0

= /_too h(r)dr.

The step response is the running integral of h: its value at t is the area of A up to ¢. In discrete time,
u[n — k] is 1 for k < n, and the step response is the running sum of h:

s[n] = Z hlk] u[n — k]

k=—00
= > hlk].
k=—00

Both operations can be undone. The derivative of a running integral is its integrand, and a first difference
removes all but the last term of a running sum:

ds(t) d [!
el E/ h(7)dr = h(t),

—00

sin] — s[n —1] = Z hlk] — i hlk] = h[n].

k=—00 k=—00

A step is easier to apply than an impulse, so h is often measured this way: record the step response, then
differentiate it or take its first difference.

For example, let h(t) = e u(t). For t < 0 the running integral covers no part of h, so s(t) = 0. For
t > 0, integrate from 0 to ¢ with the antiderivative —e ™ ":

s(t) = /Ot e Tdr

[,
=—-e'—(-1)=1-¢"

t

The derivative of 1 — e~ is e, which returns h(t) for t > 0. The final value, 1, is the total area of h.

amplitude
1 s(t)=1—¢?
1 -

0.5 1

f

FIGURE 3.20 The shaded area under h from 0 to ¢ = 1 is the height of s(1) =1 — e .
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¢ EXAMPLE 3.6

GIVEN hin] = é[n| — d[n — 2].
FIND The step response s[n).
METHOD Form the running sum s[n] = >, _ h[k] region by region.
SOLUTION  The sum collects the samples of h at k < n. The only non-zero samples are h[0] = 1 and
h[2] = —1.
n<0: s[n =0,
n=0: s[0] =h[0] =1,
n=1: s[1]=h[0]+h[l]]=14+0=1,
n>2: sn|=h[0]+h[1]+A[2=1+0-1=0.

So s[n] = é[n| + d[n — 1].
CHECK Recover h with the first difference: s[0] — s[-1] =1—-0=1,s[1] —s[0] =1—-1=0,
s[2] — s[1] =0 — 1 = —1, and O after that. This is [n] — d[n — 2].

The integrator and the differentiator
z(r)dr. It

Two basic operations of calculus are LTI systems. The integrator has the output y(t) = ffoo

is convolution with the unit step, because u(t — 7) cuts the integral off at 7 = ¢:

z(t) xu(t) = /_oo z(T)u(t —7)dr

o0

_ / ;x(T) dr.

So the integrator has h(t) = wu(t): the running integral of &(t) is u(t). The step response § = h * u is
therefore h passed through an integrator. The integrator is not BIBO stable, because ffooo lu(t)|dt
diverges.

The differentiator has the output y(¢) = dx(t)/d¢. Its impulse response is the output for z = 6, the
derivative of the impulse. It is called the unit doublet:

ul(t) = %Eft)

Like , the doublet is defined by what it does under convolution, not by its values. Differentiate the sifting
form of  with respect to ¢. Only the factor § (¢ — 7) depends on t:

de(t) d [~
" :a/oom(T)(S(t—T)dT

= /00 z(T)ui(t —7)dr

—00

= z(t) * u1(¢).

Put £ = w into this rule. The derivative of the step is the impulse, so
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u(t) xuqy(t) = = 4(¢).

The cascade of an integrator and a differentiator has impulse response §. The differentiator is the inverse
of the integrator, as the first difference is the inverse of the accumulator.

amplitude amplitude
A
T 4(t) u(t) 5(t) u(t)
1 I 1 £
T | I I I # T I I I #
1 1 2 3 -1 1 2 3
t t
FIGURE 3.21 Integrator: the input §(t) gives the output FIGURE 3.22 Differentiator: the input u(t) gives the output
u(t). 4(2).

3.5 Difference and differential equations

Many systems are given by an equation that links the output to its own earlier values. This section shows
when such an equation describes an LTI system, and how to find its impulse response.

Difference equations and initial rest

A linear constant-coefficient difference equation has the form

DIFFERENCE EQUATION

Zaky[n— k| = Zbk:z:[n— k|
k=0 k=0

The coefficients ay, and by, are constants, and ag # 0.

Move every term except a y[n] to the right and divide by a. This gives a recursion that computes each
output from earlier outputs and inputs:

y[n] = %(Zbkm[n— k| — Zaky[n— k])
0 Y=o k=1

The recursion needs IN earlier outputs before it can start. So the equation alone does not fix the system; a
starting condition is also needed.

@® INITIAL REST
If z[n] = 0 for n < ny, take y[n] = 0 for n < ngy. With this condition the system is causal and LTI.
A non-zero start would give an output with no input, and a linear system maps the zero input to the

zero output.
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¢ EXAMPLE 3.7

GIVEN y[n] = %y[n — 1] + z[n], at initial rest.
FIND The impulse response h[n].
METHOD Put z[n] = d[n], so y[n| = h[n]. Initial rest gives h[n] = 0 for n < 0. Run the recursion

forward from n = 0.

SOLUTION  The recursion is h[n] = 1 h[n — 1] + &[n]. Start from h[—1] = 0:

hl0] = 1 h[-1]+46[0]=1-0+1=1,
h[1] = 2 h[0] +6[1] =5 -1+ 0= 3,
h2] = 5h[1]+6[2] =35 -5+0=1.

Forn > 1 the impulse term is 0, so each step halves the last sample: h[n] = 5 h[n — 1].

Starting from R[0] = 1, this gives h[n] = (3)" forn > 0. Together, h[n] = (3)" u[n].
CHECK The formula gives h[0] = 1, h[1] = 1 and h[2] = , as the recursion did. With the

feedback coefficient —3 instead, y[n] = — y[n — 1] + z[n] gives h[0] = 1, h[1] = —1

and h[2] = _% . (_%) _ %_

Non-recursive and recursive equations

If the equation has no earlier outputs (N = 0 and a¢ = 1), it is non-recursive: y[n| = ZQ/‘LO by z[n —
k]. Put z = 0. Each term by, §[n — k] places the value by, at n = k:

M
b 0<n<<M
h[n] = bpdn—Fk =" R
i kz_o e Oln = k] {0, otherwise.

So h has at most M + 1 non-zero samples. Such a system has a finite impulse response (FIR). For
example, y[n] = z[n| + 2z[n — 1| — z[n — 3] has h[n| = §[n] + 26[n — 1] — §[n — 3]. Its
coefficient by is 0, so h[2] = 0 and h has three non-zero samples.

If the equation feeds earlier outputs back, it is recursive. Take the first-order case y[n| = ay[n — 1] +
bxz[n], atrest. As in Example 3.7, h[0] = a - 0 + b = b, and for n > 1 each step multiplies the last
sample by a:

One impulse keeps producing samples for ever. Such a system has an infinite impulse response (lIR). It
is BIBO stable exactly when |a| < 1 (with b # 0). For |a| < 1 the geometric sum gives ) |h[n]| =

16 > ",~0la|™ = |b]/(1 — |a|), which is finite. For |a| > 1 every term satisfies |b| |a|™ > |b] > 0, so
the terms do not go to zero and the sum diverges.

Two smoothers show the difference. The three-sample average y[n] = 3 (z[n] + z[n — 1] + z[n —
2]) is non-recursive, with h[n] = 3 forn = 0, 1, 2. The recursive smoother y[n] = 0.8 y[n — 1] +
0.2z[n] hasa = 0.8 and b = 0.2, so h[n| = 0.2 (0.8)"u[n|. Both impulse responses sum to 1: 3 -
1 =1,and 0.2/(1 — 0.8) = 1. So a constant input c gives the output ¢ 3, h[n] = c once each

smoother has settled.
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h[n] h[n]
0.4 0.4
0.2 ‘ 0.2
5 10 15 5 10 15
n n
FIGURE 3.23 Non-recursive: h[n] = 1 (6[n] + é[n — FIGURE 3.24 Recursive: h[n| = 0.2 (0.8)"u[n| never
1] + 8[n — 2]) stops after three samples. stops.

¢ EXAMPLE 3.8

GIVEN A display smooths a sensor reading with y[n] = 0.8 y[n — 1] + 0.2 z[n], at rest. The
reading jumps to 25 °C at n = 0: z[n] = 25 u[n|.

FIND The displayed value y[n].

METHOD The system is LTI, so y = = * h = 25 (u * h) = 25 s[n|, where s is the step response.

Find s as the running sum of h[n| = 0.2 (0.8)"u[n).

SOLUTION  Form < 0 no sample of h is included, so s[n] = 0. For n > 0, apply the finite geometric
sumwitha = 0.2, r = 0.8, m = 0:

s[n] = i 0.2 (0.8)*
k=0

~0.2(1-0.8"")
~ 1-038
=1-0.8""".

So y[n] = 25(1 — 0.8""")u[n] °C.

CHECK Run the recursion from rest with z[n| = 25: y[0] = 0.8 - 0 4+ 0.2 - 25 = 5, and the
formula gives 25(1 — 0.8) = 5. Next, y[1] = 0.8 -5 +5 =9, and 25(1 — 0.64) = 9.
Next, y[2] = 0.8 -9 + 5 = 12.2, and 25(1 — 0.512) = 12.2. Asn — 00, 0.8""* — 0
and the display settles at 25 °C.

Block diagrams

A difference equation can be drawn with three kinds of block: an adder, a gain, and a unit delay D, which
outputs its input one sample late. For the first-order equation, the adder output is y[n] The delay holds it
for one sample, and the gain a sends it back to the adder:

ylnl = baln] +ayln- 1.
—— —_——
forward path feedback
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discrete time continuous time
z[n] y[n] x(t) y' () y(t)
— b + B — b f B
yn—1] 4
a e D —a g

FIGURE 3.25 Left: y[n| = bx[n| 4+ ay[n — 1] with an adder, two gains and a unit delay. Right: ¢ (t) = bz(t) — ay(t),
where an integrator takes the place of the delay.

Every linear constant-coefficient difference equation can be drawn with adders, gains and unit delays. The
diagram is also a program: one pass of the loop computes one sample. With z[n] = §[n], b = 1 and
a = % the passes give the impulse response of Example 3.7:

TABLE 3.3 The recursion y[n] = z[n] + ay[n — 1] computed one sample at a time, with z[n] = §[n] and a = 1.

n zn] yln —1] ayln —1] yln] = 2[n] +ayln - 1]
0 1 0 0 1
1 0 1 : :
2 0 : i
30 i s :
40 ! % %

With b = 1 and @ = 1 the diagram computes y[n| = y[n — 1| + x[n]. Each new input is added to the
total so far, so the system is the accumulator, with h[n] = 1"u[n] = u[n].

In continuous time an integrator takes the place of the delay. For y/'(t) = bxz(t) — a y(t), the adder

forms bx — ay, which is y'. The integrator turns 3/’ into y, and the gain —a feeds y back.

A first-order differential equation

The continuous-time counterpart of the first-order recursion is

df’i_it) +2y(t) = 2(0).

Initial rest is defined as in discrete time: if z(t) = 0 for t < to, then y(¢) = 0 for t < %o. This again
makes the system causal and LTI.

The impulse response. Put x = §, so h' + 2h = 4. For t < 0 the input is zero, and at rest h(t) = 0.

For t > 0 the impulse is zero too, so h' = —2h. A function whose derivative is —2 times itself is A e 2,
because % (A e‘Zt) = —2Ae % Tofind A, integrate both sides of b’ + 2h = § over a short interval
—e<t<e:
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/_ih'(t)dt+2/_ih(t)dt:/_Zd(t)dt

5]

h(e) — h(—¢) + 2/ h(t)dt = 1.

—&

Here h(—¢) = 0 at rest. The function h contains no impulse: an impulse in i would put a doublet in A/,
and the right side has none. So h stays finite, and its integral over the shrinking interval goes to zero as
e — 0. What remains is h(0") = 1, which gives A = 1 and

IMPULSE RESPONSE

h(t) = e *u(t)

Check it by substitution. Use the product rule, the derivative u'(t) = &(t) from Chapter 1, and the
sampling property e 2§(t) = e%3(t) = 6(¢):

% — _9eMy(t) + e 5 (1)

— —2h(t) +(%).

Soh' +2h = §,withh = Qfort < 0.

The step response. Integrate h. Fort < 0, s(t) = 0. For t > 0, use the antiderivative —%6*27:

—je i),

Check: fort > 0,s' +2s = e % + (1 — e_Zt) = 1, which is the step input. The output settles at %

The same steps with 2 replaced by any a > 0 give, for y' + ay = x atrest, h(t) = e “u(t) and
s(t) = 1(1 — e *")u(t). Alarger a makes h decay faster and makes s settle lower, at 1/a. For
example, ¥y’ + 5y = x has h(t) = e 'u(t). With an input gain b, as in ¥’ + ay = bz, linearity
multiplies both responses by b. The RC circuit of Section 2.1 has a = b = 1/RC, so its impulse

response is h(t) = % e’t/RCu(t). Chapter 5 finds these systems again from their frequency response.

amplitude

——————— L R i TP

A 4

-0.5 0.5 1 1.5 2 2.5 3

FIGURE 3.26 The impulse response and the step response of 4’ + 2y = z at rest. The step response settles at % the
dashed line.
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¢ EXAMPLE 3.9

GIVEN

FIND

METHOD

SOLUTION

CHECK

dv
A car pulls away against drag: 10 r + v = 30 u(t), with t in seconds and v in m/s, at

rest.
The speed v(t).

Divide by 10 to reach the form v’ + a v = x. The input is then a scaled step, so the output
is the same multiple of the step response.

Dividing by 10 gives v’ 4+ 0.1 v = 3 u(t), so a = 0.1. The step response of v’ + 0.1v =
zis s(t) = 55 (1 — e ") u(t). By linearity the input 3 u(t) gives

v(t) = 3s(t)

3 —0.1¢t
= ﬁ (1 — € )u(t)

=30(1— e*t/lo)u(t) m/s.

Substitute into the original equation for ¢t > 0: 10 - 33e~*/10 + 30 — 30 e */1° = 30. The
speed starts at 0 and settles at 30 m/s. After one time constant, v(10) = 30(1 — e ') &~
18.96 m/s.

.

gl

15 20
n t

FIGURE 3.27 Example 3.8:y[n] = 25(1 — 0.8"*')u[n] FIGURE 3.28 Example 3.9:v(t) = 30(1 — e~*/1%) m/s
settles at 25 °C. settles at 30 m/s.
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3.6 Summary

TABLE 3.4 The results of Chapter 3.
RESULT STATEMENT

Impulse response  The output h when the input is d[n], or &(¢).

Representation z[n] = >, z[k]6[n — k|, and z(t) = [x(7)é(t — 7)dr.

Convolution y[n) =3, k] h[n — k] and y(t) = [ (7) h(t — 7) dr, for LTI systems only.
Building h[n — k]  Flip, then shift. The sample h[0] sits at k& = n. Without the flip the sum is a correlation.
Three checks Continuity at each boundary. Supports add. Areas, or sums, multiply.

Interconnections Parallel: h1 + ho. Cascade: hy * ho, in either order, for LTI systems only.

Memoryless, causal Memoryless if and only if h = a §. Causal if and only if A = 0 for negative time.

BIBO stable Ifand only if Y, |h[k]| < oo, or [ |h(t)|dt < co.

Step response s = h * u, the running sum or running integral of h. Back to h: h[n] = s[n] — s[n — 1] and
h(t) = s'(t).

Difference At initial rest the system is causal and LTI. y[n] = ay[n — 1] + z[n] has h[n] = a"u[n].

equations

(® WHERE CHAPTER 4 BEGINS

Putz(t) = e’“! into the second form of the convolution integral:

y(t) = /00 h(r) et dr

0

= ejwt / h(T) eiij dT

o0

The integral does not depend on t. The output is the input times one number, so a complex
exponential passes through an LTI system unchanged in form.

Exercises

3.1 Compute {1, 2,3} * {1, —1} with both sequences starting at n = 0, and check your answer with the
sum rule.
Answer: {1,1,1, —3}; the sums multiply as 6 x 0 = 0.

3.2 Leth[n] = (1)" u[n]. Is the system stable? Is it causal? Is it memoryless?
Answer: Stable (3 |h| = 3/2), causal, not memoryless.

3.3 Find y(t) = u(t) * u(t) and sketch it. This is the step response of the integrator.
Answer: y(t) = tu(t).
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3.4 Two systems with hq[n] = §[n] + d[n — 1] and hs[n] = §[n] — 6[n — 1] are cascaded. Find the
impulse response of the cascade.
Answer: §[n] — d[n — 2].

3.52(t) =1on0 <t < 3andh(t) =ton0 < t < 2. List the case boundaries before computing
anything, then find y(t). The window is now wider than the ramp, which changes the middle case.
Answer: Boundaries at t = 0, 2, 3, 5; five cases. y = 0, 3t2,2,2 — 3(t — 3)%,0.

3.6 A causal LTI system has the step response s(t) = (1 — e~3)u(t). Find h(t).
Answer: h(t) = 3 e 3tu(t).

3.7 Find the impulse response of y[n| = 0.9 y[n — 1] 4+ z[n] at initial rest. Is the system BIBO stable?
Answer: hin] = 0.9"u[n]. Stable: Y, |h[n]| = 10.
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CHAPTER

Fourier series

Fourier series are used to find the response of a linear time-invariant (LTI) system to a periodic signal. An
LTI system returns each complex exponential in the same form and multiplies it by one complex number.
Once a periodic signal is written as a sum of these exponentials, convolution becomes one multiplication for
each harmonic. The chapter has two central equations: the synthesis equation, which builds the signal from
its coefficients, and the analysis equation, which finds the coefficients from the signal.

THE CHAPTER IN TWO LINES

o.¢]
z(t) = Z ay, ket (synthesis)
k=—00
1

=— [ z(t)e ™t de (analysis)
TO TO

ag

The frequency response of a system states how it changes each frequency. Multiply each input coefficient by
the frequency response at its harmonic to obtain the output coefficient.

4.1 The eigenfunction property

This section shows why complex exponentials are the building blocks of LTI analysis. The result is short,
and the rest of the chapter depends on it.

(@ DEFINITION

A signal is an eigenfunction of a system when the output is that same signal multiplied by a
constant. The constant is the eigenvalue.

Continuous time

Put a:(t) = St, with s any complex number, into the convolution integral, whose limits are —o0 and 0.

t—7) st

Then split the exponential with es( = e%te™57. The factor e*! does not depend on T, so it moves

outside the integral.
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The integral that remains does not depend on t. It is one complex number for each value of s. We call it

H (s), the eigenvalue of the system for the eigenfunction e’

Discrete time

The same steps apply in discrete time. Put :c[n] = 2", with 2z any complex number, into the convolution

sum and use 2" F

[.¢]

yln] = ) hlk]z[n —k]

k=—00

= i hlk] 2" "

k=—00

= i hlk] 2"z F

k=—o0
)

= 2" Z hlk] z 7.

k=—00

EIGENFUNCTION PROPERTY

e — h(t) — H(s)e*, H(s) = /_00 h(r)e " dr

2" — hin] — H(z)2", H(z) = Z hlk] 2k

k=—00

contains no t and no s.

h(t)

A\ 4

A 4

hin]

A 4

FIGURE 4.1 The continuous-time and the discrete-time statements, side by side.
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Keep the two statements apart. The discrete-time output is a sequence, y[n] = H(z) 2". A discrete-time line
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Sets = jwand z = €% with w real. This gives the two frequency responses, H (jw) in rad/s and
H(ej“’) in rad/sample. Each one states what the system does to the complex exponential of frequency w.
The discrete-time frequency response repeats every 27 in w, because k is an integer and so e 2k — 1.

(o)

H(ej(w+27f)) — Z hk] oI (w+2m)k
k=—o0
= Z h[k] ek g=i2mk
k=—o0
— Z hlk e Ik _ (ejw)_
k=—00

The continuous-time frequency response has no such rule, because 7 is not restricted to integers.

© EXAMPLE 4.1 — A COSINE THROUGH h(t) = e ‘u(t)

GIVEN An LTI system with h(t) = tu(t) and the input z(t) = cos 2t.

FIND The output, and whether cos 2t is an eigenfunction of this system.

METHOD A cosine is not itself a complex exponential. Write it as two exponentials with Euler’s relation,

cosf = %(ej‘9 + e’je). Each exponential is an eigenfunction, so multiply it by its own
eigenvalue and add the two results.

SOLUTION First the frequency response. Substitute A into the definition. The step u(T) makes the lower
limit zero, and the two exponentials combine into one:

H (jw) :/ e "u(T) ej“’TdT:/O e I+ qr

o0

(gw)r 7% 0-1 1
B l—(l ‘i‘jw)]o - tgw) 14w
The upper limit gives zero because |e~(1+7%)7| = e~ — 0. Atw = 2 rad/s, H(j2) =
1/(1 + j2). Its magnitude is 1/4/1 + 22 = 1/4/5 = 0.447 and its phase is
—arctan2 = —1.107 rad. Atw = —2, H(—352) = 1/(1 — j2), which is the conjugate:
0.447 e™71107 Now send each half of the cosine through the system:

%H(ﬂ) eﬂt + sH(—j2)e 7
— %(0.447) ej(2t71.107) + %(0.447) e*j(2t71.107)
= 0.447 cos(2t — 1.107).

The last line uses e/ + e 7 = 2 cos . The output has the input frequency. Only the
amplitude and the phase change. The output is not a constant times cos 2t, because of the
phase —1.107 rad. So cos 2t is not an eigenfunction of this system. The two exponentials
e’ and e 72t are.

CHECK Evaluate the convolution directly att =0:y(0) = [;° e " cos(—27)dr =
Ref e (1=37 qr = Re 7 —1- =Re —+72 = 0.2. The formula gives
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0.447 cos(—1.107) = 0.447 x 0.447 = 0.2, since cos(arctan 2) = 1//5.

amplitude

FIGURE 4.2 The input cos 2t (dashed) and the output 0.447 cos(2t — 1.107) (solid) of Example 4.1. The frequency

stays; the

amplitude and the phase change.

¢ EXAMPLE 4.2 — A COSINE SEQUENCE THROUGH THE TWO-POINT AVERAGE

GIVEN

FIND

METHOD

The system y[n] = 1z[n] + 1z[n — 1], with the inputs z[n] = cos(2n/3) and z[n] =
(=)™

Both outputs.

The impulse response is h[n| = £6[n] + 1d[n — 1]. Find H (/) from the definition.
Write the cosine as two exponentials. Write (—1)™ as 2™ with z = —1.

SOLUTION  Only k = 0 and k = 1 contribute to the sum. Factor out e 7“/2 and use e/ + e 79 =

CHECK

2cos0:

e]w § : h —]wk_2+1 —jw
k=—o00

= %e_jwm (ej“’/2 + e_jw/2) = e /2 cos(w/2).

Atw = 27 /3 rad/sample, cos(m/3) = £, so H(e/*™/%) = 1e9"/3 and H (e 72"/3) =
2eti™/3 Then

2ﬂz) _ lej27m/3 + le—j27m/3

_>% 26 ]7T/3ej2ﬂ'n/3 2 26371'/36 j2mn/3

For the second input, (—1)™ = 2™ with 2 = —1. The eigenvalue is H(—1) = 1 +
1 1

1(=1)"'=4 -1 =0,s0y[n] = 0forevery n.

Apply the rule directly at n = 0: y[0] = 3 cos 0 + 3 cos(—27/3) = 3 — 1 = . The

formula gives 3 cos(—/3) = 1. For (— 1) the ruIe gives 3(—1)" + 3 (—1)"" 1 = 0.
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14 ¢ 14
IN [ [ N t ot ottty oty
6 4 6

I I L
8 10112

n n

FIGURE 4.3 Theinput z[n] = cos(27mn/3). FIGURE 4.4 The output § cos(2mn/3 — m/3): the same
frequency.

A sum of eigenfunctions

Now let the input be a sum of complex exponentials, z(t) = >, aie®*!. The system is linear, so each
term passes through on its own and the outputs add. The eigenfunction property multiplies term k by

H(Sk)l
SUPERPOSITION OF EIGENFUNCTIONS
z(t) = Zak et — y(t) = Zak H(s;) e
k k

z[n] = Zak zy — y[n] = Zak H(z,) 2
k k

No convolution is needed. The output needs one multiplication for each term. For example, :z:(t) = 27t 4 I3
with H(j1) = 0.5 and H(j3) = 0 gives y(t) = 2(0.5) et + 1(0) e3¢ = et

alesnf > H(S) EEE—— a1H(51)eslt
aze’?t o H(s) | —— 5 ayH(sy)e™!
a3es3t > H(S) EEE—— a3H(53)653t

FIGURE 4.5 Each exponential passes through the system on its own. Superposition then adds the three outputs.

¢ EXAMPLE 4.3 — A PURE DELAY

GIVEN An LTI system with y(t) = x(t — 3).
FIND The output for z(t) = e/, and for z(t) = cos 4t + cos Tt, using eigenfunctions only.
METHOD The inputs are complex exponentials or sums of them, so the eigenfunction method applies.

Write h(t) from the rule, find H (s) from the definition, and multiply each exponential by its
own eigenvalue.

SOLUTION  Adelay by 3 s is convolution with (¢ — 3), because x(t) * (¢t — 3) = z(t — 3). So
h(t) = 6(t — 3). Put this into the definition of H (s). The sifting property replaces 7 by 3 in
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the exponential:
H(s) = / S(T—3)e *"dr =e .

For z(t) = e/* the exponent gives s = 52, so
y(t) = H(j2) &% = e %7 = eI 2(t=3)

For the cosines, first write each one as two exponentials with Euler’s relation. Then multiply
each exponential by its own eigenvalue. For cos 4t the two values of s are £ 34, with
H(j4) = e 2 and H(—j4) = e712:

cos4dt = %eﬂt + %6_]4t
N %6—312e]4t + %ejlze—jllt

= Lei(t=3) 4 1oi(-3)

= cos(4(t — 3)).

The same steps with s = £37 and H(+57) = e¥7?! give cos(7(¢ — 3)). The system is
linear, so the two outputs add:

y(t) = cos(4(t — 3)) + cos(7(t — 3)).
Apply y(t) = x(t — 3) directly to both inputs. The answers agree. Note also that

|H(jw)| = |e 7| = 1 and ZH (jw) = —3w. A delay changes no amplitude. It adds a
phase proportional to frequency: at w = 2 rad/s the phase lag is 2 x 3 = 6 rad.

amplitude

2 I . "\
\ "\\ | ) '/
AA LA L NA
N ] ' ,’ (W Y. WY A S \ s

amplitude

|
)
v N ’ L/ L AJ ! ‘ L4 ’
! “llvvz" \AY g W/ s
\, \ |‘ i \J \
2 ] ., Y

FIGURE 4.7 x(t) = cos4t + cos 7t (dashed) and the
delayed output (solid).

The next task is to write a signal as a sum of complex exponentials. For a periodic signal, the rest of this
chapter does exactly that. A sinusoid is the one input whose form an LTI system keeps, so one complex

number at each frequency describes the whole system.
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4.2 Synthesis and analysis

Which periodic signals have a series
Not every periodic signal can be written as a sum of complex exponentials. The following three conditions
guarantee that it can. Let z(t) = z(t + 1) for every t.

1. Over one period,  is absolutely integrable: fTo |z(t)| dt < oo.

2. In any finite interval,  has only a finite number of maxima and minima.

3. In any finite interval,  has only a finite number of jumps, and each jump is finite.

(© SUFFICIENT, NOT NECESSARY

These are the Dirichlet conditions. A signal that meets all three has a Fourier series. The series
equals ZB(t) wherever x is continuous. At a jump it equals the midpoint of the jump. A signal that fails
one condition may still have a series: the conditions guarantee, they do not exclude.

The three conditions test different things. Each signal below has period 1 or 4, meets the earlier conditions
and fails one. The signal (t) = 1/t for 0 < ¢t < 1 fails the first, because fol dt/t diverges. The signal
sin(27/t) for 0 < t < 1 has |z| < 1, so its area is finite, but it oscillates infinitely often near ¢ = 0: it
fails only the second. A staircase whose steps halve in height and in width fails only the third. Its area over
one period is 2 + % - % +---=2/(1- ;11) = 8/3, which is finite, but it has infinitely many jumps.
Every signal in this chapter, including square waves, sawtooths, impulse trains and sums of sinusoids,
meets all three conditions.

NN

»-

=)

1
0.5+ I—LI\I-

I
1 2 3

FIGURE 4.8 1/t:condition 1 fails. FIGURE 4.9 sin(27/t): condition2  FIGURE 4.10 Halving steps: condition
fails. 3 fails.

The synthesis equation

SYNTHESIS EQUATION

o0
. 21
_ Jkwot _ =%
z(t) = Z ar, e wy = T
k=—oc0
T, is the fundamental period in seconds and wj is the fundamental frequency in rad/s. The term efkwot is the k-
th harmonic. The complex numbers ay, are the Fourier series coefficients: |a;| is the amplitude of the k-th

harmonic and Zay, is its phase.
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Every harmonic repeats with the period T, so the sum does too. Replace t by t + Tj and use wy1y =
27

ejkwo (t+To) Jjkwot ejkono Jkwot ejk27l' jkwot

When a signal is already a sum of sinusoids, the coefficients can be read off. Find 1}, then wy = 27T/T0.
Write each sinusoid with Euler’s relations, cos 6 = 1 (e’% + e 7%) and sin§ = 2%.(63'9 — e779). Match
each exponent with jkwqt and read off k. The first step needs the period of a sum.

Fundamental period of a sum

A sum of periodic signals is periodic when each component period is a rational multiple of every other. Its
period T} is the smallest positive time that is a whole number of each component period. Write each
component period as a fraction p; / g; in lowest terms. A constant term has no period and is left out.

PERIOD OF A SUM

p1 D2 LCM(p1,p2,--.)
To=LCM| —,—,... | =
0 <Q1 q2 ) GCD(Q17Q2,---)

The result is a least common multiple of fractions, so it need not be an integer.

The rule follows in two steps. Write L = LCM(p1, p2, ... ) and G = GCD(q1, @2, - - . ). First, L/G is
a common period. Divide it by the period p; /q;:

L/G L g

pi/ai  pi G

Both factors are whole numbers, because p; divides L and G divides g;. Second, no common period is
smaller. Let T' = r /s, in lowest terms, be any common period. Then T'/(p; /q;) = 7¢;/(sp;) is a whole
number for every 7. The number p; shares no factor with g;, so p; divides 7. This holds for every %, so L
divides 7 and » > L. The number s shares no factor with r, so s divides g;. This holds for every %, so s
divides G and s < G. Therefore T'=r/s > L/G.

¢ EXAMPLE 4.4 — FOUR FUNDAMENTAL PERIODS

GIVEN Sums of periodic components with these periods, in seconds: (a) 1 and %; (b) % and %; (c) 2,
2. 2 8
Land 3;(d) § and 57.
FIND The fundamental period of each sum.
METHOD Write each period in lowest terms. Divide the least common multiple of the numerators by the

greatest common divisor of the denominators. Then divide T by each period.
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SOLUTION

LCM(l 2) 2
12 ’ g}
(&) 13 To= GCD(L,3) 1 °©
LCM(3,8) 24
b) 2,8 T, = L= —
( ) 57 5 0— GCD(5, ) 5 S,
LCM(2,1,2) 2
2 1 2 ) 29
(© Lo D= GCD(1,1,3) 1 >
LCM(2,8) 8
d 2, 5. Th=——21 =
() 5 ar T GCD(9,21)  3°
n (d), GCD(9,21) = 3 because 9 = 32and 21 = 3 - 7.
CHECK DivideTObyeachperiod (a )2—1—2and2—— =3.( )—; g—’ :8and%4 +§ = 3.
(c)1,2and 3. (d ) 8 :2_124ang8 SV o = = 7. Every quotient is a whole number. In each

case the quotients share no common factor, so T}, divided by any whole number greater than
1 is no longer a common period.

® DIVIDE BY THE GCD
For 2 and £, d|V|d|ng by LCM(9, 21) = 63 instead of the GCD gives £. It is not a multiple of
elther period: gz < % %. Always divide the answer by each period and conf|rm that the results are

whole numbers.

sum
N T, = 8/3

2/\ /\/\/\/\ /\/\/\ /\v\/\ -
IWARTERVERA AVARY \/\/

FIGURE 4.11 Two cosines of periods 2/9 s and 8/21 s, added. The sum first repeats after 8/3 s: twelve cycles of the first
and seven of the second.

¢ EXAMPLE 4.5 — READING OFF THE COEFFICIENTS

GIVEN z(t) = 1+ 1 cos(27t) + sin(3nt).
FIND Every Fourier series coefficient, with its magnitude and phase.
METHOD Find T}, hence wy. Expand with Euler’s relations and match each exponent with jkwqt.

SOLUTION  First the period. cos(2mt) repeats every 27/(2m) = 1 s and sin(37t) every 27 /(3m) =
2/3 s. This is case (a) of Example 4.4, so Ty = 2 s and wy = 27 /Ty =  rad/s. Now
expand each sinusoid with Euler’s relations:

1 _ 1 1( 2wt | —j2mt\ _ 1_jomt | 1_—jomt

2cos(2mt) = 5 - 5 (7 + €77 = 177 + T
- _ L (3wt _ —j3mt) _ 1 _j3mt _ 1 _—j3nt
sin(3mt) = o (e e 7) = 2 € 27 € :
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Match each exponent with jkwyt = jkmt. Here 2mt = 2wyt, so k = £2, and 37t =
3wot, so k = £3. The constant is 1 - e/%0* o0 k = 0. Collecting the terms,

z(t) =1 + Lef2nt 4 2em it
k=0 k—+2
i j3th _ L —jBUJOt
R
k==+3

L , and every other coefficient is zero.

— 1 1 —
soao—l,aﬂ—z,ag—— a,3——2—j

2j5°

ag = 1 is also the average of the signal: both sinusoids complete whole cycles in one period
and average to zero, which leaves the constant. Magnitudes: |a0| =1,

1
ai2| = 7, lass| =
%. Phases: & = —1

5; — 73S0 Zasg = —7r/2, anda_3 = —I—%, so Za_3 = —i—7r/2. The signal is
real, so the magnitudes must be even in k and the phases odd, and they are.

® THE CONSTANT IS A HARMONIC

The constant listhe k = Oterm, 1 - e
period.

700t 36 gy = 1, not 0. It is the average of  over one

1 2 V 3
-1 4
t
FIGURE 4.12 z(t) = 1 + 1 cos(2t) + sin(3nt): a constant and two sinusoids, with period T = 2s.
|la| Zay, (rad)
1 1.57 -
0.5
Py I Py | *—> -2 2 4
-2 2 4
-1.57 A
L k
FIGURE 4.13 Magnitudes, even in k. FIGURE 4.14 Phases, oddin k. Avalue of 1.57 rad is
+7/2.

The analysis equation

Reading coefficients off works only for a sum of sinusoids. Every other periodic signal needs a formula.
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ANALYSIS EQUATION

1

B _271'
T Jg,

w(t) eijkwot dt, wo — ?
0

ag

fTo means an integral over any one period. The integrand :c(t)e*jkw(’t is a product of two factors of period Tp,
so it repeats with period Tp, and every interval of length T}y gives the same value. Synthesis uses eIkt gng

analysis uses e~ Jkwot with the same wy- The sign of the exponent is the only thing that separates the pair.

To prove the analysis equation, isolate one coefficient, a,,. Multiply both sides of the synthesis equation by
e ot gang integrate over one period. The sum and the integral can be exchanged, and aj, does not

depend on £, so it moves outside the integral. The two exponentials combine because eIhwt g—jnwot —
ej(kfn)wot_

o0
z(t) ej”“")tdt:/( akejk”°t>e’j”“°t dt
/T 0 (2

k=—00

Now evaluate the inner integral from —Tp /2 to Ty /2. Putm = k — n, an integer, and take m # 0 first,
so that the antiderivative may divide by m. At the limits w0T0/2 = 7. The difference of the two
exponentials is 2j times a sine, by e/’ — e = 25 sin 6.

T0/2 Jmuwyt T0/2
=
12 Jmwo | g,

ejm7r _ e—jmﬂ

Jmwo

_ 2 s'in(mr) _ 2 sin(m) _o, m 20,
Jmwqo mwo

The value is zero because the sine of a whole multiple of 7 is zero. For m = 0 the integrand is the

. . . Ty/2
constant 1, and the integral is the length of the period: ff%/z 1dt = T.
ORTHOGONALITY OF COMPLEX EXPONENTIALS

/ ej(k—n)wot dt — T(], k=n
T 0, k#n

Only the term with &k = n survives in the sum, so fTo z(t) e~ ot dt = T, a,,. Divide both sides by Tj and
rename n as k. This is the analysis equation.
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product product
. A . . 4 .
1- : : 1- -
T E 7/\\' //\\ T /\| i l/\# T i T T \A#
06 04 02 0% o | of -06 1 -0.4 -0.2 02 0406
-1 1 \/ \/ -1~ i i
. . ¢ : ! "
FIGURE 4.15 cos(27t) cos(4mt): two different harmonics ~ FIGURE 4.16 cos?(2mt): a harmonic times itself never

of Ty = 1. The lobes cancel and the area over one period is  goes negative. The area over one period is %

0.

Two short consequences. If ac(t) = ej3“’°t, the analysis integral is T at K = 3 and zero otherwise, so

: . 1 i
as = 1 and every other coefficient is zero. And with Ty = 1, so wy = 2, the integral [, e/*""e 7o d¢
hasm =1—3 = —2 # 0, so it is zero.

The DC coefficient

DC COEFFICIENT

1

ay) = =
TO TO

z(t) dt

Put k = 0 in the analysis equation, so that €9 = 1. The coefficient a is the average value of T over one
period.

Find the average from the graph before any other coefficient. A formula for a;, must agree with it at k = 0.
A wave that is 1 for half of each period and 0 for the other half has ay = % A sawtooth that is odd about
the middle of each period has ag = 0. For z(t) = 3 + cos 2t the period is Ty = 27/2 = 7 s, and

1

ayg = —
Yo

" 1 r 1
/ (3-+cos2t)dt = (3¢ + Lsin2t| == (37 +0-0) =3,
0 ™ 0 e
/A ZERO FREQUENCY IS A HARMONIC

The k = 0 term is the constant a. Dropping it shifts the whole reconstruction by the average value.

z(t)

A 00:1/2 | “w=)
1 a
-1 1 2 (| I M I/é
. t

FIGURE 4.17 On for half of each period: ay =

1
5-

FIGURE 4.18 A sawtooth, odd about the middle of each

period: ag = 0.
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Real signals: cosine and sine forms

A real signal can be written with real functions only. The first step is a symmetry of the coefficients. For real

z, conjugate the analysis equation. The conjugate of z(t) is z(t), and the conjugate of e <0t jg g ket

1 , 1 .
at=— [ z@)e*tdt == [ z(t)eFw At =q_,.
Ty Jr, To Jr,

So a_r = aj. Now split the synthesis suminto k = 0, k > 0 and k < 0, and pair each k with —k. A
number plus its conjugate is twice its real part, z + 2* = 2 Re{z}:

o0

z(t) = ap + Z(akejk“")t + a,ke*jk“’“t)
k=1
o0

=ay+ Z(akeﬂ“"”t + (akejk“’“t)*)

k=1

o0
=aqp+2 Z Re{akejk“"’t}.
k=1

Two real forms follow, one for each way of writing a;. In polar form, a;, = Akejg’c, SO
Re{Aelk«ot+0)1 — A, cos(kwot + ). In rectangular form, a, = By, + jCy. Put ¢ = kwyt and
multiply out:

Re{ (B + jCr)(cos ¢ + jsin @) } = Re{Bjcos¢ — Crsine + j(Bysing + Cj cos ¢) }
= B}, cos ¢ — (), sin ¢.

REAL FORMS OF THE SERIES OF A REAL SIGNAL

ap = Akejak : CL’(t) = Qy + 2 Z Ak. COS(kwot + ek)
k=1
ay = By, + jCy : z(t) =ao+2 Z [Bk cos kwot — C}; sin kwot]
k=1

The first is the amplitude—phase form: each harmonic is one cosine with its own phase. The second is the
cosine—sine form. The two are linked by A = \/B,% + C,f and 0 = Zay. Note the factor 2 and the minus
sign before Cf.

¢ EXAMPLE 4.6 — FROM COEFFICIENTS TO A REAL SIGNAL

GIVEN Areal signal with wg = 7 rad/s, a1 = 0.4 + j0.3, a_1 = aj and every other ay = 0. A
second real signal witha; = 1 — 3, a_; = 1 + j and every other a;, = 0.

FIND The first signal in both real forms, and the second in cosine—sine form.

METHOD Read B and (' from the rectangular form of a;. Compute A; and 61 from them. Substitute

into the two real forms with ag = 0.

SOLUTION  For the first signal, By = 0.4 and C7 = 0.3. Then 47 = v/0.4%2 4+ 0.32 = +/0.25 = 0.5.
The point (0.4, 0.3) lies in the first quadrant, so #; = arctan(0.3/0.4) = 0.644 rad. The
two forms are
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z(t) = 24, cos(mt + 6,) = cos(nt + 0.644),
z(t) = 2[B; cosmt — Cy sinmt] = 0.8 cos it — 0.6 sin 7t.
For the second signal, B; = 1 and C; = —1, so

z(t) = 2[1-cosmt — (—1)sinnt| = 2cos 7t + 2 sin mt.

Expand the amplitude—phase form with cos(a + ) = cos a cos 8 — sin asin . Here
c0s0.644 = B;/A; = 0.8 and sin0.644 = C;/A; = 0.6, so cos(wt + 0.644) =
0.8 cos t — 0.6 sin 7rt. The two forms agree.

amplitude

FIGURE 4.19 Example 4.6: 2B; cos t = 0.8 cos 7t (long dashes) and —2C' sin rt = —0.6 sin 7t (short dashes) add
to one cosine of amplitude 241 = 1 (solid).

4.3 Series worked out

This section applies the analysis equation to three standard waveforms: the rectangular wave, the

sawtooth and the impulse train. It also asks how many harmonics a good approximation needs.

¢ EXAMPLE 4.7 — THE PERIODIC RECTANGULAR WAVE

GIVEN

FIND

METHOD

SOLUTION

z(t) = 1for [t| < Tiand z(t) = 0 for Th < |t| < Tp/2, repeated with period Tp.
Every coefficient.

Apply the analysis equation over —T/2 < t < T, /2. The signalis 1 only on —T7 < t <
T1, so those become the limits. Treat k = 0 on its own, because the antiderivative divides
by k.

The signal is zero for T} < |t| < Tj/2, so those parts of the integral drop out and the limits
shrink to =77

1 T2 . 1 [0 .
T = 7 z(t) e It dt = T / 1. e Rt g,
0 J-Ty/2 0J-7
T
For k = 0 the integrand is 1, so ag = %0 fi}l 1dt = Tio ] 71T1 = % This is the fraction

of each period that the pulse fills. For k # 0, integrate the exponential, evaluate it at the two
limits, and turn the difference of exponentials into a sine with eJG — 673‘9 = 27 sin 0:
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1 [e-dkwt1Th 1 e—dkwTi _ gikwTy
“Tm [—jka] T T —jkwo
1 ekl _ g=ikwoly 1 2jsin(kwoTh)
To jka To jkwo
_ 2sin(kwoTh)

N kUJ(]TO
The second line changes the sign of both numerator and denominator, which leaves the
fraction unchanged. Finally replace wg by 27r/To. The denominator becomes kwoTy = 27k
and the argument becomes kw17 = 2wkT} /Ty:

2T,
—_— k=0,
sin(27kTy /T
(2nkT1/ 0), k # 0.
k
CHECK Ask — 0,sin6/0 — 1, so the second branch tends to % = 217 /T,. It agrees with

the branch for k = 0. The signal is real and even, so the coefficients must be real and even
in k. The formula has this property because sin and k are both odd.

/A HALF DUTY: NO EVEN HARMONICS
For Ty = 477 the pulse fills half of each period, and a;, = sin(wk/2)/(7k). At every even k # 0
the sine is the sine of a whole multiple of 7, so every even coefficient vanishes. The first values
are ag = 3,a; = 1/m = 0.318, a; = 0 and a3 = sin(37/2)/(3w) = —1/(3w) = —0.106.

z(t) ar
15 - A . 2Ty 0.6 - A
—
1 0.4
0.5 1 0.2 I I
< er 0o ol e o o ole o®e o
T T T ! T IV *s* "'l'l' 'l'l"' o
-4 2 2 4 -10 -5 5 10
-0.2 -
t k

FIGURE 4.20 The wave for T} = 1 and Ty = 4. FIGURE 4.21 lts coefficients. They are real, so a negative

stem is a phase of .

The envelope, and the samples taken from it

These coefficients are values of one continuous function of w, read at equally spaced points. Define the
envelope by the integral of Example 4.7 with kwy replaced by a free variable w:
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ENVELOPE OF A SINGLE PULSE

Ty ] e Jwt !
E(w) = / e Mtdt = [ - ]
-1 —Jjw -Ty
ijl _ 7]WT1 9
_ ¢ € - Zemlity) 27T sinc(wTh)
Jw w
1 1 2sin(kwoTh)  sin(27kT/To)
= — E(kwy) = = - =
ak TO ( wO) TO ka 7k

Here sinc(f) = sin 6/, the unnormalised sinc. The second line puts w = kwy back and uses wy = 27 /Tj.
E depends on the shape of one pulse only, not on how often the pulse repeats.

® TWO O0BJECTS, NOT ONE
E(w) is a function of a continuous variable; a;, is a sequence indexed by an integer. Evaluating the
envelope at the single point w = wy gives Tpay, the first harmonic only. As a function of the
harmonic index the coefficient is Tyay, = T} sin(27kT; /Ty)/(7k), with k in both places. Never
join the tops of coefficient stems with a line: that claims the signal contains frequencies between the

harmonics, which a periodic signal does not.

Keep the pulse and increase 1. The envelope stays the same. The samples come closer together,
because their spacing is wy = 27 /T, and each one scales by 1 /7. For example, ag = 2717 /T} halves

when Tj doubles. Chapter 5 takes the limit 7o — oo.

ag ag
0.6 - + 0.6 - 2
L 3
0.4 /’ \\ 0.4
0.2 ,’I I\ 0.2 T
T ,4, KGNS SN
-2n\“l’ - n\‘l',2n 3n -21 Tt 1 21 3n
w (rad/s) w (rad/s)

FIGURE 4.23 T{, = 8T}:the samples are twice as dense
and half as tall.

FIGURE 4.22 T = 4T with T} = 1: each ay, sits at
w = kwy on the dashed envelope E(w)/Tj.

How many harmonics are enough
A computer can add only finitely many terms. Keep the 2IN + 1 coefficients nearest zero frequency and
drop the rest. The mean-square error measures how far the result is from x: square the error, then

average it over one period.
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TRUNCATED SERIES AND MEAN-SQUARE ERROR

N
; 1
zn(t) = Z a €, MSE = = | (t) — :pN(t)‘2dt
k—N 0 JTo

Section 4.5 shows that the MSE equals the power in the dropped harmonics, Z\k\>N |ak|2. The table uses

that form.

TABLE 4.1 Mean-square error of the truncated series for the rectangular wave and the sawtooth.

N RECTANGULAR WAVE, Ty — 4T SAWTOOTH, Th =1
3 0.025 0.0144
9 0.010 0.0053
27 0.004 0.0018
81 0.001 0.0006
A A
1 | | l b
I I ~_ll [\ PN I l £z
Y v e N vais T - t T
-4 -2 P 4 6 -4 -2 2 4 6
t t

FIGURE 4.24 N = 3:the partial sum (solid) and the wave ~ FIGURE 4.25 NN = 27. The spike beside each jump is no
(dashed). shorter.

The rate at which the error falls is set by the smoothness of the signal. A jump makes the coefficients
decay like 1/k, so |ay|? decays like 1/k?. Atail sum of this kind is close to the matching integral,

Sen 1/k* = [ dk/k* = 1/N. So the tail behaves like 1/ N, and doubling IV roughly halves the
error. A signal that is continuous but has a corner, such as a triangular wave, has coefficients decaying like
1/k%. Then |ag|* decays like 1/k*, the tail like [y~ dk/k* = 1/(3N?), and far fewer harmonics are

needed.

® THE GIBBS PHENOMENON

Near a jump the partial sum overshoots, and the overshoot does not shrink as /N grows. Its height
settles at about 9% of the size of the jump. For the rectangular wave, which jumps by 1, the peak of
x y stays near 1.09. What shrinks is the width of the ripple: it moves into a narrower band around the
jump. That is how the mean-square error can go to zero while the largest error does not. For a
square wave that jumps from 0 to 2, the peak of xg; is about 2 + 0.09 x 2 = 2.18.
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© CONVERGENCE IN THE MEAN
If z(t) has finite energy in one period, fTo |z(t)|2 dt < oo, then the series converges in the mean:

MSE — 0 as N — oo. This does not promise a small error at every t.

FIGURE 4.26 N = 9 near the jump FIGURE 4.27 N = 27 nearthe jump FIGURE 4.28 N = 81 near the jump
att = 1. The dashed line is at 1.09. att = 1. The dashed line is at 1.09. att = 1. The dashed line is at 1.09.

¢ EXAMPLE 4.8 — THE SAWTOOTH WAVE

GIVEN z(t) = tfor —Tp/2 < t < Ty/2, repeated with period Tj.
FIND Every coefficient, with its magnitude and phase.
METHOD The DC term is a direct integral. For k # 0 the integrand is ¢ times an exponential, so use
integration by parts with u = ¢ and dv = e dt, which gives du = dt and v = e /a:
/te“t Qi — te® e_“tdt _ te® e_‘;t _ (at —zl)e“t.
a a a a a

Differentiating the right side returns te%, which checks the formula.

SOLUTION The DC term:

To/2 21To/2 2
— L[ e H 1<E_T_0):o.
T0/2 0 2 T0/2 T() 8 8

For k # 0, substitute the signal into the analysis equation and write a = — jkwy, so that the
by-parts formula applies:

1 To/2 1 1 Tp/2

ap = — te It qp =

at — 1 }
TO 7T0/2 TO a2 [( )

T2

At the limits, aTy /2 = —jkwTy/2 = —jkm, because wyTy/2 = . Also e™/F™ =
cos(km) & jsin(kn) = (1), since sin(kr) = 0. Both exponentials equal (—1)*, and
this common factor comes out of the bracket:

(—jkm — 1)e 9™ — (jkm — 1)e/™

(~1)*[(~gh — 1) — (jm — 1)
(—1)" (—24km).

[(at — 1)e“t] e

~T}/2
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Next, a? = (—jkwy)? = j2k?w? = —k?w}. Divide, then use w3 = 47%/T¢:

1 (—D*(—2jkn)  2jm(—1)F

ag

T, —k2w? - Tokw?
Gl ) o S 2 D
Tok - 4w 2kr '
The magnitude is |ax| = To/(27|k|). Each ay is purely imaginary, so its phase is +/2 or
—/2.
CHECK The signal is real and odd, so the coefficients must be purely imaginary, and they are. Real
gives a_j = a,’; and odd gives a_ = —ag; the formula satisfies both, since replacing k by

—k changes only the sign. For Ty = 1 the largest is |ay1| = 1/(27) = 0.159, and the
magnitudes fall like 1/|k|.

amplitude
A

el ] '
W

FIGURE 4.29 The sawtooth for Tj, = 1 (dashed) and its partial sum with N = 9 (solid). The same overshoot appears
beside each jump.

|a| Zay, (rad)
0.2 A

: RINARRINRUARY
s s s FRRRRINEER

FIGURE 4.30 |ax| = 1/(27|k|) for Tp = 1. FIGURE 4.31 Every phase is +7/2, alternating in k.

¢ EXAMPLE 4.9 — THE PERIODIC IMPULSE TRAIN

GIVEN z(t) =>.°_ _ §(t—mTy).
FIND Every coefficient.
METHOD Take the period from —T /2 to +T; /2. Exactly one impulse lies inside it, so the sifting

property finishes the integral.

SOLUTION  Substitute the impulse train into the analysis equation. Inside —T}/2 < t < Tg/2 only the
term m = 0, which is 5(t), is non-zero. The impulses at t = +T, 2Ty, . . . lie outside the
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interval and contribute nothing. Then sift, which sets ¢ = 0 in the exponential:

1 Ty/2 >

ap = — d(t — mTo) e~ Ikwt q¢
To J-my2 , =
Ty /2
- i ' (1) e Tkwot qt — i e Jkwo0 — i
Ty —Ty/2 Ty Ty
for every k.
CHECK Both limits must be written and must differ. An interval with equal endpoints has zero length,

so every integral over it is zero. The result is real, positive and the same at every harmonic: a
flat spectrum with zero phase. At t = 0 all the harmonics equal 1 and add. At other times
their contributions cancel. Chapter 7 uses this pair for sampling.

z(t) ay

A A

Hn @ @O O @O 0 ()

T T

3 2 A 1 2 3
t k

FIGURE 4.32 The impulse train for Ty = 1. Each arrow is FIGURE 4.33 lts coefficients: ar = 1/Ty = 1 for every k.
an impulse of weight 1.

4.4 The discrete-time series

A sequence is periodic with period N when z[n| = x[n + N| for every n. Its fundamental frequency is
wo = 27/ N rad/sample. lts series has only N terms.

DISCRETE-TIME FOURIER SERIES

az[n] _ Z a, ejk(27r/N)n
k=(N)

_ 1 —jk(2r/N)n
a = Z z[n]e™’
n=(N)

<N> means any N consecutive values of the index. Both sums are finite and there are exactly IV distinct
coefficients.

The analysis sum follows from a discrete orthogonality. Sum eIm2m/N)n over one period, n =

0,...,N — 1, with m an integer. If m is a multiple of IV, every term is e2m(m/N)n — 1 and the sum is
N. Otherwise the terms form a geometric sum with ratio r = e™2™/N -£ 1 and rV = /™2™ = 1:
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N-1 -
1—rN 1o eimr 11
’["n = " = € _= = 0,
o 1—r 1—r 1—r
Now multiply the synthesis sum by e 7£(27/N)™ and sum over one period of n. Exchange the two finite

sums. Within one period of k, the difference k — /£ is a multiple of IV only for k = £, so only that term
survives:

Z x[n]e jl(2m/N)n Z Z a e] (k—¢)(2m/N)n
n=(N)
Z ay Z 6‘7 (k—0)(2m/N)n _ = Nay.

k=(N) n=

Divide by IN and rename £ as k. This is the analysis sum.

(® THE COEFFICIENTS REPEAT
ap. N = ag. Replace k by k + N in the analysis sum and split the exponential:

At N = — N § : 6 —jk(2m/N)n e ]27m:ak,

because e /2™ = 1 for every integer n. For example, with N = 8 and a3 = 0.23, a11 = az+s =
0.25.

® NOT IN CONTINUOUS TIME
The same substitution in continuous time produces e 72 which is not 1 between integers.
Continuous-time coefficients do not repeat.

(® EXACT AND FINITE
A period-IN sequence is described by N numbers, and N terms rebuild it. There is no truncation, no
limit, no question of convergence and no Gibbs phenomenon in discrete time.

z[n] [y

P E— 0.6

‘n i
FIGURE 4.34 z[n] = cos(27mn/8) + 0.4sin(47mn/8), FIGURE 4.35 lts coefficient magnitudes, 3 at k = =1 and
with one period of N = 8 marked. 0.2 at k = 2, repeat every 8 in k.

The magnitudes in the figure come from Euler’s relations. cos(27m/8) gives a; = %

0.4sin(47n/8) = 0.4sin(2 - 27n/8) gives az = 02J —0.2j and a—s = 0.2, both of magnitude
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0.2.

¢ EXAMPLE 4.10 — A SUM OF TWO SEQUENCES

GIVEN zn] = sin(3n) + cos(¥n + I).
FIND The fundamental period and every coefficient.
METHOD A sinusoid of frequency w repeats after N = (27 /w) m samples, for the smallest positive

integer m that makes IN an integer. Find each component period, take the least common
multiple, then expand with Euler’s relations.

SOLUTION  Asinusoid cos(wn) or sin(wn) repeats with period N when w N = 27rm for some integer

m, thatis, N = 2mm/w. Forw = 57/6: N = 20 — 12M ot aninteger at m = 5,
57/6 — 5

giving N = 12. Forw = 37 /4: N = 2™ — 8™ st an integer at m = 3, giving N = 8.
3r/4 — 3

So Ny = LCM(12,8) = 24 and wy = 27 /24 = 7 /12. Write each frequency as a
multiple of wy:

51 207 3 187
— = = 10w — = — = 9wo.
6 24 0 4 24 0
Now expand with Euler’s relations. The phase 7 / 5 stays with the coefficient, because
ej(9w0n+7r/5) — €j7r/5€j9w0n:

1 _jl0won 1 —j10won
2; € 2; € ’

cos(QwOn—l— 75_r) _ 5ey7r/5e.790.10n + %e—jﬂ'/Se—JQwOn‘

sin(10won) =

Read off the coefficient of each e/F“0™:

_ 1 | _ 1_j7/5 _ 1 _—jn/5
10 = 35, @-10 = ~3; ag—ge/, a-g = 3€ /B,

Every other coefficient in one period is zero, and ar = a+24 gives all the rest.

CHECK laig| = |atig] = % The phases are Zag = +m/5 and ZLa.19 = Fm/2, since 2—1] =

—%. The sequence is real, so the magnitudes are even in k and the phases odd.

|la| Zay, (rad)
A
06 1.57 A
04
0.2 ee | ee0o0ccece ::::;:::Tlsct
-10 -5 5 10
-10 -5 5 10
-1.57 4
L k
FIGURE 4.36 Magnitudes over one period, —12 < k < FIGURE 4.37 Phases: +m/batk = +£9, Fn/2atk =
11, with k = 12 equal to k = —12. +10.
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¢ EXAMPLE 4.11 — THE DISCRETE-TIME SQUARE WAVE

GIVEN

FIND

METHOD

SOLUTION

CHECK

z[n] = 1for n| < Ny and z[n] = 0 for N1 < |n| < N /2, repeated with period N.
Every coefficient.

Sum over one period. The signal is 1 only for —N; < n < Ny, so the sum reduces to a
finite geometric sum with ratio r = e 7k@/N) For = 1it has a closed form. Write S =
P 1" Then S —rS = r™ — rP*1 because every other term cancels, so S =

(r™ — rP™1) /(1 — 7). Treat » = 1 separately.

Withm = —Nj and p = Ny,

M N -N Ni+1
]_ . 1 1 r [—
o —jk(2m/N)n __ n o__
ar = — 1-e7/ = — Pt = )
N Z N Z N 1—7r
n:—N1 TL:—Nl
The lower limit is 1 = — Ny, so the first numerator term is rN = e*jk@”/N)Nl, with a

positive exponent. Written out,

1 eik@r/N)Ny _ g—ik(2m/N)(Ni+1)

U =N 1 _ e—Jk@r/N)

Factor e 7*™/N out of the numerator. The exponents that remain are jk(2m/N)Ny +
jkn/N = jk(2n/N)(Ny + 1) and —jk(27/N)(N; + 1) + jkn /N =

—jk(2m/N)(N1 + 3), so the bracket is 2; times a sine:
eIk @2m/N)Ny _ o—jk(2m/N)(N1+1)

_ gikm/N [ejk(2w/N>(N1+%> — g kN )(Nﬁ%)]
= ¢ /N 95 sin(# (Nl + %)) :

—jkm /N

Factor the same e out of the denominator:

1— e—jk(27r/N) _ e—jkﬂ'/N [ejkﬂ'/N o e—jkﬂ/N} _ e—jkTr/N 2] s1n(%k) )

The factors e *7/N and 27 cancel. When k is a multiple of N, r = e 92m(k/N) = 1, every

term of the sum is 1, and there are 2/N; + 1 terms. So
2N; +1
N )
sin(%(]\ﬁ + %))
\ Nsin(nk/N)

k=0,+N,+2N,...
ap =

otherwise.

Here |r| = 1 at every k:  lies on the unit circle. So the rule || < 1 of an infinite geometric
sum does not apply, and it is not needed, because a finite sum needs only r #= 1. For N =

10 and N7 = 2 the first branch gives ag = (2 - 2 4+ 1)/10 = 0.5, the average of five ones

. 2rk/N) (N1 +1
in ten samples. As k — 0 the second branch tends to @n J/\mzc(/z\;ﬂ) = 2NJ{,+1, the same

value.
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z[n| Im{r}
3 2N; + 1 4
| 1 - /.— I
1 1 I..’ ‘e
‘ vr=1at k=0
- ° o - P
-2 -1 Bl 2
° .
10 5 5 10 15 4 ol e’
n Re{r}

FIGURE 4.38 N = 10, N; = 2:five ones and five zeros FIGURE 4.39 The ten values of r = e 7%27/10_ Ajl have
in every period. |r| = 1;0nly k = O givesr = 1.

Each parameter has one job. The 2N + 1 ones set the height and the width of each lobe. The period N
sets how far apart the peaks repeat in k, and it scales every coefficient by 1/N. With N; = 2 the peak is
5/N:0.5for N = 10, 0.25 for N = 20 and 0.167 for N = 30. With N = 12and N1 = 1,a9 = (2 -
1—|—1)/12:% :i.

ag ag ag
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
024" 230 30 024 -30 30 024 -30 30
k k k
FIGURE 4.40 N =10, N; = 2. FIGURE 4.41 N =20, N; = 2. FIGURE 4.42 N =30, N; = 2.

Rebuild x[n] from all NV coefficients with the synthesis sum. Every sample lands on 1 or 0 exactly. The
sum has IV terms and stops. Nothing is truncated, so there is no overshoot that refuses to shrink.

¢ EXAMPLE 4.12 — A DISCRETE SAWTOOTH

GIVEN z[n] = nfor =5 < n < 5, repeated with period N = 11.
FIND Every coefficient.
METHOD Substitute into the analysis sum with wg = 27r/11. The sequence is odd, so pair the term at
n = m with the term at n = —m before expanding. With el — 30 = 2jsin 8,
me Fm () et Rm = iy (efhom e mhem) — 2 4m sin(kwom).

SOLUTION The DC term is the average of the eleven values, and they cancel in pairs:
1
a=-—=Y n=—[(-B)+(-4)+---+4+5] =0.

For general k, the n = 0 term is zero, and the remaining ten terms form five pairs:
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5
= 1 S pe-iken/in

n=-5

:i 5 m e JR@T/I)m | (o o +ik(2m/11)m
> +(-m)

m=1

1< L. (27km
:ﬁmZ(—%m)sm( T )

For k = 1 the five terms are 1 sin 11 + 2sin & T+ 3sin & T+ 4 sin 8¢ T+ 5Sln 1101” =

0.5406 + 1.8193 + 2.9695 + 3.0230 + 1.4087 = 9.7610,s0 a; = —j 73 (9.7610) =
—31.7747.

CHECK Every coefficient is purely imaginary, as a real odd sequence requires, so each phase is
+7/2 or —7 /2. The sequence is 0odd, so a_1 = —a1 = +51.7747. The largest
magnitude is |a.1| = 1.7747, and it returns at k = +10, £12, . . . because a 11 = a.
The eleven coefficients from k = —5 to k = 5 are the whole answer.

az[n] |ag|

1.5

I ,nll .
[ L :

-5 4

n k

FIGURE 4.43 Aramp from —5 to 5, repeated every 11 FIGURE 4.44 |a;|:largestat k = +1, repeating every 11.
samples.

4.5 Properties

Each property states how an operation on a periodic signal changes its coefficients. The notation © <> a
pairs a periodic signal with its coefficients. Throughout,  and y have the same period, T}, or IV, with
coefficients ax and bg. Section 4.7 collects every property in two tables.

Linearity and time shift

The analysis equation is an integral, and an integral is linear, so Az(t) + By(t) <> Aay + Bby. The
same holds for sequences. For a shift, substitute 7 = t — tg, sot = 7 + to and dt = d7. When t runs
over the period 0 < t < T, T runs over —ty < 7 < Ty — t(, which is again one full period. The factor
e kwoto goes not depend on 7 and leaves the integral:
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1 % ) 1 [Tt
z(t —tg) e Ftdt = —

— z(7) e Theol(mth) 4
To Jo To J 4, ()

B 1 To—to . ]
_ efjkwoto _/ 33(7') efjkwor dr = efjkw(]to ay.
TO _tO

TIME SHIFT
x(t —ty) +— a e HFeto zln —ng] +— ay e HRCENIno

The discrete-time proof is the same, with a sum and the index change r = n — n,,.

e Jkwto| = 1. So a shift never changes a magnitude, |b;| = |ay| at every k.

The factor has modulus 1,
It changes each phase by —kwyto, in proportion to the harmonic index. Two signals that differ only by a
delay have the same magnitude plot. Everything that tells them apart is in the phase. For a wave with
To = 2 (wg = 7 rad/s) delayed by tg = 0.4, the phase of a; changesby —1 -7 -0.4 = —0.47. A

delay of half a period, ty = Ty /2, multiplies a; by e Jwh/2 — g—im — 1
amplitude Lby — Zay, (rad)
A tO A
o 3.14 -

-——
= ———
I ——
|
|
b
—]
b

-3.14 1

FIGURE 4.45 A rectangular wave with Ty = 2 (dashed), FIGURE 4.46 The phase change —0.47k, drawn in
delayed by ty = 0.4 (solid). [771', 77]. Where aj, = 0 there is no phase to change.

Time reversal and conjugation

For time reversal, take the period from —T0/2 to T0/2 and substitute 7 = —t, so dt = —dr. The limit
t = —Ty/2 becomes T = T /2, and t = Ty/2 becomes T = —Tp /2. Swapping the limits removes the
minus sign:

1 To/2 - 1 —Ty/2 .
e z(—t)e " dt = — z(T) ™7 (—dT
T ) s (—1) T ) s (1) (—d)
1 [T/2 ‘
= — z(7) e TERDT qr = g_4.
To J_1,)2

For conjugation, conjugate the synthesis equation term by term, then rename the index k as —k. The sum
runs over all integers, so renaming does not change it:

00 00
:D*(t) — E : a,*; e—]kwot: § : aik 6ka0t.

k=—00 k=—00

© 2026 Huseyin Ugur Yildiz - huguryildiz.com - Course content: CC BY-NC-SA 4.0 Lecture Notes - 122



Signals and Systems — Lecture Notes

REVERSAL AND CONJUGATION
z(—t) «— a_p, z*(t) «— a’,

The same two rules hold for z[—n| and z*n].

These two rules give the symmetry of the coefficients. The coefficients of a signal are unique, because the
analysis equation gives one value for each k. So a signal equal to its own conjugate, or to its own
reversal, must have matching coefficients.

* Real: x = z*,so a;, = a*,, thatis, a_;, = aj. Then |a;| is even in k and Zay, is odd.
» Real and even: even gives a_; = aj. Witha—; = a,*; thisis ar = a,*;, SO every ay is real, and even
ink.
« Real and odd: odd, z(—t) = —x(t), gives a_j, = —ay. With a_j, = a] thisis a} = —ay, so
Re{ar} = 0: every ay, is purely imaginary, and odd in k.
The rectangular wave of Example 4.7 is real and even, and its coefficients are real. The sawtooth of

Example 4.8 is real and odd, and its coefficients are purely imaginary. A real, even signal cannot have
as = 0.1 4 0.27, because that number is not real.

A real signal that is neither even nor odd splits into an even part and an odd part. Write each part as a
combination of () and z(—t). Apply linearity and time reversal, and then use a_j = aj for a real

signal:
Evi{z(t)} = 1z(t) + 32(—t) + 3ar+ ja—i = 1 (ar +a}) = Re{ar},
0dd{z(t)} = z(t) — 3z(—t) + ar — sa_ = 3 (ar — ar) = jIm{ax}.

The last equality on each line uses ay, + aj, = 2Re{ax} and ar — aj, = 25 Im{ax}. So the even part
of a real signal carries the real parts of the coefficients, and the odd part carries the imaginary parts. For
example, if z is real and a1 = 0.3 — 0.47, the coefficient of Ev{z} at k = 1is 0.3 and the coefficient of
Odd{z}is j(—0.4) = —0.45. For a real signal the coefficients at negative k carry nothing new:
compute them for £ > 0 and conjugate.

Re{ay} Im{a;}
0.6 - A A
0.4 - 0.2 A
0.2 1 ° o o o ! ° ° oo o o)
o o T ° ! ° ! ! ° ! ° ? o o) ’ : 5
-5 5 - 4
-0.2 - 0.2
k k
FIGURE 4.47 The delayed wave of the previous figure: FIGURE 4.48 Im{ay}, oddin k.

Re{ai}, evenin k.

Frequency shift and time scaling

Multiply x(t) by the harmonic eIMwit \ith M an integer, so the product keeps the period 1j. Rename
theindex as k = £ + M:
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o]

00
e]Mwot § : as e]!fwot: § : ageJ(HM)“’Ot: § Q01 e]kwot.

{=—00 {=—00 k=—00

So ejM“’Otw(t) < ay_ s the whole coefficient sequence slides M places. In discrete time,
eIM@r/N)ngln] < ay_yy by the same steps.

Time scaling in continuous time, z(at) with o > 0, changes the period to Tj /c and the fundamental
frequency to awy. Substitute at into the synthesis equation:

This is a Fourier series with fundamental frequency awg and the same coefficients. The coefficients are
unique, so they are the coefficients of x(at). Each a;, keeps its value and moves to the frequency kawy.
For example, if z(t) has ag = 0.3, then z(2t) also has 0.3 at k = 3, now at the frequency 6wj.

z(t) z(2t)

A A

A 4

Y

FIGURE 4.49 z(t) with Ty = 2. FIGURE 4.50 z(2t): the period halves to 1 and wy
doubles.

Discrete time has no x(an) for a fractional a. Its version of stretching inserts zeros. For a positive integer
m, define

zom ] = z[n/m], mn amultiple of m,
(m) 0, otherwise.

Every sample of x is kept and m — 1 zeros follow each one, so the period becomes mN. In the analysis

sum over one period of mNN samples, only n = mr withr = 0,..., N — 1 contributes, and there
Z(m)[mr] = x[r]. The exponent simplifies because 2% - mr = 2=
1 mN—1 1 N-1
ik 2T ik 2m
bk = W Z :I:(m)[n]e IJRmNT m w[r] e JR my mr
n=0 r=0
N-1
1 1 ; ag
_ = . — _']kNT = —.
m N 2 z[r|e -
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A\ NOT LIKE CONTINUOUS TIME
z(at) keeps its coefficients. () [n] divides them by m, because the same samples are averaged
over m times as many points. For example, m[n] = 1,0 repeatinghas N = 2 and ag = %

Stretched with m = 3 it becomes 1, 0,0, 0,0, 0 repeating, with ag = 3 - 3 = #:one 1 in six
samples.
z[n] z(3)[n]
1 1
5 10 15 20 25 5 10 15 20 25
n n
FIGURE 4.51 x[n|with N = 4. FIGURE 4.52 x(3)[n]: two zeros after each sample, period

12.

Periodic convolution
Two periodic signals cannot be convolved over aII time: the integral would not converge. Integrate over
one period instead. The result z fT t — 7') d has period Tj. To find its coefficients,

substitute z into the analysis equatlon and exchange the two integrals. In the inner integralputoc =t — 7
with 7 fixed; t over one period gives o over one period, and e JFwit = g=ikwoo g —jkwoT,

1 )
_ —Jjkwot
o= [ /T )yt =) dr et at
1 )
_ o —jkwot
=T (T) [ /T 0 y(t—7)e dt] dr
1 —jk / —jk
=— [ z(r)e?™7 | | y(o)e 7" do|dT
7 | =0 v }
_ L (1) e T [Ty by ] dr = Ty by, ay,.
To
PERIODIC CONVOLUTION
/-’L’(T)y(t—T)dT «— Ty ay by, > zrlyln—71] +— Naxbs
i

r=(N)

The discrete-time proof is the same with sums, and the factor is IV . Keep the factor T or IN: without it the
shape of the result is right and its size is wrong.

¢ EXAMPLE 4.13 — A RECTANGULAR WAVE CONVOLVED WITH ITSELF

GIVEN The rectangular wave with To =2 and T1 = 0.5:z(t) = 1for |t| < 0.5and 0 for 0.5 <
t| < 1, repeated. Let (¢ fT z(t —7)dr.
FIND The coefficients of z, its mean, and its shape.
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METHOD Here Tjy = 471, so Example 4.7 gives ag = 3 and a;, = sin(mk/2)/ (k). Apply the
periodic-convolution property with by, = a. For the shape, compute the overlap of the two
pulses directly.

SOLUTION  The property gives ¢ = Tha? = 2a3.Socy = 2 - % = % For odd k, sin?(7k/2) = 1
and ¢, = 2/(w?k?). Foreven k # 0, ¢, = 0. The mean of z is ¢y = 3. For the shape,
take 7 over the period —1 < 7 < 1 and 0 <t < 1. The first pulse is 1 on —% <T< %
The second, m(t — 7'), istont — % <T<t+ % They overlap on t — % <T< % of
length 1 — ¢. By symmetry the overlapis 1 + tfor —1 < ¢ < 0.So z(t) = 1 — |t| on
[t| < 1, repeated every 2: a triangular wave with peak 1.

1
cHELK The mean of the triangle over one period is 3 f — [t|)dt = [t - } =3-2-
0

% = ¢y. Also compute c¢; of the trlangle directly. The trlangle is even, so ¢ =

1
1=
: f (1 — |¢t|) cos(nt) dt = fo ) cos(mt) dt. By parts withu = 1 — t and dv =

1
cos(mt) dt [( — t)%”]o + fo %ﬂt dt=0+1 [—%ﬂt]o = 2. The property gives
2a2 = 2/7?

Y
Y

FIGURE 4.53 The rectangular wave, Ty = 2, T7 = 0.5. FIGURE 4.54 lts periodic convolution with itself: a

1

triangular wave, peak 1, mean 5

Multiplication

Multiply the two synthesis sums. Use a second index m for the second sum, so that the two stay separate.
Then collect the terms with the same total index k = ¢ + m, thatis, m = k — ¢:

Z as eJtwot Z b edmwot Zzaeb 6](Z+m wot

{=—00 m=—00
o0 o0

= X (X e

k=—00 fl=—00

The indices £ and k — £ add to k, so the new coefficients are a convolution of the two coefficient
sequences. In discrete time both synthesis sums run over one period. For fixed £, as m runs over one
period so does k = £ + m, and b repeats every N, so

Z Z agb e](Z+m (27 /N)n Z (Z aﬁbk K)e]k! 27r/N)

(=(N)m
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MULTIPLICATION

z(t)y(t) «— Z ag br_y, z[n]y[n] «— Z ag br—g
t—oo =)

® ONE PERIOD OF £

The discrete-time product sums over one period of £ only: it is a periodic convolution of the
coefficients. Discrete-time coefficients repeat, so a sum over all £ would add the same N products
again and again and diverge.

For example, take z(t) = y(t) = cos(wot), with a+1 = 3 and every other a; = 0. The product
cos?(wyt) has ¢y = a1a_; +a_ja; = %1 + ;11 = % andCi9g = @11G1] = %1. The terms for c; all
contain ag = 0, so c+1 = 0. This agrees with cos? § = 1 + 1 cos20 = 1 + 1% 4 1e=3%,

ag Ck
0.6 0.6
0.4 0.4
0.2 0.2
-2 2 4 2 2 4
k k
FIGURE 4.55 cos(wot): aty = 3. FIGURE 4.56 cos’(wot): the pair convolved with itself.

Differentiation and integration

Differentiate the synthesis equation term by term. The derivative of ekwit jg Jkwy eJkwot .
dz(t) > d . > ,
= ay — e/t — ikw, ay, ¥t
q Z L Z JRW ag,
k=—00 k=—00

So dz/dt <+ jkwgay. The factor grows with k, so differentiation raises the high harmonics. For example,
z(t) = sin(nt) has wy = wand a; = 2—1] The derivative has jkwga; = jm - % =Zatk=1

Directly, dz/dt = 7 cos(nt), whose coefficient at k = 1is 7.
Integration runs the same rule backwards. Suppose the running integral y(t) = ffoo :13(7') dr is periodic,
with coefficients ck. Then dy/dt = x, and the differentiation rule gives jkwock = ay, for every k. At

k = 0 this reads 0 = a,. So a periodic integral needs ag = 0. For k # 0, ¢, = a/(jkwy). The rule
does not fix ¢p, the mean of y; it depends on the constant of integration.
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DIFFERENTIATION AND INTEGRATION

dx(t ¢
2(?) +—— jkwqay, / z(r)dr +— _ak (k#0), onlyifay=0
de¢ oo Jkwo

If ap # 0, the mean integrates to the ramp agt, which is not periodic. Remove the mean, integrate the rest,
t t
then add agt back: .fo zdr = apt + fo (z — ap) dr.

z(t) integral integral
A
2 2 2
1 1 1
1 1 1 1 ; H 1 1 1 1 #
1 2 3 4 1 2 3 4 1 2 3 4
t t t
FIGURE 4.57 z(t), Ty = 2, mean FIGURE 4.58 fot x dr drifts upward.  FIGURE 4.59 f(f(a: —ag)drisa
ag = 0.5 (dashed). periodic triangle.

First difference and running sum

In discrete time the first difference takes the place of the derivative. By linearity and the time shift with
ng = 1,

z[n] —z[n — 1] «— ap — ap e FO/N) = (1- e*jk(zﬂ/N)) ay.

At k = 0 the factoris 1 — e? = 0: a difference of a periodic sequence always has mean zero. The
running sum s[n] = Y " x[r] satisfies s[n] — s[n — 1] = z[n]. If s is periodic with coefficients ¢,

the first-difference rule gives (1 — e‘jk(zﬂ/N))ck = ay. At k = 0 this reads 0 = a, the same condition
as for the integral. Otherwise ¢, = ak/(l — e—jk(27f/N))_

FIRST DIFFERENCE AND RUNNING SUM

. a ,
zn] —zn—1] +— (1—e k(2 /N))ak, Z z[r] — e_j]}z(%/N), only ifag =0

r=—0oo

If ag # 0, each period adds 3, @[r] = Nay to the running total, so the sum never repeats.

r=

Take z[n] = 1,1, —1, —1 repeating, with N = 4 and ag = (1 + 1 — 1 — 1) = 0. lts running sum
repeats every 4. Now take z[n| = 1,1, 1, —1 repeating, with aqg = %1(1 +1+1-1)= % Its running
sum climbs by Nag = 4 - % = 2 every period.
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sn] sn]

8 8

6 6

4 4

2 Ll ]

5 10 15 5 10 15
n n

FIGURE 4.60 x[n| =1,1,—1,—1,...: mean zero, and FIGURE 4.61 x[n| =1,1,1,—1,...:mean }, and s[n]
s[n} — Z?:o m[r] repeats. climbs by 2 each period.

Parseval’s relation

PARSEVAL'S RELATION

0]

1 2 2
7 [0 = 3 la
¥ 3 lebll’ = 3 [l
N

n=(N) k=(N)

The left side is the average power over one period, with the normalised convention R = 1 ). The right side

splits it among the harmonics: \ak\Q is the power carried by harmonic k alone, and the shares add up to the
total.

To derive the continuous-time form, write |z()|> = z(t) =*(t). Substitute the series for z, and the
conjugated series for * with a second index m so that the two sums stay separate. Then integrate over

one period. The orthogonality integral of Section 4.2 is Ty when m = k and zero otherwise, so only the
terms with m = k survive:

1 1 ‘ )
- m(t) :B*(t) dt = — < akejkwot) ( a:ne—]mwot> dt

- Z Z ara,, Ti I k=mlwnt q¢
P 0Jm
= ara =3 ol
k k
The discrete-time form follows by the same steps, with sums in place of the integral and the discrete

orthogonality of Section 4.4. For example, z(t) = 2 cos(wot) has a; = 1, so its power is |a;|? +
la_1|* = 2. Directly, %O fTo dcos?(wot)dt =4-1 =2.

¢Q EXAMPLE 4.14 — PARSEVAL’S RELATION FOR TWO WAVES
GIVEN The rectangular wave with Ty = 477 and the sawtooth with Ty = 1.

FIND The average power of each, in time and from the coefficients, and the share of the
rectangular wave’s power in its constant term.
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METHOD In time, integrate |:1:|2 over one period. From the coefficients, use Examples 4.7 and 4.8 and
the known sum » 7, -, 1/k?* = w? /6. Its odd terms alone add to 7% /6 — 3 - w°/6 = 7*/8,
because the eventermsare -, 1/(2m)*> = 1> -, 1/m?.

SOLUTION Rectangular wave, in time: |z|2 = 1 on || < T} and 0 elsewhere, so the power is
T
T f L 1dt = 2T1 = 3. From the coefficients, ag = 3, a2 = 1/(m*k?) for odd k, and
ap = O for even k: # (. The negative k repeat the positive ones:

1 1 2 7

2

G+2 ), mm=gtogg =
k odd>1

N
N =

+

=

Sawtooth, in time:

1/2 312 1 11
/ t2dt:lt—] = — 4 = =—.
. Ly 2424 12

= 1/(47°k?) and ap = 0:

From the coefficients,

o\t 1 ™ _ 1
2471'2]62 272 6 12

k>1

The constant term of the rectangular wave carries a(z) = 411 of the total % which is one half.

CHECK Both waves give the same power in time and from the coefficients.

Parseval’s relation also measures truncation error. By linearity, ey = * — x y has coefficients a; —
ap, = 0for |[k| < N and a;, — 0 = ay, for |k| > N. Parseval’s relation applied to ey gives

MSE——/|eN P dt =3 Jal”

|k|>N

The mean-square error of a partial sum is exactly the power in the dropped harmonics. For the rectangular
wave with Ty = 477 and N = 3, the kept power is 3 L4 2( + ) = 1 + 2 ng = 0.4752, so the

92

MSE is 0.5 — 0.4752 = 0.025, the first entry of the table in Section 4.3.

|z |? power kept
0.3 06
0.2 0.4
0.1 0.2
-10 5 5 10 5 10 15 20
k N

FIGURE 4.62 Power per harmonic of the rectangular wave ~ FIGURE 4.63 Power in the harmonics |k| < N. It reaches
with Tp = 47}. The stems add to 0.5. the total 0.5 (dashed) only in the limit.
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4.6 A periodic input through an LTI system

Apply the eigenfunction property of Section 4.1 to each term of the synthesis equation. The term akejk“’ot
is a complex exponential with s = jkwy, so the system multiplies it by H(jkwo). The system is linear, so
the outputs of all the terms add:

ONE MULTIPLICATION PER HARMONIC

z(t) = akejkwot — y(t) = akH(jka)ejkwﬂt
kzoo kzooT

Jl[n] = Z akejkwon N y[n] _ Z akH(ejkwo) ejkwon
R=) k=)

The output has the period of the input. The frequency response describes the system. For a periodic input,
calculate one product at each harmonic instead of a convolution.

Each b, is a product of complex numbers, so magnitudes multiply and phases add: |bk| =
lax| | H (jkwo)| and by, = Zay + £ H (jkw). For example, a1 = 1 and H (jwo) = e 7™/* give
bl = e_j“/‘l.

a_je I« — ) H(w) |— b et
ao | H(w) | aH()
asersot — H(w) |——p bl

FIGURE 4.64 Each harmonic is an eigenfunction. It passes through on its own and comes out scaled by H at its own

frequency.

Putting a real output back together
The result above is a sum of complex terms. Forreal ¢, a_;, = a,’:. For real h, conjugating H(jw) =
[ h(7)e 7T dr conjugates only the exponential, so H*(jw) = [ h(7)e™*7 dr = H(—jw).
Together, b_j, = a_ H(—jkwy) = a} H*(jkw,) = b}. Pair each k with —k, write by = |b;|e’“%, and
use e/ + e 7% = 2cos 6:

et 4 p_pe ket — |, |ei4bk gihwnt | |p, | @I 4 bk g = Thwnt

= |bg| [ej(kwot+4bk) + e—j(kwot—&-ébk)}

= 2|bk| cos (kw()t + Zbk).
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CONJUGATE-PAIR REASSEMBLY

y(t) = bo + Z 2|bk| cos(kwot + Abk)
k=1

bo has no partner, so it carries no factor of two. This is the amplitude—phase form of Section 4.2 applied to the
output.

® TWo SLIPS

The amplitude of the k-th cosine is 2|by,|, because both members of the pair contribute. Using |by,|
halves every amplitude. The phase is /by, the one for positive k; using Zb_, flips every phase. For
example, b; = 0.6e/%° with wy = 7 gives 1.2 cos(mt + 0.5), not 0.6 cos(nt + 0.5). Test any
reassembly by setting H = 1: it must return the input exactly.

amplitude

FIGURE 4.65 b; = 0.6e/5 with wy = 7. The pair k = +1 adds to 2|b; | cos(t + 0.5), amplitude 1.2 (solid). One term

alone gives half (dashed).

¢ EXAMPLE 4.15 — LOW-PASS FILTERING

GIVEN z(t) = 1 + cos(mt) 4 sin(2nt) + cos (37t + §) into the system with k(%) = e "u(t).
FIND The output signal.
METHOD The input is periodic and the system is LTI, so harmonic multiplication applies. Take H(jw)

from Example 4.1. Find Ty and ay, from z. Form by, = ax H (jkwo) and reassemble each
conjugate pair.

SOLUTION  Example 4.1 gives H (jw) = 1/(1 + jw), so |H(jw)| =1/v1 + w? and ZH (jw) =
—arctan w. |H| falls from 1 at w = 0 towards 0: a low-pass system. Next the input. The
component periods are 27w /m = 2, 27 /(2m) = 1 and 27/(37w) = 2/3 s. This is case (c)
of Example 4.4, so Ty = 2 s and wy = 7 rad/s. The three frequencies are 1w, 2wy and

3wy. Euler’s relations give the coefficients for positive k:

cos(mt) — a1 = 3,

sin(2mt) = Lel?™ — Le i g, = L — 1g=im/2

27 27 27 2

cos(37rt+ %r) — a3 = 5ej”/3,

with ap = 1 and a_j;, = a;. The values of H at the three harmonics are
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1
|H (jm)| = ——== = 0.3033, ZH(jm) = —arctanm = —1.2626,
1+ 72
[H(j2r)| = ———— — 0.1572, /H(j2r) — — arctan 27 — —1.4130,
1+ 4n?
1
|H(j37)| = ———== = 0.1055, ZH(j37) = —arctan3m = —1.4651.

V1 + 972

Now one product per harmonic, by, = ay H (jkm): magnitudes multiply and phases add.

by = apH(j0) =1-1=1,

by = 1(0.3033) e /1% = 0.1517e 71?%,

by = £(0.1572) e/ "T/2714130) — 0, 0786 9294,
by = 1(0.1055) &/("/371465) = ,0528¢ 70418,

Finally reassemble each pair into a cosine of amplitude 2|bk| and phase Zby:

y(t) = 1+ 0.303 cos(mt — 1.263) + 0.157 cos(2mt — 2.984)
+ 0.106 cos(3nt — 0.418).

Each amplitude is 2|bx|: 2 - 0.1517 = 0.303, 2 - 0.0786 = 0.157, 2 - 0.0528 = 0.106.
The average is by = 1, since H(0) = 1. The third harmonic falls from amplitude 1 to 0.106
, about one tenth. The output ranges from about 0.615 to 1.417; half the amplitudes would
give only 0.81 to 1.21.

|H (jw)| amplitude

A

® . >
I I I Ll ' I ¥ Ll
m 2n 3 1 2 3
w (rad/s) t
FIGURE 4.66 |H (jw)| with the four input harmonics FIGURE 4.67 xz(t) (dashed) and y(t) (solid): the average
marked at kwg, wy = 7. stays at 1 and the fast wiggles shrink.

¢ EXAMPLE 4.16 — HIGH-PASS FILTERING

GIVEN

FIND

METHOD

Jjw
1+ jw’

The same z(t), now into a system with H (jw) =

The output signal.

Use the same harmonic multiplication as in Example 4.15. Find the magnitude and phase of
the new H, compute each by, and reassemble the pairs.
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The magnitude of a quotient is the quotient of the magnitudes, and its phase is the difference
of the phases. The numerator jw has magnitude |w| and phase + /2 for w > 0, — /2 for
w < 0. The denominator 1 + jw has magnitude /1 + w? and phase arctan w:
w U
! ZH(jw) = B sgn(w) — arctan w.
First, H(j0) = 0/(1 + 0) = 0, so by = agH (j0) = 0 for every input: removing the
average is what a high-pass system does. For k > 1, with the values of v/1 + k272 and
arctan(km) from Example 4.15,

3.1416

|H(jm)| = 3 55e = 0-9520,  ZH(jm) = 1.5708 — 1.2626 = 0.3082,

_6.2832

|H (j2)]

=0.9876, ZH(j2m)= 1.5708 —1.4130 = 0.1578,

=0.9944, /H(j3m) = 1.5708 — 1.4651 = 0.1057.

The input coefficients are as before: a1 = % az = ;e , a3 = %ej”/?’. Multiply the
magnitudes and add the phases:
b1 =
by =
by =

(0.9529) 703082 — (04764670308,
(0.9876) oJ(—m/2+0.1578) _ 0.49386’3'1'413,

1
3
1
2
1(0.9944) &1 (7/3+0-1057) — () 497971153,

Pair k with —k as before:
y(t) = 0.953 cos(mt + 0.308) + 0.988 cos(27t — 1.413) + 0.994 cos(3nt + 1.153).

There is no constant term, because by = 0.

|H (jkm)|is close to 1 for k = 1,2, 3. So y should look like z with its average of 1
removed, and the output amplitudes must be close to 1. Amplitudes of 0.48, 0.49 and 0.50
would show that the factor of two is missing. Phases of —0.308, +1.413 and —1.153
would show that they were read from b_,.

|H (jw)| amplitude

Y

1 1 1
1 2n 31

w (rad/s) t

FIGURE 4.68 |H(jw)| of the high-pass system, with the FIGURE 4.69 z(t) (dashed) and y(t) (solid): the
same four harmonics. harmonics pass almost unchanged and the average drops to

0.
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Ideal frequency-selective filters

A frequency-selective filter passes some bands of frequency and stops others. The ideal low-pass filter
passes every frequency below a cutoff unchanged and removes every frequency above it:

IDEAL LOW-PASS FILTER

ag, ‘k|w0 < W,
0, [|klwo > we

L fw| <w.
0, |w|>we

H(jw) = { = br, = arH (jkwo) = {

|w| < w, is the passband, the rest is the stopband, and w,. in rad/s is the cutoff frequency. A real filter can only
approach this shape. For a periodic input, the output is a partial sum of the input series, so beside each jump it
shows the Gibbs ripple.

¢ EXAMPLE 4.17 — AN IDEAL LOW-PASS FILTER ON A RECTANGULAR WAVE

GIVEN The rectangular wave with Ty = 2 and T} = 0.5, so wy = 7 rad/s, into an ideal low-pass
filter with w. = 3.57 rad/s. Then the same wave with w, = 2.57 rad/s.
FIND Both outputs.

METHOD Here Tjy = 4T}, so Example 4.7 gives ag = 1 and a;, = sin(wk/2)/(rk). Keep the
harmonics with

k:|7r < we. The coefficients are real, so each pair gives 2ay, cos(kﬂ't).

SOLUTION  With w, = 3.57 the passband keeps |k| < 3. The kept values are ag = % a1 =1/m,
a9 = 0 and a3 = —1/(371') So

1 2 2
y(t) = = + — cosmt — — cos 3t.
2 7 3

With w, = 2.57 the passband keeps |k| < 2, and a5 = 0, so only one cosine remains
besides the constant:

1 2
y(t) = = + —coswt.
2 0w
CHECK At the jump t = 0.5, cos(m/2) = cos(37/2) = 0, so both outputs equal =, the midpoint of
the jump from 1 to 0. At £ = 0 the first output is % % — % = % + % = 0.924, close to
z(0) = 1.
H(jw), |ax| amplitude
A A
1 1 - -
0.5 ¢
-3 3n 6r 1 2
w (rad/s) t
FIGURE 4.70 w, = 3.57:the harmonics inside the FIGURE 4.71 The output (solid) is the partial sum with
passband pass unchanged; the rest are removed. N = 3 of the wave (dashed).
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Frequency-shaping filters

A frequency-shaping filter changes the relative size of the harmonics instead of passing or stopping whole
bands. An audio equaliser is one: it raises or lowers the bass and the treble. The differentiator, H (jw) =
jw, is a simple example. It gives by = jkwq ar, which is the differentiation property of Section 4.5. Its
gain |k|wg grows with k, so the high harmonics are raised.

¢ EXAMPLE 4.18 — A DIFFERENTIATOR RAISES THE THIRD HARMONIC

GIVEN z(t) = cost + § cos 3t, so wy = 1 radss, into H (jw) = jw.
FIND The output, and how the size of the third harmonic relative to the first changes.
METHOD Read the a;, with Euler’s relation, form b;, = jkwyays, and reassemble the pairs.

SOLUTION g ; = % and a3 = 11—8.Then by=34-1- % = %ejﬁ/Z andbs =j-3- 1i8 — %ejﬂ/Z_

Reassemble with amplitude 2|by| and phase by, and use cos(f + 7/2) = —sin6:
y(t)=2-1cos(t+ %) +2- tcos(3t+ ) = —sint — % sin 3t.

The third harmonic is % of the first at the input and % at the output. The ratio grew by a factor
of 3, the ratio of the gains |H (53)|/|H(51)| = 3/1.

CHECK Differentiate directly: % (cost + % cos 3t) = —sint — % sin3t = —sint — % sin 3t. In

the same way, for x(t) = cos 27t + cos 47t the gains are 27 and 4, so the second
harmonic comes out twice as large as the first.

FIGURE 4.72 The input. The dotted trace is its third FIGURE 4.73 The output. Its third harmonic, —% sin 3t, is

harmonic, % cos 3t. relatively three times larger.

Discrete-time filtering

¢ EXAMPLE 4.19 — TWO TWO-TAP FILTERS ON AN IMPULSE TRAIN

GIVEN zn) =" _ &[n — 4m], and the systems hy[n] = 0.56[n] — 0.56[n — 1] and
han] = 0.56[n] + 0.58[n — 1].

FIND Both output signals.

METHOD The input is periodic and both systems are LTI, so discrete-time harmonic multiplication

applies. Find ay, for the impulse train, compute b, = aj H (e/*) with wy = 2w /4 = 7/2,
and reassemble the pairs.
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First the input coefficients. One period is n = 0, 1, 2, 3 and contains one impulse, at n = 0,

so
1< . 1 . 1
ar = 7 Zm[n] e Tk(m/2n — 1 1. e 7R/2)0 — 1 for every k.
n=0
The spectrum is flat. One period of coefficients is k = —1, 0, 1, 2. Next the frequency

responses, from H (e) = 3~ h[n]e~7*". Factor out e #/2 as in Example 4.2:

Hy(e™)=05(1—e ™) = 0.5¢ /2 (ej“’/2 - e*j“’/z) — je /2 sin(w/2),
Hy(e) =05(1+e ) = e /2 cos(w/2).
So |Hi| = |sin(w/2)|is0atw = 0 and 1 at w = 7: a high-pass system. |Ha| =

| cos(w/2)| is the reverse: a low-pass system. Evaluate H; at the harmonics w =
0,7/2,7, using e 72 = —jand e " = —1:

Hi(e°) =0.5(1—1) =0,
Hy(e7™?) = 0.5(1 + j) = 0.5v/2 /™4 = 0.7071e™/4,
Hi(e™) =0.5(1+1) = 1.
Multiply by aj, = 1:by = 0, b; = 0.25(0.7071)e’™/* = 0.1768e’™/* and by = 0.25. Also

b_1 = by = b} = 0.1768e7"/*. The pair k = £1 gives a cosine of amplitude 2|b;| = 2 -
3@ = % = 0.354 and phase 7 /4. The term k = 2 has e/2(7/2)" = /™ — (—1)". So

yi[n] = 0.354 cos<gn n %) +0.25(—1)".

For hy the same three evaluations give
Hy(e?) = 0.5(1+1) =1,
H,(e™?) = 0.5(1 — j) = 0.7071e /4,
Hy(e'™) = 0.5(1 — 1) = 0,

so by = 0.25, by = 0.1768e 7™/ and by, = 0, and

ya[n] = 0.25 + 0.354 cos(gn _ %) ,

Apply hq directly. y1[n] = 0.5z[n] — 0.5z[n — 1] turns each impulse into 0.5 followed by
—0.5, so one period is 0.5, —0.5, 0, 0. The formula gives the same: at n = 0,

0.354 cos(m/4) + 0.25 = 0.25 + 0.25 = 0.5; atn = 1, 0.354 cos(37/4) — 0.25 =
—0.25 — 0.25 = —0.5;atn = 2, 0.354 cos(57/4) + 0.25 = 0; atn = 3,

0.354 cos(7m/4) — 0.25 = 0. For h2 each impulse spreads into two samples of 0.5: at
n=0,0.25 + 0.354 cos(—m/4) = 0.5, and at n = 2, 0.25 4 0.354 cos(37/4) = 0.
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A THE TERM AT k= N/2

With N = 4, the term k = 2 is its own partner: €™ = (—1)" is real, and k = —2 lies in the same
period as k = 2. It enters once, as bg(—l)", without a factor of two. The high-pass system removes
bo and keeps ba. The low-pass system keeps by and removes bs. Both frequency responses repeat
every 27 in w.

y1[n] y2[n]
A A

0.5 _ ] ] ] ] ] ] 0.5 |

o L o oo o > ‘ ‘ ‘ ‘ ‘ ‘ ‘

_10 _5 5 10 L an 4 ¢ @ @ e L 2n 4 -
-0.5 - 1 10 5 5 10

n n
FIGURE 4.74 High-pass hi: zero average. FIGURE 4.75 Low-pass hso: the average remains.

A first-order recursive filter

The two-tap filters use inputs only: they are nonrecursive. A recursive filter also uses its own previous
output. The simplest one is

yln] —ayln -1 =z[n], || <1.

lts frequency response follows from the eigenfunction property. Put in z[n] = /™ and y[n] =
H(e) e*™, then divide by e/“™:

Hejwn . aHejw(nfl) _ ejo.m
H(l — ae*j“’) =1
1

H(e) = 1

The condition |a| < 1 makes the system stable. From initial rest, the impulse response satisfies h[0] = 1
and h[n] = ahln — 1] forn > 1, so h[n| = a™u|n]. Its absolute sum is a geometric series with ratio
la] <1:>°7 ,la|™ =1/(1 — |a|), which is finite. The same h gives the frequency response again, as
a geometric series with ratio ae 7, where |ae | = |a| < 1:

o0 o0
HE) = 3t = 3 (e k) =
n=0 n=0

The gain at the two ends of the band shows what the filter does. At w = 0, e 90 = 1, andatw = m,

e " =—1,s0

1
1—a

i 1 jw
COHE) =, ) =

1
V1—2acosw +a?

H(e) =

The last form uses |1 — ae|? = (1 — acosw)? + (asinw)? = 1 — 2a cosw + a?. With a > 0 the
gain is largest at w = 0: the filter is low-pass. With a < 0 it is largest at w = 7: the filter is high-pass. At
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a = 0everygainis 1. Fora = 0.5, |[H(e/™)| = 1/(1+0.5) = 2.
[H (e7)] [H (e7)]
2 2 - 2 o
w (rad/sample) w (rad/sample)

FIGURE 4.76 a = 0.6: gain 2.5 at w = 0, low-pass. FIGURE 4.77 a = —0.6: gain 2.5 at w = =, high-pass.
¢ EXAMPLE 4.20 — A RECURSIVE FILTER ON AN IMPULSE TRAIN
GIVEN zn|=> " d[n—4mlintoy[n] —0.5y[n — 1] = z[n|.
FIND The output y[n).
METHOD Take a;, = i and wy = 7/2 from Example 4.19. Evaluate H (e/*™/2) for k = 0,1, 2, form

br., = arH (e’*"/?), and reassemble.

SOLUTION  With a = 0.5, H(e®) = 1/(1 — 0.5e ). At the harmonics, using e 7"/ = —j and

eI = —1:
. 1

Joy —9
H(e") =155 =2

H(em?) = —~

1+0.55
H(ej“) — 1 — g
1+0.5 3

For the middle value, |1 + 0.5j| = v/1.25 = 1.118 and Z(1 + 0.55) = arctan 0.5 =
0.464 rad, so H(e/™/?) = 0.894¢~70-464 Then

h=t2=1,
by — 1 i/045‘ _ 10.12158 e 70464 _ () 9936, 10464,
5] :

-1, 2__1
b2_4 37 6"

Also b_1 = b3 = b, because x and the filter are real. The pair k = +1 gives amplitude
2|b;| = 0.447. The term at k = N /2 = 2 enters once, as by (—1)™:

yln] = % + 0.447cos<gn — 0.464> + (1_;(_1)11-

CHECK Run the difference equation over one period. For n = 1,2, 3 the input is zero, so y[1] =
0.5y[0], y[2] = 0.25y[0] and y[3] = 0.125y[0]. At » = 4 the next impulse arrives and
y[4] = y[0] by periodicity: y[0] = 1 + 0.5y[3] = 1 + 0.0625y[0], which gives y[0] =
1/0.9375 = 16/15 = 1.067. The formula gives 0.5 + 0.447 cos(—0.464) + 0.167 =
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0.5+ 0.4 + 0.167 = 1.067, since 0.447 cos(0.464) = /0.2 - 2/v/5 = 0.4. Atn = 1 it
gives 0.5 + 0.447 sin(0.464) — 0.167 = 0.5+ 0.2 — 0.167 = 0.533 = y[0]/2.

“’Jl' 1_127 |

FIGURE 4.78 The output of Example 4.20. Each impulse leaves a tail 0.5" that reaches into the next period, because the
output feeds back. Each two-tap response of Example 4.19 ended after two samples.

4.7 Summary

The two tables collect the properties of Section 4.5. To use them, recognise the signal as a known one
with an operation applied. Look up the known coefficients, apply the rows in order, and check a( against

the mean of the signal.
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TABLE 4.2 Properties of the continuous-time Fourier series.

PROPERTY CONTINUOUS TIME, PERIOD Ty, wy=27/Tp
Linearity Az(t) + By(t) < Aay + Bby

Time shift z(t —tg) > ape Folo

Frequency shift eIMwty(t) < ap_pr, M an integer
Conjugation z*(t) < a*,

Time reversal z(—t) < a_p

Time scaling z(at) < ap, o> 0, period Ty/a

Periodic convolution Jr, z(T)y(t — 7)dr < Toarby
Multiplication z(t)y(t) < Y0 . abie

Differentiation dz/dt < jkwoas

Integration fjoo z(T)dr < ai/(jkwy), onlyif ag = 0
Real signal a_p = ai: |ax| even, Zay odd

Real and even ay, real and even

Real and odd ag, purely imaginary and odd

Even and odd parts Ev{z} < Re{ar}, Odd{z} <> jIm{as}, forreal z
Parseval Tio Jo, l2(@®)2dt =32, |ar?
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TABLE 4.3 Properties of the discrete-time Fourier series.

PROPERTY
Linearity

Time shift
Frequency shift
Conjugation

Time reversal

Time scaling
Periodic convolution
Multiplication

First difference
Running sum

Real signal

Real and even

Real and odd

Even and odd parts

Parseval

DISCRETE TIME, PERIOD N, wy=2r/N
Az[n| + By[n| < Aaj + Bb;

z[n —ng] < ape 7FCET/NIno

ejM(z’r/N)”:L'[n] < ag_p, M aninteger

z*[n] < a*,

z[—n] < a_g

Ty [n] < ag/m, period mN

>y 2rlyln — 1] < Napb

zlnly[n] < > ) abie

zn] —zn—1] + (1- e‘jk(2”/N))ak

S zlr] < a/(1— e /N onlyifay =0
a_p = ai: |ax| even, Zay odd

ay, real and even

ag purely imaginary and odd

Ev{z} < Re{ar}, Odd{z} <> jIm{as}, for real x

v an(N) |z[n]? = Zk:(N) |a|?

/A WHERE DISCRETE TIME DIFFERS

The coefficients repeat, ar+ny = a. So multiplication sums over one period, time scaling carries
1/m, and a first difference takes the place of the derivative.

Checklist

1. Confirm that the signal is periodic and find 1, or N before anything else.

2. Setwy = 27r/T0 or 27T/N and write every component frequency as a multiple of it. That multiple is k.

3. If the signal is already a sum of sinusoids, read the coefficients off with Euler’s relations. Otherwise
integrate or sum, treating k = 0 separately.

4. Compare ay with the average of the signal, and check the symmetry: a real signal gives a_j, = aj.

5. Through an LTI system, by, = aH (jkwo): one product per harmonic.

6. To return to a real signal, pair k with —k: amplitude 2|by,

, phase Zby. The term by stands alone, and

in discrete time so does the term at k = N /2.

Where Chapter 5 begins

Everything in this chapter needed the signal to repeat. A single pulse does not repeat. It has no
fundamental period and no harmonics to carry coefficients. The rectangular wave already showed the way
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out: its coefficients were samples of one envelope, taken every wy = 27 /). Keep one pulse and let T,
grow. The envelope stays the same while the samples crowd together and shrink as 1/T0.

WHERE CHAPTER 5 BEGINS
Tp—o0 o .
Toay = E(kwy)) ——— X(jw) :/ x(t) e 7t dt
—o0

In the limit the stems merge into the curve they were always sampling. That curve is the Fourier transform, a
continuous spectrum for a signal that does not repeat.

Exercises

4.1 Two periodic signals have fundamental periods 2/9 s and 8/21 s. Find the fundamental period of their
sum, and check it by division.

Answer: Ty = LCM(2,8)/ GCD(9,21) = 8/3s. Check: (8/3)/(2/9) = 12 and (8/3)/(8/21) = 7, both whole,
and gcd(12,7) = 1.

4.2 Forz(t) = 1 + 5 cos(2mt) + sin(3nt), state ag and explain in one sentence why it is not zero.
Answer: ag = 1: the constant term is the £ = 0 harmonic, and it is also the average of the signal, since both sinusoids
complete whole cycles in one period.

4.3 A rectangular wave has Ty = 871. Find ag and as.
Answer: ag = 2T, /Ty = 1/4 and ay = sin(7/2)/(27) = 1/(27) = 0.159.

4.4 Areal signal has wy = 2rad/s, ay = —1 + j, a_y = a3, and every other coefficient zero. Write it in
amplitude—phase form and in cosine—sine form.

Answer: Ay = /2 and 0, = 37 /4, since —1 + j lies in the second quadrant. So z(t) = 2+/2 cos(4t + 37 /4).
With By = —1 and Cy = 1, z(t) = 2|— cos 4t — sin 4t] = —2 cos 4t — 2sin 4t.

4.5 Explain why the finite geometric sum used for the discrete-time square wave requires 7 # 1 and not
|r| < 1, and say what happens at the excluded value.

Answer: A finite sum always has a value; only the closed form fails, where its denominator 1 — r vanishes. Here |r\ =
1 atevery k, so ]r\ < 1 would exclude the sum entirely. At » = 1, that is, k a multiple of IV, every term is 1 and the
sumis 2N; + 1.

4.6 Afiltered signal has b; = 0.1517e 71263 and w, = 7 rad/s. Write the contribution of the pair k =

41 to the real output.
Answer: 2|b | cos(mt + £by) = 0.303 cos(mt — 1.263).

4.7 A square wave and a triangular wave are truncated to the same number of harmonics. Which is
approximated better, and which shows a Gibbs overshoot?

Answer: The triangular wave: its coefficients decay like 1/]{:2 against 1/k, so its dropped power falls like 1/N3 rather
than 1/N. Only the square wave has a jump, so only it shows a Gibbs overshoot.

4.8 Find the gains at w = 0 and w = 7 of the recursive filter y[n] + 0.5 y[n — 1] = x[n]. Is it low-pass
or high-pass?

Answer: Here a = —0.5. H(e’?) = 1/(1 —a) = 1/1.5 = 2 and H(e/™) = 1/(1 + a) = 1/0.5 = 2. The gain is
largest at w = T, so the filter is high-pass.
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CHAPTER

The continuous-time Fourier
transform

The continuous-time Fourier transform describes a signal that does not repeat by a continuous function of
frequency. To derive it, repeat a finite-duration signal with a period and let the period grow without bound.
The harmonics crowd together, and the Fourier-series coefficients close onto one curve: the transform.

The transform is useful for the same reason as the Fourier series. Convolution in time becomes
multiplication in frequency, for every signal that has a transform. The frequency response of an LTI system
still says what the system does to each frequency. The chapter follows six steps: the transform itself (5.1),
the standard pairs (5.2), periodic signals (5.3), the properties (5.4), convolution and multiplication (5.5),
and systems described by a differential equation (5.6). Section 5.7 collects the results.

5.1 From series to transform

The periodic extension of a pulse

Let z(t) be zero for |¢| > T1. The number T7 is the half-width of the support and belongs to the signal
alone. Build a periodic signal & by repeating the pulse every T' seconds, with T' > 2717 so that the copies
do not touch:

Et)= > at-ml), &t)=it+T), T>20.
The extension is periodic, so the Fourier series of Chapter 4 applies to it. Inside one period & equals the
original pulse. The signal fixes 17 ; only the period 1" is ours to choose. Increase 1" while keeping the
,and Z(t) — x(t) for every t as

central pulse fixed. The neighbouring copies move to larger values of |t
T — oo.

FIGURE 5.1 The periodic extension of the pulse z(t) = 1 on [¢t| < 1, with T = 5T}. The condition T' > 2T keeps the
copies apart.
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The coefficients are samples of one curve

Apply the analysis equation of Chapter 4 to & over one period. Inside that period £ = «, and outside
|t| < T the integrand is zero, so the limits may be opened to all of time:

T/2 1 00 ) 27.(-

= — 7 (t)e Mot dt = / z(t)e ot dt,  wy = =.
/T/2 ( T —00 T

The right-hand integral has the same form for every k; only the frequency kwy changes. Replace that

frequency by the continuous variable w and define the transform.

DEFINITION OF THE TRANSFORM

o
X (jw) = / z(t) e’ dt, T ar, = X (jkwo)

—00
X (jw) is defined for every real w, not only at the harmonics. Every coefficient of the periodic extension is one
point of the curve X, scaled by 1/T. The curve is built from the pulse alone, so a larger T' cannot move it. A
larger T" only makes the spacing wy = 27 /T smaller. For the pulse of half-width 7; = 1 and the period T =
8, for example, 8ag = X (j0) = 277 = 2, and the same value holds at every period.

Tak Ta'k
A A
2 P N 2
4 \
) 111 }
A 1
- o . P ol 11ty 1 Jmn.
Y\ l ’7 “\ ,/Y » Y‘ulu‘l’
2nt e n & 2n 3n -2m - 3
w w
FIGURE 5.2 T = 47T;. FIGURE 5.3 T = 167}: the same dashed curve, sampled

four times as finely.

The sum becomes an integral

Putar = %X(jkwo) back into the synthesis equation of Chapter 4. Then replace 1/ by wq /27, which
is the definition wy = 27 /T solved for 1/T". Nothing has been approximated yet:

[e9]

k=—00

Z X (jkwo) elkwnt

k—foo

= % Z X(]kwo) ejkwotw().

k=—00

Every term now contains the width wg, so the expression is a Riemann sum: a sum of strips of height
X (jkwg)e*ot and width wy. Let T — co. Then Z(t) — x(t), the width wy becomes dw, the sample
frequencies cover the whole frequency axis, and the sum becomes an integral.
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A X (jw)
N 71 | TN
1- // \\
/ \ m#
-Mﬂ Mﬂ 3n

w [rad/s]

FIGURE 5.4 The strips of the sum for T' = 677, each of height X (jkwy) and width wy = /3. As the width shrinks, the
strips fill the area under the curve.

THE CONTINUOUS-TIME FOURIER TRANSFORM PAIR

X (jw) = /00 x(t) e ¥t dt (analysis)

1 [ g
z(t) = 3 / X (jw) €' dw (synthesis)

Analysis integrates over ¢ and leaves a function of w: a signal goes in and a spectrum comes out. Synthesis
integrates over w and leaves a function of ¢: a spectrum goes in and a signal comes out. The factor 1/27r
arrived as w0/27r when the spacing was substituted, and it stays on the synthesis side. Without it, every value
of the rebuilt signal would be 27 times too large. The pair is written z () <> X (jw), with the argument jw and
never w alone.

/A WHICH EQUATION IS WHICH
The variable of integration settles it. Integrating time away produces a spectrum, and that is analysis.
Integrating frequency away produces a signal, and that is synthesis. The analysis exponent carries
the minus sign; the synthesis exponent is positive and carries the 1/27r. The line a:(t) =

[ X (jw)e 7" dw therefore contains two errors: the factor 1 /27 is missing, and the exponent must
be +jwt.

The case of a letter carries meaning. The small letter names the signal and takes t. The capital letter
names its spectrum and takes jw. In this course X is the spectrum of a signal, and H is the frequency
response of a system.

When the transform exists

Two conditions each guarantee that X (jw) exists. They are alternatives, joined by "or", and neither
implies the other.

1. Condition A, finite energy. [~ |z(t)|> dt < co.
2. Condition B, the Dirichlet conditions. z is absolutely integrable, [~ |z(t)|dt < oo, and has
finitely many maxima, minima and finite jumps in any finite interval.

Many signals meet both. The signal e *u(t) has area [, e % dt = [6_2’5/(—2)}80 =0—(-3)=3

and energy fooo et dt = [e_4t/(—4)]§o = 411; both are finite. That the conditions are independent is
shown by one example each way. The signal sin(t) /¢ has finite energy, but its modulus decays only like
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1/|t|, so its area diverges. The signal 1/4/ton 0 < t < 1 has area [2\/5}3 = 2, but its square is 1/t,

1
whose integral [ln t] 0 diverges at the lower limit.

Convergence at a jump

The rectangular pulse (t) = 1 for |t| < 1, and 0 elsewhere, meets the Dirichlet conditions. Its transform
is X (jw) = 2sinw/w (Example 5.5 with 77 = 1). Put this transform into the synthesis equation, but
keep only the band |w| < T. The question is what the result zy (¢) does as W grows, above all at the
two jumps t = +1.

W .
1/ 2sinw 5t g,

ww(t) = % S €

Write €/t = cos(wt) + j sin(wt). The factor 2 sin w/w is even in w. Its product with the odd function
sin(wt) is odd, so that part integrates to zero over the symmetric band. Its product with cos(wt) is even,
so that integral is twice the integral over 0 < w < W. Then the identity sin acos 5 = % sin(a + 8) +

1 sin(a — ), with @ = w and 8 = wt, splits the integrand in two:

2
1 (% 2sinw
t) = — t)d
zw(t) 277/W - cos(wt) dw

2 " si t
_ _/ sinw cos(wt) dw
0

s w

1 /W sin(w(1 +t)) + sin(w(1 — t))

T w

dw.

Each term becomes the sine integral Si(z) = foz %‘ du after one substitution. In the first term put u =
w(1+t),sodu/u = dw/w, and the limits w = 0 and w = W become u = 0 and u = W (1 + ¢).
The second term is the same with 1 — ¢ in place of 1 + ¢. The function Si is odd, so Si(W (1 — t)) =
—Si(W(t —1)):

2 (t) = %[Si(W(t +1)) = Si(W(t - 1))]

Si(z) rises from 0, overshoots, and settles at /2 as z — 0. lts largest value is at z = 7, where
Si(m) = 1.851937. Three facts follow.

1. Away from the jumps, 2y — . For |t| < 1, W(t + 1) = +ooand W(t — 1) — —o0, so
zw — =[Z + Z] = 1. For || > 1 both arguments have the same sign, and the two terms cancel in
the limit: xyr — 0.

2. Ata jump, Ty tends to the midpoint. Att = 1, zy,(1) = = [Si(2W) — Si(0)] = < Si(2W) —
Ly-1

3. The overshoot does not shrink. Just inside the jump, att = 1 — /W, the arguments are W (t —

1) = —mand W (t + 1) = 2W — . For large W the second is large, so zy &~ < [Z + Si(7)] =
L | L8slost
™

= 1.0895. The peak moves towards the jump, a distance of about 7w /W away, but its
height tends to 1.0895, not to 1.

The energy of the error still goes to zero. By Parseval’s relation (Section 5.4) the error x — xw has
energy 5- f|w|>W | X (jw)|? dw, which is the tail of a finite integral and tends to 0. So the overshoot
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keeps its height while the energy of the error vanishes. The partial sums of a Fourier series behave the
same way at a jump (Chapter 4).

Ty (t) Ty (t)

A A

FIGURE 5.5 W = 12 rad/s. The highest value is 1.096. FIGURE 5.6 W = 48 rad/s. The ripples crowd to the
jumps; the highest value is 1.089.

In both panels the dashed pulse is z(t) and the fine dashed line marks 1.0895. At small W the ripples
from the two jumps overlap and push the highest value a little above 1.0895.

Transforms in the limit

Neither condition is necessary. A constant, a complex exponential and every periodic signal have infinite
energy and infinite area, so they fail both conditions. They still have spectra, in the limiting sense: the
transform is an impulse, defined by what it does inside an integral, exactly as 5(t) is. Every property of
this chapter still applies to such a transform.

Take the pair el <+ 2a/(a® + w?) from Example 5.4 and let a — 0. The signal tends to the constant
1. The transform grows tall at w = 0, where it equals 2a/a? = 2/a, and narrow, since it falls to half that
height at w = 4-a. For a = 0.5 the peak is already 4. Its area does not depend on a at all:

o 2 00
/ %dw: [Ztan_lg]
0 A7 T W al—oo

* ~2(5) ~2(5) =

A curve of fixed area 27 that becomes tall and narrow tends to an impulse of weight 27. So 1 <> 276 (w)

X (jw)
8 3
4 ®
2 '}
| 1 1 1 1 I:
-31/2 -Tt -T2 w2 h 32 2n

w [rad/s]

FIGURE 5.7 The transform 2a/(a® + w?) fora = 1, 0.5 and 0.25, with peaks 2, 4 and 8. Every curve has area 27.
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5.2 The standard pairs

Most problems start from a few standard pairs. A property of Section 5.4 then turns a standard pair into the
transform that is needed. This section derives the pairs.

¢ EXAMPLE 5.1 — THE IMPULSE AND THE SHIFTED IMPULSE

GIVEN z(t) = 6(t), and then z(t) = &(t — to) with ¢ a fixed time.
FIND X (jw) in both cases, with magnitude and phase.
METHOD The signal is an impulse, so the sifting property evaluates the analysis integral directly.

Substitute the impulse into the analysis equation.

SOLUTION  Substitute z(¢) = &(¢) into the analysis equation. The sifting property [ §(t)g(t) dt =
9(0) evaluates the exponential at t = 0:

—jw-0 _

FL5() = /_ " S() et at
1.

=€

Every frequency is present, equally, with no phase. For the shifted impulse the sifting
happens at t = to, because d(t — t¢) is zero everywhere except at that instant:

FL5(t— t)} = / 5(t — t) e " dt
:e:;‘jto.

Write this in polar form: e 7% has modulus 1 and angle —wt, so

(X(jw)l =1,  £X(jw) = —wt.

CHECK Push e 7“% pack through the synthesis equation. Combine the two exponentials first:
1 . .
z(t) = — e Wh eIt du

21 ) _ o
1 o0

= — ef(t0) d¢y
2 J_ o
1

= — 218t —ty) = 8(t — ty).
2

The last line uses [ €T dw = 27 (7), which is the pair 1 + 27d(w) of Section 5.1 with
the roles of ¢ and w exchanged. Reading: moving a signal in time changes no magnitude; it
turns each frequency component by an angle proportional to its frequency.

¢ EXAMPLE 5.2 — ONE IMPULSE IN FREQUENCY

GIVEN X (jw) = 2w (w — wo).
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z(t).

The spectrum is an impulse, so use the synthesis equation and apply sifting in the variable w

Substitute the spectrum into the synthesis equation. The impulse sits at w = wy, so sifting
evaluates e’** there:

1 [~ ;
z(t) = o 27 §(w — wy) e dw
2 * ;
=z / §(w — wp) e dw
2m J_ o
= e/t

The 27 of the impulse weight and the 1 /27 of the synthesis equation cancel exactly. That is
why the weight is written as 27 and not as 1.

|z(t)] = 1 and Zx(t) = wot. With an impulse of weight 1 the answer would be %ej“’o’f,
which is not a unit-amplitude exponential. The factor sets the amplitude.

TWO CONSEQUENCES OF THE COMPLEX-EXPONENTIAL PAIR

et ¢« 2md(w — wo), 1 +— 276(w)

The second is the first at wg = 0, and it agrees with the limit taken in Section 5.1.

¢ EXAMPLE 5.3 — THE ONE-SIDED EXPONENTIAL

GIVEN

FIND

METHOD

SOLUTION

z(t) = e “u(t), with a a real constant.
X (jw), the condition on a, and the magnitude and phase.

The unit step makes the signal zero for negative time. Apply the analysis equation from 0 to
00, and evaluate the antiderivative at both limits.

Substitute the signal into the analysis equation. The step u(t) is zero for t < 0 and 1 for
t > 0, so the lower limit becomes 0 and the step disappears. Then combine the two
exponentials into one:

X(jw):/ e “u(t) et dt

(e.¢]

m .
= / e eIt ¢t
0

_ /OO e—(a+jw)t dt.
0

The integrand is an exponential in ¢ with constant coefficient —(a + jw), so its
antiderivative is the same exponential divided by that coefficient:
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X( ‘ ) l e—(a—i—jw)t ‘|OO
w)=|—F/——
J _(a +]w) 0
1 .
R b T —(atjw)t 0
—(a + jw) [tlggoe € }
1 1
S S Y P
—(a + jw) a+ jw

The limit at the upper end is zero only when a > 0: \e*(“+j“’)t| — e U|e | = ¢

because |e /“t| = 1, and e % — 0 needs a > 0. For a < 0 the integral does not

converge and the transform does not exist. So

1

— a > 0.
a+ jw

e “u(t) +—

For the magnitude, the modulus of a quotient is the quotient of the moduli, and |a + jw| =
va?+ w
. 1] 1
X(Jw)| = — = .

For the phase, the angle of a quotient is the angle of the numerator minus the angle of the

denominator. The number a + jw has real part a > 0 and imaginary part w, so its angle is
tan !(w/a):

/X (jw) = £1 — Z(a + jw) =0 —tan *(w/a) = — tan *(w/a).

The magnitude is largest at w = 0, where | X (j0)| = 1/a: 5, 1 and 0.2 fora = 0.2, 1 and
5. A small a decays slowly in time and gives a tall, narrow spectrum; a large a decays fast
and gives a low, wide one. For a = 2, | X (j2)| = 1/4/4 + 4 = 1/(2+/2) = 0.353553. At
a = 1the phaseis —tan™11 = —7r/4 = —(0.785398 rad at w = 1, and

—tan14/3 = —7/3 =—1.047198 rad at w = /3. Both are negative, and the phase
curve falls from +7 /2 to — /2. A curve that rises belongs to + tan~!(w/a), which is the
angle of a + jw, the reciprocal of the answer.

/A WHERE THAT MINUS SIGN IS LOST

The numerator is the real number 1, so its angle is zero, and it is tempting to skip that term and copy
tan~!(w/a) straight out of the denominator. What is then reported is /(a + jw), the angle of the
reciprocal of the answer. Write the subtraction out, including the term that is zero.
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/X (jw) [rad]

1.57 m—m—-——————
0.79 -+

f;r[ -2Ir[ II'[ 2Ir[ 3In 4:
-0.79 0 Tee——

\
-1.57 4 —_——
w [rad/s]

FIGURE 5.8 The phase of 1/(a + jw) for a = 0.2 (steepest), 1 and 5 (flattest). The marked value is —7 /4 ata = w =

1.

¢ EXAMPLE 5.4 — THE TWO-SIDED EXPONENTIAL

GIVEN z(t) = e with ¢ > 0.

FIND X (jw).

METHOD The absolute value gives different exponential formulas for negative and positive time. Split
the analysis integral at ¢ = 0; on the negative-time interval |t| = —t and the exponent is
+at.

SOLUTION  Fort < O the signal is e %" = e andfort > 0 itis e . Split the analysis integral at

t = 0 and combine the exponentials in each part:

X (jw)

0 00
/ eate—jwt dt + / e—ate—jwt dt
—00 0

0 00
/ ela=dw)t g 4 / e~ (@tiwlt qg.
—00 0

The second integral is Example 5.3 and equals 1/(a + jw). Evaluate the first with its

antiderivative. At the lower end,

r

e(“_j“’)t| =e® — Qast — —oo because a > 0:

i)t 0
Sla—wt gy — lﬂ]
a—jw]|
=0 1
Ca—jw  a—jw’

Add the two fractions over the common denominator (a — jw)(a + jw) = a® — (jw)? =

a2+w2:

X (jw) =

1 1
— + .
a—Jjw a-+Jjw
_ (atjw) +(a—jw)
(a —jw)(a+ jw)
2a

= — a > 0.
a? + w?’

The imaginary parts +jw and —jw cancelled in the numerator, so the transform is real.
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CHECK X (j0) = 2a/a® = 2/a gives 4, 2 and 0.4 for a = 0.5, 1 and 5. The signal is real and
even, and the transform came out real and even, which is the general rule proved in Section
5.4. The transform is never zero: ata = 1 and w = 10% itis still 2/(1 4 10'?) &~ 2 x
10712,

¢ EXAMPLE 5.5 — THE RECTANGULAR PULSE

GIVEN z(t) = 1for |t| < T} and 0 otherwise.
FIND X (jw), its value at the origin, and its zeros.
METHOD The signal is non-zero only on —717 < t < T, so restrict the analysis integral to that

support and integrate e 7“*. Then use /¢ — e 79 = 27 sin 6.

SOLUTION  Substitute the pulse into the analysis equation. Outside |t| < T} the signal is zero, so those
parts of the integral contribute nothing, and inside the signal equals 1:

00 Ty
X(jw) = / z(t) e Wt dt = / 1-e ™t dt.

o *Tl

For w # 0 the antiderivative of e 7 is e 7! /(— jw). Evaluate at the two limits, then move
the minus sign of the denominator into the numerator by swapping the two terms:

e—jwt T
X() = ||
jw | _g
e_j“‘)Tl — ejWTl

ej"JTl — e_jWTl

Jw

Euler gives e/ — e 7% = (cos @ + jsin#) — (cos@ — jsin @) = 2j sin 6. With § =
le:

2jsin(wTy)  2sin(wTh)

X (jw) =
(3w) 7w ~

= 27T sinc(wTh),
with the unnormalised sinc, sinc() = sin §/6. The j cancels, so the answer is real. At
w = 0 the integrand is 1 and the integral is the width 277 directly.

CHECK At the origin the formula reads O/O. L'Hépital, differentiating numerator and denominator with
respect to w, gives limy, o 277 cos(wT1)/1 = 2T7. This agrees with the direct value and
is the area under the pulse: 2, 10 and 20 for T7 = 1, 5 and 10. The zeros are where
sin(wTh) = 0 with w # 0, thatis wTi = +km, so

km

==
w T,

k=1,2,3,...

The origin is excluded, because there the limit is the peak, not a zero. Writing k € Z would
call the peak a zero.
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@ THE SINC CONVENTION USED THROUGHOUT
sin 6

This course writes sinc(0) = , the unnormalised sinc, with sinc(0) = 1 and zeros at =

+7, £27, ... In that convention the pulse pair reads X (jw) = 277 sinc(wT). Signal-processing
software and many texts use the normalised sinc, sin(76)/(78), whose first positive zero is at

0 = 1 and whose zeros are the non-zero integers. There the same pair is written with the argument
w1y /7r. The two expressions are equal, but the arguments differ by a factor of 7r. An argument
copied between the conventions agrees at the origin and is wrong everywhere else, so the
convention is stated at every point of use. The peak X (j0) = 277 is the same in either convention.

The part of the spectrum on |w| < 7/T7 is the main lobe; its width is 27 /7. Beyond it the side lobes
alternate in sign and shrink like 1/|w|, because |2 sin(wT})/w| < 2/|w|. For T; = 1 the first side lobe
has its extreme where the derivative of sin w/w is zero, that is where tan w = w, atw = 4.493409;
there X = 25in(4.493409)/4.493409 = —0.434467.

X X X
2 t 10 t 20 t
1 5 10
._2,\_/. .\_/,’_\.7, ‘ .
-21 2n 4n -2 w2 It -4 w4 T2
w w w
FIGURE 5.9 77 = l:peak 2, zerosat FIGURE 5.10 77 = 5:peak 10. FIGURE 5.11 77 = 10: peak 20.

+m, 27, ...

¢ EXAMPLE 5.6 — THE IDEAL LOW-PASS BAND

GIVEN X (jw) = 1for |w| < W and 0 otherwise: the ideal low-pass band, with band edge W in
rad’/s.

FIND z(t), its peak, and its zeros.

METHOD The spectrum is given and is non-zero only on —W < w < W, so apply the synthesis

equation over those limits and keep the factor 1/2.

SOLUTION Substitute the spectrum into the synthesis equation. Outside ]w| < W itis zero, and inside
it equals 1:

1 [ . IR
z(t) = —/ X (jw) e dw = —/ et dw.
21 | o 27 J_w

Here t is a fixed parameter and w is the variable, so for t 0 the antiderivative of e™tis
e’ /(jt):
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1 ejwt w
JU 1w
eIWt _ o—iWt
2wt
27 sin(Wt)
2mjt
sin(W't)

Tt

The third line is Euler again, e/’ — e% = 2j sin @ with § = Wt; the 27 then cancels
against the 2. With the unnormalised sinc, sinc(6) = sin 6/6, multiply and divide by W
W sin(Wt) W

z(t) = W sinc(Wt).

Att = 0 the synthesis integral is - ff‘l;/ ldw = 2% = W | "Hopital on sin(Wt) /(nt)
gives lim; ,o W cos(Wt)/m = W /7 as well: 0.5, 1 and 2 for W = 0.5, 7 and 27. The
zeros are where sin(Wt) = O with ¢ # 0:t = +kn/W, k = 1,2,.. ., again with the
origin excluded. This signal is not a pulse: it rings on both sides of the origin for ever,
alternating in sign.

CHECK

Examples 5.5 and 5.6 are one statement seen twice: a rectangle in either domain is a sinc in the other.
Section 5.4 gives that symmetry a name, duality, and a proof.

Narrow in time, wide in frequency

Name the measures first. Take the full duration T' = 27 of the pulse and its first-null bandwidth
BW = 7r/T} rad’s, the distance from the origin to the first zero. Halve T and the first zero doubles. The
product does not depend on the width:

T x BW = 2T - % — 27 at every width.
For T1 = 1 the productis 2 X 7; for Ty = 1/4 itis 0.5 x 4. The pulse made four times narrower has a
spectrum four times wider and four times lower.

/A THE VALUE DEPENDS ON THE WAVEFORM

The product is fixed for scaled versions of one waveform, because time scaling changes duration
and frequency width by reciprocal factors (Section 5.4). It is not one constant for all shapes. A
triangular pulse of the same total duration 27} has the transform T} sinc? (wT} /2), with sinc(6) =
sin /6, because that triangle is the convolution of two rectangles of half-width 77 /2 and
convolution multiplies transforms (Section 5.5). Its first null is where wT1/2 =, thatisatw =

27 /T, so its product is 277 - 27 /Ty = 4. In general, narrowing a signal in time widens its
spectrum; both widths cannot be made arbitrarily small.
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Time limitation and band limitation

A signal is band-limited when X (jw) = 0 for every |w| > W, for some finite W. Small is not enough;
the spectrum must be exactly zero. The signal sin(3t)/(7rt) is band-limited: by Example 5.6 with W = 3
, its transform is 1 for |w| < 3 and 0 beyond.

finite duration = not band-limited.

This implication is a theorem. Read backwards, it says that a band-limited signal cannot have finite
duration. The pulse of Example 5.5 illustrates it: its duration is finite, and its sinc transform is non-zero at
arbitrarily high frequencies. The converse is false: infinite duration guarantees nothing. The signal e
lasts for ever, and its transform 2 /(1 + w?) is strictly positive at every finite frequency; at w = 109 it is
about 2 x 10712, small but not zero. Chapter 7 depends on this difference.

5.3 Periodic signals

A periodic signal has a Fourier series, and the series can be transformed term by term. Linearity moves
the transform inside the sum and past each constant aj. Each term is then a complex exponential at
frequency kwy, and Example 5.2 gives its transform, elhwot 271'5(0.) — kwo):

X (jw) = ]-'{ i akejk“"]t}
k=—o0

= > a F{e™t}

k=—00

= Z ay, - 2w 6 (w — kwyp).

k=—00
TRANSFORM OF A PERIODIC SIGNAL

z(t) = Z are’™t 5 X (jw) = Z 2may 0 (w — kwy), wo = —

k=—o00 k=—o00

The spectrum is a train of impulses at the harmonics kwy, and the impulse at kwy, carries weight 27ra;,. The
coefficient and the weight are different objects: az multiplies a unit exponential, while 27ay, is the area of an
impulse in a spectrum. Reporting the coefficients as the transform loses a factor of 27 at every harmonic. A
constant z(t) = 3, for example, has ap = 3 and an impulse of weight 2rag = 67 at w = 0.

¢ EXAMPLE 5.7 — THE LINE SPECTRUM OF A SQUARE WAVE

GIVEN The rectangular wave of Chapter 4: value 1 on || < T} in each period T, with 77 = 1, for
T = 8T}, 16T} and 3277.

FIND The impulse weights, the spacing, and the weight at w = 0 for each period.

METHOD Take the coefficients ay, of the rectangular wave from Chapter 4. Multiply each by 27 and

place an impulse at kwy.

SOLUTION  The coefficients are ag = 277 /T and a;, = sin(kwy11)/(km) for k # 0. Multiply by 27r;
the 7 in a;, cancels against the 27r:
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sin(kwoT1)  2sin(kwoT1)

km
2T1 47TT1

2wag = 2w - —— = .

T T

k I

With T7 = 1, the spacing is wo = 27 /T and the weight at the origin is 47 /T":

T:8T1:
T = 16T :
T = 32T :

wo = /4 = 0.785398,
wy = /8 = 0.392699,
wo = /16 = 0.196350,

2mag = /2 = 1.5708,
2mag = w/4 = 0.7854,
2map = 7/8 = 0.3927.

Each doubling of the period halves the spacing and halves every weight.

CHECK

For T' = 8T the weights are 2 sin(km/4)/k. Atk = £4 and +8 the sine is sin(+7) =

0 or sin(£27) = 0, so those impulses vanish. The weights are even in k. For k = 5,6, 7
the angle k7r/4 lies between 7 and 27, so the sine is negative, and the impulses at k =
+5, 46, +7 point down. A plot of |a| would hide both facts. The weights sit on the
envelope wy - 2 sin(wT7)/w, whose shape does not change with 7: this is the derivation of
Section 5.1, carried out three times.

r g

314 i ~51/4

w [rad/s]

FIGURE 5.12 The square wave with 7' = 8T : impulses of weight 27ay, at k7 /4 sample the dashed envelope. The
impulse at 7 is missing and those at =57 /4 point down.

¢ EXAMPLE 5.8 — THE LINE SPECTRUM OF A COSINE

each exponential with e/“0! <+ 27§ (w — wy).

GIVEN z(t) = 4 cos(3mt).
FIND X (jw).

METHOD

SOLUTION

A cosine is a sum of two complex exponentials. Expand it with Euler’s relation and transform

Euler’s relation cos 6 = %(eje + e‘ja) with 6 = 3t gives

Lcos(3mt) = 4 L (97 4 ¢ i) — 9eint | ge it

Transform each exponential and multiply by its coefficient:

F{dcos(3nt)} =2 27§ (w —3m) + 227w §(w + 3m)
=47 §(w — 37) + 47 §(w + 3m).
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CHECK There are two impulses, one at +37 and one at — 3, each of weight 4w = 12.5664. In the
language of the Fourier series, a+1 = 2 and each weight is 2ra+1 = 4. For a cosine of
unit amplitude the same steps give cos(wgt) <> mé(w — wy) + T (w + wp).

© 2026 Huseyin Ugur Yildiz - huguryildiz.com - Course content: CC BY-NC-SA 4.0 Lecture Notes - 158



Signals and Systems — Lecture Notes

¢ EXAMPLE 5.9 — THE LINE SPECTRUM OF A SINE

GIVEN z(t) = 6sin(4nt).

FIND X(jw), and whether its weights are real or imaginary.

METHOD As in Example 5.8, with Euler’s relation for the sine, sin @ = 2%.(67'9 — e‘je).

SOLUTION  With @ = 4mt:

6 . 6 . 3 . 3 .
6sin(4nt) = — e/ — — eI = T gidnt _ = gmidnt
2j 2j J J
Transform each exponential and multiply by its coefficient:
. 3 3
F{6sin(4nt)} = - - 27 6(w — A7) — = - 27 §(w + 4m)
J J
67 6
= —0(w—47) — — 6(w + 4m).
J J
Since 1/j = —Jj, the weights are —j6 at +4m and +j6m at —47: imaginary, of modulus
6 = 18.8496, with opposite signs on the two sides.

CHECK The signal is real, so its transform must satisfy X (—jw) = X*(jw) (Section 5.4). The
weight at —47 is j67, and the conjugate of the weight at +47 is (—j67)* = j67. They
agree. A spectrum with only the impulse at +47 would belong to a complex signal.

@ EXAMPLE 5.10 — A CONSTANT, A COSINE AND A SINE

GIVEN z(t) = 5 + 4 cos(3nt) + 6 sin(4nt).

FIND X (jw), drawn so that both size and phase can be read.

METHOD Linearity: transform the three terms separately and add. The constant is the case wy = 0 of
Example 5.2; the other two terms are Examples 5.8 and 5.9.

SOLUTION  The constant gives 5 - 2 §(w) = 107 §(w). Add the results of Examples 5.8 and 5.9:

X (jw) = 1076 (w) + 476 (w — 37) + 47 (w + 37)
67 67
CHECK The signal is real, so the magnitude must be even in w and the phase odd. Magnitudes:

10 = 31.4159 at 0, 4w = 12.5664 at +3m, and 6 = 18.8496 at +47. Phases: 0
except at +47, where they are F7 /2 because 1/j = —j. Both conditions hold.
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| X (jw)| £X (jw)

A
31.42 1.57 - [

18.85
12.57
T ® 4 Qﬁ—b
T T T T -41t -31n 3n 4n
| 1 I I l

A 4

-41t -31 3 4n 1.57
w

FIGURE 5.13 The magnitude, even in w. It cannot tell the FIGURE 5.14 The phase inrad, odd in w. It separates the
cosine from the sine. sine from the cosine.

/\ DRAWING A COMPLEX SPECTRUM

Three weights are real and two are imaginary. One vertical axis cannot represent both signed real
values and signed imaginary values. Plot magnitude and phase, or plot real part and imaginary part,
and name the chosen pair in the caption.

¢ EXAMPLE 5.11 - THE IMPULSE TRAIN

GIVEN z(t) =Y 1o 0(t — kT), one unit impulse every T seconds.
FIND X(jw).
METHOD The signal is periodic, so its transform is an impulse at each harmonic. Find its Fourier-series

coefficients a;, over a period that holds exactly one impulse, then give each impulse the
weight 27ay,.

SOLUTION The signal repeats every 1T', so wg = 27r/T. Apply the analysis equation of the Fourier
series over the period —1'/2 < t < T'/2. That interval encloses exactly one impulse, the
one att = 0, so inside it the signal is just d(¢), and sifting evaluates the exponential at t =
0:

1 T/2 )
ak = / Z §(t — mT) e Mot d¢
1

~T/2
T/2 '
== / S(t) e ot g
T J 1/
1 1
= Teo =7 for every k.

Now use the transform of a periodic signal: each harmonic kwo = 27rk/T carries an
impulse of weight 2wa;, = 27 /T

X (jw) = Z27rak d(w — kwo)

k
21 2k
=) “5lw-=2).
S 7o F)
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Hence
27 27k
i —kT) > XY s(w- ).
k k
CHECK Spacing and weight are the same number, 27 /T": 6.2832 for T' = 1 and 3.1416 for T' = 2

. Spreading the impulses twice as far apart in time brings them twice as close in frequency
and makes them half as tall. This one pair is the mechanism behind sampling, in Chapter 7.
The limits must enclose exactly one impulse; writing both as —T/2 encloses none.

5.4 Properties

Each property below says what one operation on a signal does to its transform. Each one is proved from
the analysis or the synthesis equation. With the properties, one standard pair serves a whole family of
signals. Section 5.7 collects them in one table.

Linearity and time shift

The analysis equation is an integral, and integration is linear, so a z1(t) + bxz2(t) <> a X1 (jw) +
b X (jw) for any constants a and b.

For the time shift, put (¢t — t) into the analysis equation and substitute 7 = t — t(, so t = 7 + ¢ and
dt = dr. The limits are infinite and do not move, because 7 — 00 exactly when t — -00. Then split
the exponential and take the factor that does not depend on 7 outside:

Flz(t —to)} = /_OO x(t —tg) e ¥ dt

:/ z(1) e () dr

[o¢]

o0
= ¢ h / z(r)e T dr

o0

= e M X (jw).

The last integral is the analysis equation with T as the dummy variable, so it is X (jw). Since |e /@t | =
1, no magnitude changes at any frequency. A delay of £, seconds adds the linear phase —wt;: a delay of
2 s changes the phase at w = 1 rad/s by —2 rad.

¢ EXAMPLE 5.12 — A SUM OF SHIFTED PULSES

GIVEN z1(t) = lon |t| < 2and zo(t) = 1 on [t| < 1, both zero elsewhere, and z3(t) =
FIND X3 (jw) and X3(30).
METHOD Transform each pulse with Example 5.5. Apply the time shift to each, then add with linearity.

SOLUTION  Example 5.5 with 71 = 2 and 77 = 1 gives

) 2 sin(2w ] 2sinw
Xl(.?“)):#a X (jw) = -
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The time shift gives z; (t — 4) <> e 74 X (jw) and =5 (t — 3) > €773 X, (jw).
Linearity adds them with their coefficients:

4w 2sin(2w 2, 2sinw
X3 (jw) = 277 2sin(2w) | s 25100
w w
CHECK Atw = 0 the analysis equation reads X (j0) = [ x(t) dt, the area. Here e* = 1,

X;1(j0) = 277 = 4 and X5(j0) = 2,s0 X3(j0) =2-4+ 2 = 10. Intime, z1(t — 4) is
Ton2<t<6Gandza(t—3)is1on2<t<4Soxzis2+1=3on2<t<4and?2
on4d <t < 6,witharead -2+ 2 -2 = 10. The two values agree.

z3(t)

FIGURE 5.15 z3(f)is3on2 <t <4and2on4 <t < 6. The shaded area is 10.

Frequency shift

Start from the expression the property states, e*j“’otm(t), where wy is a fixed frequency. Combine the two
exponentials before anything else. The exponent becomes —j (w — wo)t, which is the analysis integral
read at w — wyp, and no substitution is needed:

Fletz(t)} = / etx(t) e @t dt
_ / 2(t) eIt g
= X (j(w — wp))-

The whole spectrum moves by wo. If Y (jw) = 1 on |w| < 27, then e/™y(t) has its band on —7 <
w < 3. The operand is a complex exponential in time with a fixed frequency wy. The time-shift factor
e 7% has a fixed time and multiplies the spectrum; opening this proof with it proves a different statement.

Conjugation and the symmetry of a real signal

Conjugation. The conjugate of an integral is the integral of the conjugate, and conjugating a product
conjugates each factor. The conjugate of e 7 is et which is the analysis kernel evaluated at —w:

Fla'(8)} = /_ T ) et at

- | /_ _aft)er dt]’

- [/_Oo z(t) e I dt]* = [X(—jw)]" = X*(—jw).

o0
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Time reversal. Put (—t) into the analysis equation and substitute 7 = —¢,sot = —7 and dt = —dr.
As t runs from —oo to 0o, 7 runs from 0o to —o0, so the limits arrive reversed. Swapping them back
absorbs the minus sign of d¢t = —d:

o0

Flz(—t)} = /_Ooa:(—t) et dt

_ /OO 2(r) e (~dr)

= / z(1) e 79T dr = X (—jw).
A real signal. If z is real then x* (t) = x(t) so the two sides of the conjugation property have the same
transform: X (jw) = X™(—jw), or, conjugating both sides, X (—jw) = X*(jw). Everything follows
from that one line. Write X (jw) = R(w) + jI(w) with R and I real. Then X (—jw) = R(—w) +
jI(—w) and X*(jw) = R(w) — jI(w). Equating real parts and imaginary parts gives R(—w) =
R(w) and I(—w) = —I(w): the real part of X is even and the imaginary part is odd. Taking modulus
and angle of the same equation, | X (—jw)| = | X (jw)| = | X (jw)| and £X (—jw) = LX*(jw) =
— /X (jw): the magnitude is even and the phase is odd. For example, if x is real and X (j2) = 3 — 47,
then X (—j2) = 3 + 4j.

Areal and even signal. Evenness gives z(—t) = x(t), so by time reversal X (—jw) = X (jw).
Realness gives X (—jw) = X*(jw). Together, X (jw) = X*(jw), so X is real; and X (—jw) =
X (jw) says it is even. A real and odd signal has z(—t) = —z(t), so X (—jw) = —X (jw). With
X (—jw) = X*(jw) this gives X *(jw) = —X (jw), so X is purely imaginary, and odd.

/A REAL DOES NOT MEAN ZERO PHASE

A real transform can be negative. Where X (jw) < 0 the magnitude is —X and the phase is 7, not
0. Only a real and non-negative transform has zero phase everywhere. The sinc of the rectangular
pulse is the standard counterexample: it is real, and its side lobes are negative in turn.

Even and odd parts

For a real signal, transform the even part Ev{z} = [z (t) + z(—t)] by linearity. Time reversal gives
z(—t) <> X (—jw), and for a real signal X (—jw) = X*(jw). Adding a complex number to its
conjugate leaves twice the real part:

F{&v{z}} =
F{Odd{z}} =

[X (jw) + X*(jw)] = Re{X (jw)},
[X (jw) — X (jw)] = jIm{X (jw)}.

(X (jw) + X (—jw))]
[X (jw) = X (—jw)]

D= D=
[0 o N

The second line uses X — X* = 25 Im{ X }. Splitting a real signal into even and odd parts splits its
spectrum into real and imaginary parts. The two symmetry rules above are the cases in which one part is
absent: a real, odd signal has no even part, so X = j Im{X} is imaginary and odd. Check it on z(t) =
e u(t). Its even partis e~ %u(t) + e*u(—t)] = e, and its odd partis 3 [e~“u(t) —
eu(—t)] = 1 sgn(t)e . Transform each part from the pairs already found. The second uses
e®u(—t) +» 1/(a — jw), which is Example 5.3 reversed in time. Then compare with the real and
imaginary parts of 1/(a + jw), obtained by multiplying numerator and denominator by a — jw:
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loafl ( 1, 20 _ @
2 2 a2+w2 a2+w2’
1 1 —2jw —jw
1 —alt| 1[ _ }_1. U —
sgn(t)e > = =
3 sgn(t) 2la+jw  a—jw 2 a?+w?  a?+w?’
1 a— jw a L —w

a+jw (a+jw)(a—jw) a®+w? a? + w?’

The even part gives exactly Re{1/(a + jw)} and the odd part gives exactly j Im{1/(a + jw)}, as the
property says.
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Differentiation in frequency

Differentiate the analysis integral with respect to w. Now { is the variable of integration and is held fixed,
and the derivative of e /! with respect to w is —jt e 7«

dX(]w) _ / :E(t) 8ie—jwt dt

dw o w

:/ [—jtz(t)]e ™ dt = F{—jta(t)}.
So d X /dw is the transform of —jt x(t). Multiply both sides by j and use j - (—7) = 1: jdX /dw =
F{tz(t)}, which is the property t z(t) +> j dX (jw)/dw. It gives the pair for te~*u(t) from the pair
for e%u(t) without another transform integral. Write 1/(a + jw) = (a + jw) ! and use the chain rule,
with d(a + jw)/dw = j:

_ . d 1 . —1-3
J—_' t at t — — .
{te " u(t)} = j o [a—l—jw] J TESPE
_j2 1 =0
= = y a .
(a+jw)?  (a+ jw)?

Check it at w = 0 with @ = 1. The pair gives 1/(1 + j0)? = 1. The area of te *u(t), by parts with the
antiderivative — (¢ + 1)e ™", is [—(t + 1)e‘t]go =0 — (—1) = 1. The signal te ‘u(t) starts at 0 and
peaks att = 1, where it equals e ! ~ 0.37.

Differentiation in time

Differentiate the synthesis equation, not the signal. On the right, the only factor that depends on t is et

and w is the variable of integration, so it is held fixed. The derivative of et with respectto t is jwej“’t:

d dr1 [*™ .
el e . Jjwt
dt:v(t) gy [27r /_OOX(jw)e dw]
1 [ 0 .
_ . . ]wtd
o /_OOX(]w) 8te w

L T X ()| e
=5 /OO [jwX (jw)] ™" dw.

The last line is the synthesis equation applied to the function jw X (jw). So jw X (jw) is the transform of
dz/dt. It X (j2) = 0.5, for example, the transform of dz /dt atw = 2 is 2 - 0.5 = j. Differentiating
again multiplies by another jw, and after n derivatives:

d"x

— jw)" X (jw).

g 0 (W)X (w)
The factor jw removes low frequencies and lifts high ones. It also turns a differential equation into an
algebraic equation in jw, which Section 5.6 uses.
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® DO NOT MIX THE TWO DOMAINS

The equation dz/dt = jw x(t) is false. The frequency w is the variable of integration in the
synthesis equation; it is not a constant of the time-domain signal. For z(t) = e‘t2, dz/dt =
—2tetis —2e 1 = —0.735759 at t — 1, while jwz(t) att = 1,w = 3is 3e 1j =
1.103638. The differentiation property is correct only in the form derived from the synthesis
integral.
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¢ EXAMPLE 5.13 — THE UNIT STEP

GIVEN u(t), whichis 1 for t > 0 and 0 for t < 0. It fails both existence conditions.
FIND U(jw).
METHOD Split the step into its mean and an odd part: u(t) = 3 + % sgn(t), where sgn(t) is +1 for

t > 0and —1fort < 0. The mean has a known transform. Obtain the transform of sgn(t)
as the limit of e~/ sgn(t) as a — 0, a signal that has an ordinary transform.

SOLUTION  For g > 0 the signal eIl sgn(t) equals e ~%u(t) for t > 0 and —e®u(—t) for t < 0.
Example 5.3 gives e “u(t) <> 1/(a + jw). The signal e*u(—t) is that signal reversed in
time, so by time reversal its transform is 1/(a — jw). Linearity, then a common
denominator:

f{e—a\t\ sgn(t)} = . —1—1]w -2 —1jw
_(a- ) (a+ o)
(a+ jw)(a — jw)
—2jw

a? + w?

Leta — O atafixedw # 0, anduse —j = 1/5:

. —2jw —2jw —2j 2
lim 5 5 = 5— = = —.
a—0 a® + w w w Jw

At w = 0 the transform is O for every a, and it is odd in w, so no impulse forms at the origin
in the limit. Hence sgn(t) <+ 2/(jw). The mean gives § < 3 - 276(w) = 76 (w). Add the

two parts:
L2 1
Jw Jw
CHECK du/dt = 6(t), whose transform is 1. The differentiation property multiplies U by jw:
1
jw['— - 7r5(w)] =14+ jrwi(w) =1,
Jw

because wd(w) = 0 - §(w) = 0. The same split gives the reversed step: u(—t) = 3 —
1 sgn(t) <> m6(w) — 1/(jw). The mean is still 3; only the odd part changes sign.

Integration, and the impulse it leaves behind

The running integral is a convolution with the unit step. In the convolution integral, the factor u(t — 7)
equals 1 for 7 < t and 0 for 7 > {, so it cuts the upper limit at ¢:

x(t)*u(t):/w m(T)u(t—T)dT:/t 2(r) dr.

o0 —00
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The convolution property of Section 5.5 multiplies the transforms, and Example 5.13 gives the transform of
the step. In the product, X (jw)d(w) = X (j0)d(w), because the impulse is zero away from w = 0 and
only the value of X at the origin survives. Writing X (0) for X (j0):

X(0)

f{/t z(7) dT} = X (jw) [jiw —|-7T5(w)]

—00

= jin(jw) + 7X(0) 6(w).

® INCLUDE THE IMPULSE TERM WHEN THE AREA IS NON-ZERO

f :Iz(t) dt is the total area of the signal. If this area is non-zero, the running integral settles
at a non-zero constant, and a constant has an impulse at w = 0. Writing only X (jw)/(jw) omits
that constant. For z(t) = 1on 0 < ¢t < 2 the areais X (0) = 2, so the impulse term is 27 6 (w). A
pulse of area zero, suchas +1 on 0 <t < 1 followed by —1 on 1 < t < 2, has a running integral
that returns to 0, and no impulse term.

¢ EXAMPLE 5.14 — A TRANSFORM BY DIFFERENTIATION

GIVEN

FIND

METHOD

SOLUTION

CHECK

z(t) =1for |t| <1,z(t) =2 — |t| for 1 < |t| < 2, and O elsewhere: a trapezoid.
X (jw).
The ramps make the analysis integral long. Differentiate instead: g = dm/dt is two pulses,

whose transforms are known. Since x = 0 for t < —2, x is the running integral of g, and
the integration property returns X from G.

Differentiate piece by piece. On —2 <t < —1l,z =2+¢t,sog=1.0nt| <1,z =1,
sog=0.0nl<t<2 x=2-—tsog= —1.Elsewhere g = 0. Let p(t) be the pulse
of unit width, 1 on |¢| < 3. Then g(t) = p(t + 1.5) — p(t — 1.5). Example 5.5 with T} =
1 gives p(t) > 2sin(w/2)/w. The time shift gives p(t + 1.5) <+ €/*** P(jw) and

p(t — 1.5) +» e /1% P(jw). Linearity, then Euler's e/ — e =79 = 25 sin 6 with § = 1.5w

Gjw) = (ejl.Sw B e—jl.Sw)M

2sin(w/2) _ 4 sin(1.5w) sin(w/2)

— 2jsin(L.5w) - .
w w

The area of g is G(O) = 1 — 1 = 0: one pulse up, one down. So the integration property
leaves no impulse term:

X (jw) = % + 7G(0) d(w)
4 sin(1.5w) sin(w/2) i
Jw - w w

_ 4 sin(1.5w) sin(w/2) -

For small w, sin(1.5w) ~ 1.5w and sin(w/2) ~ w/2,s0 X(j0) =4-1.5-0.5 = 3.
The trapezoid has parallel sides 2 and 4 and height 1, so its area is %(2 +4)-1=3.Xis
real and even, as x is. A second route: the trapezoid is the convolution of the pulse of half-
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width 1.5 with the pulse of half-width 0.5, because their overlap has length 1 for |¢| < 1 and

shrinks linearly to O at |t| = 2. The convolution property (Section 5.5) multiplies their

2sin(1.5 2sin(0.5
transforms: smfu w) Smsd w)

4sin(1.57) sin(m/2) /72

, the same result. At w = 7 it gives
—4/7r2 = —0.405285.

2 -1 1 2 3 -2 1 1 2 3
1- 1 -
t [s] t[s]
FIGURE 5.16 The trapezoid x(¢). FIGURE 5.17 g = dx/dt: pulses of height 1 where
ramps.

Time scaling

Put z(at) into the analysis equation and substitute 7 = at, so t = 7/a and dt = d7/a. For a > 0 the
limits keep their order, since 7 — ‘00 when t — 400, and the coefficientis 1/a = 1/|a|:

Flz(at)} = /_ Z z(at) e @t dt
_ /_ " () edorta 4T

o0

1 [ .
= —/ z(r) e W/ dr = —X(jci>, a > 0.

aJ_ o a

For a < 0 the substitution sendst — —ocoto ™ — +0o0 andt — +oo to 7 — —00, so the limits arrive
reversed. Swapping them back costs one minus sign, and —1/a = 1/|a| for negative a. That is the only
sign in the calculation:

Fla@) = [ a(r)edtmr 9T
+00 a
:_1/00 z(1) e W dr = iX(_y(ij) a <0.
a ) o la] " \"a/’

Both cases read z(at) <> ﬁX(jw/a) for a # 0. The modulus sits on a in the factor, not in the

argument. Compress a signal in time (a > 1) and its spectrum widens by a and drops by 1/a; stretch it
and the spectrum narrows. This is the inverse relation of Section 5.2. At w = 0 the property reads
L. X (§0):if X (j0) = 6, the transform of x(3t) at w = 0 is 2, because the area of x(3t) is a third of the

lal
area of x.
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® COUNTING THE FLIP TWICE
Writing the reversed limits and an explicit —1 in front applies the same correction twice and gives
—ﬁX(jw/a), which contradicts the property. Do the flip once: reverse the limits, or write the

minus, never both. The case a = —1 is time reversal, z(—t) <> X (—jw), with coefficient 1. For
z(t) = e tu(t) < 1/(1 + jw) itgives z(—t) <> 1/(1 — jw).

¢ EXAMPLE 5.15 — SCALING A BAND

GIVEN X (jw) = 1on |w| < 27 and 0 elsewhere.
FIND The transforms of z(0.5t) and (2t), with heights and band edges.
METHOD Apply z(at) <> |7‘1L|X(j(.u/a,) once for @ = 0.5 and once for @ = 2. Then solve each band

condition for w.

SOLUTION  For a = 0.5: 2(0.5t) <+ 5= X (jw/0.5) = 2X (j2w). Itis non-zero where |2w| < 2,
that is |w| < 7, and there it equals 2 - 1 = 2. For a = 2: z(2t) <> 3 X (jw/2). It is non-
zero where |w/2| < 2, thatis |w| < 4, and there it equals 0.5. So

z(0.5t) +— 2on |w| <,
z(2t) <— 0.5on |w| < 4.

CHECK The areas of the three spectra are 2 - 27, 1 - 47 and 0.5 - 87, all equal to 47. Att = 0 the

synthesis equation reads z(0) = 2l f X dw, so all three signals have the value

s

47 /27 = 2 at the origin. That is what a time scaling cannot change: z(a - 0) = z(0).

Duality

The two equations of the pair differ only by a sign and a factor, so any pair can be read a second time with
the domains exchanged.
DUALITY

z(t) «— X(jw) = X(t) +— 2rz(—w)

Here X () means the formula for X (jw) with w replaced by ¢. The argument on the right is —w, a real
number, and not —jw: the letter £ names a signal, and a signal takes a real argument. The j belongs to the
frequency-domain function only, and duality is where that distinction is most easily lost.

Proof. Start from the synthesis equation and multiply by 27:
2ra(t) = / X (jw) €™ dw.

The names of the variables carry no meaning, so rename them: call the variable of integration ¢ and the
free variable w. The equation becomes

27 z(w) :/ X (jit) e™* dt.
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This holds for every real w, so it holds with w replaced by —w. The exponent e/ (~)t = =%t js now the
analysis kernel:

o 2(—w) = /oo X (jt) et dt = F{X(t)}.

The right side is the analysis equation applied to the time signal X (¢), so its transform is 27z (—w).
Every pair therefore gives a second pair at no cost. From et 2/(1 + wz) (Example 5.4 with a = 1),
duality gives 2/(1 + t?) <> 2me~ =%l = 27e~I¥l. Duality also carries properties across: the time-shift
rule and the frequency-shift rule are one rule read twice, and so are differentiation in time and
differentiation in frequency.

¢ EXAMPLE 5.16 — DUALITY ON THE RECTANGULAR PULSE

GIVEN z1(t) = 1on |t| < W and 0 elsewhere, so X1 (jw) = 2sin(Ww)/w by Example 5.5.
FIND The transform of x5 (t) = 2 sin(W't)/t.
METHOD X9 has the same formula as X; with the independent variable renamed, so duality applies.

Use duality first, then confirm the result with the synthesis equation.

SOLUTION  The signal z2(t) = 2sin(Wt)/t is X1(jw) with w replaced by ¢, that is z2(t) = X1 () in
the notation of the duality box. Duality then gives X5 (jw) = 27z (—w). The pulse 7 is
even, so z1(—w) = z1(w), which is 1 on |w| < W and 0 beyond:

2, |w| < W

Xo(jw) =272 (—w) =27 21 (w) = {0 o > W,

CHECK The second route works backwards. Put a band of height 27 on |w| < W through the
synthesis equation; for ¢ # 0 the antiderivative of e/ in w is €/t /(jt):

W jwt 1 W Wt _ —jWt
L[ ooty — [e_] e
2 |_w It _w gt
_ 2jsin(Wt)  2sin(Wt)
N gt N t

which is x2. The two routes use different equations, so their agreement is a real check. At
the origin, X5(j0) = 2w = 6.283185 for any W. In time, z5(0) =

lim; 0 2W cos(Wt)/1 = 2W by I'Hépital; with the unnormalised sinc, sinc(f) =

sin /0, xs(t) = 2W sinc(Wt).

Parseval’s relation

Energy and power in this course are normalised: every signal is a voltage across R = 12, so the
instantaneous power is |(t)|* and the energy is its integral, in joules.
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PARSEVAL’'S RELATION
oo 1 o0
B [ lafdt=5- [ 1X(w) o
e 27 J_o

The quantity | X (jw)|? is the energy spectral density: i | X (jw)|? dw is the energy in a narrow band. The
1/27r sits on the frequency side, as in the synthesis equation.

Proof. Write |z(t)|> = x(t) z*(t). Replace =*(t) by the conjugate of the synthesis equation; conjugating
turns X (jw) into X*(jw) and /" into e 7. Then exchange the order of the two integrals, so that the ¢
integral is done first. The inner integral is the analysis equation and equals X(jw):

/_oo lz(t)]> dt = /_oo x(t) z*(t) dt

oo oo

= /_Zac(t) [% /_: X" (jw) e*j“’tdw}dt
— %/_(: X*(jw) {/ z(t) e*j“’tdt} dw

T [~ .. _, i )
- / X (o) X (jw) deo = — / X (ju) P doo.
™ J_0 27 —00

For a real signal, |z(¢)|? = z?%(t), and that is the only simplification available. The claim |z(t)| = z(t) is
stronger and fails wherever a real signal is negative.

The relation can be tried on e‘“tu(t), a > 0, in both domains. In time, the step cuts the lower limit at 0
and |€—at|2 — e—2at:

00 —2at
0—-1 1
EOO = 72at = e f— = .
/0 © dt [ —2a ] 0 —2a 2a

In frequency, | X (jw)|? = 1/(a? + w?) from Example 5.3. Substitute w = au, so dw = a du and the
1

limits stay infinite; then use the antiderivative tan™ " u:

— —_— = — = tan~!
2n J_ a2 +w? 2w ) a?(1+u?) 27ra[ an”" v

- 1{71'_(_%)}_1 T
C 27a L2 2/ 27 a 24

The two routes agree: 0.5 J for a = 1, and 0.25 J for a = 2. Without the 1 /27 the second route would
report 27 times too much.

1 [ dw 1 /°° adu 1

¢ EXAMPLE 5.17 — ENERGY FROM A TWO-BAND SPECTRUM

GIVEN Xs3(jw) = 2 for |w| < 2m, 1 for 27 < |w| < 4, and 0 beyond, with R = 1 (2.
FIND The total energy of x3.
METHOD The spectrum is piecewise constant, so the frequency-domain energy integral is simpler than

the time-domain one. Apply Parseval, square each height, and multiply by the width of its
piece.

SOLUTION Split the frequency integral of Parseval’s relation at the points where the height changes. On
each piece | X3|? is a constant, so the integral is that constant times the width of the piece:
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1 o0
E,=— X3 (jw)|*d
2W/OO| 3(jw) [ dw

1 —27 2 47
:—[/ 12dw—l—/ 22dw+/ 12dw]
27 —A4r —27 2

:%[1-271'—}—4-4#—1—1-27@

™
1 20

— —[2r+16m+21] = == =10J.
27 27

The inner band contributes 22 - 4 = 167 and the two outer bands 12 - 27 each.

CHECK Write X3 as the sum of two ideal low-pass bands of height 1, one on |w| < 47 and one on

|w| < 27r; where they overlap the heights add to 2. Example 5.6 with W = 4m and W =
27 then gives, by linearity,

sin(4nt)  sin(2wt)  sin(2nt) + sin(47t)

Tt Tt 7t

Its peak is 3(0) = 4 + 2 = 6. Using the heights unsquared gives % [ X3dw =
s-[2m + 87 + 27| = 6: that is the peak z3(0), not the energy. Square the height before
integrating.

5.5 Convolution and multiplication

THE CONVOLUTION PROPERTY
y(t) = z(t) * h(t) «— Y (jw) = X(jw) H(jw)

The statement uses one set of symbols: x <+ X is the input, A <+ H the impulse response, and y the output.

H(]w) is the frequency response of the system. Using y both for a free second signal and for the output would
make the statement refer to itself.

Proof. Write the convolution integral inside the analysis integral and exchange the order, so that the ¢
integral is done first. The inner bracket is the transform of (¢ — 7) with 7 fixed, which the time-shift
property gives as e 7" H (jw). Then H (jw) does not depend on 7 and leaves the outer integral:

Y (jw) = /_ h [ /_ " a(r) bt — 1) ar|e i

= /_i m(ro)o[/_: h(t —7)e dt] dr
= /_Z z(7) e T H (jw) dr

= H(jw) /_00 z(1) e T dr = H(jw) X (jw).

oo

Convolution in time carries no factor. At w = 0 the property reads Y (j0) = X (50)H (50): with
X (j0) =4 and H(j0) = 0.5, Y(50) = 2. H(jw) exists as an ordinary function when h is absolutely
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integrable, which for an LTI system is exactly bounded-input bounded-output stability.

Delay, differentiator, integrator

Three simple systems are each one operation of Section 5.4. The property of that operation gives Y =
H X directly, and H can be read off:

y(t) - :I’,‘(t o t()) = Y = eithoX, H(JUJ) - 6—jwt0,

o = g = Y =gX H(jw) = jo,
(t)—/t (r)dr = Y—[i+ 8( )]X H(jw) = — + 16(w)
Yy —_OOIET T _jw To (W y Jw_jw wo(w).

The third line uses 7X (0)d(w) = 7d(w)X (jw). The integrator has impulse response u(t), and its
frequency response is the transform of the step (Example 5.13). The step is not absolutely integrable, so
the integrator is not stable, and its H exists only in the limiting sense, with an impulse.

Read the magnitudes. A delay has |I-I| = 1: it changes only the phase, by —wt. A differentiator has
|H| = |wl: it lifts high frequencies, so it also amplifies high-frequency noise. An integrator has |H | =
1/|w| away from the origin: it does the opposite. For example, feed z(t) = cos(2t) to the differentiator.
Its transform is w0 (w — 2) + wd(w + 2). Multiply by jw; each impulse keeps only the value of jw at its
own position:

Y (jw) = jw[rd(w — 2) + 70 (w + 2)]
=j2mé(w —2) — 727 §(w + 2)
- —2[}5@_2)_}5@”)}.

The last line uses 7m/j = —jm. The bracket is the transform of sin(2t) (Example 5.9 with unit amplitude),
so y(t) = —2sin(2t), of amplitude | H(j2)| = 2. Differentiating cos(2t) directly gives the same.

[H| |H]| H|
A

3 3 3
2 A 2 2
1 1 1

I I # I I ! I # I I Ll I #

-t T -Tt L -t T
w w w
FIGURE 5.18 Delay: |[H| = 1. FIGURE 5.19 Differentiator: |[H| = FIGURE 5.20 Integrator: 1/|w]|, and

|w]. mo(w).
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¢ EXAMPLE 5.18 — TWO EXPONENTIALS IN CASCADE

GIVEN

FIND

METHOD

SOLUTION

CHECK

z(t) = e “u(t) and h(t) = e "u(t), with a,b > 0 and a # b.
y(t) = x * h, and the magnitude |Y (jw)| fora = 1,b = 2.
The output is a convolution in time, so it becomes multiplication in frequency. Multiply the

transforms, expand the product into simple fractions, and invert each term.

Example 5.3 gives X (jw) = 1/(a + jw) and H(jw) = 1/(b + jw). Multiply them, then
write the product as a sum of two simple fractions with unknown constants A and B:
1 A B

Y (jw) = = .
() (a+ jw)(b+ jw) a+jw i b+ jw

Multiply through by (a + jw)(b + jw) to clear the denominators:
= A(b+ jw) + B(a + jw).

This holds for every w. Choose jw = —a to remove the B term: 1 = A(b—a),s0 A =
1/(b— a). Choose jw = —b to remove the Aterm: 1 = B(a — b),so B = 1/(a —
b) = —A. Hence

Y (juw) = 1 [ 1 1 }
= v a a+jw b+ jwl

Each fraction is the pair of Example 5.3, so by linearity

1 e—at o e—bt

y(t) = s [e "u(t) — e Mu(t)] = S

u(t).
For the magnitude, the modulus of a product is the product of the moduli. With a = 1 and
b=2:

. 1 1 1
Y () = X ()l [H (Gw)] = ———s e T

The phases add in the same way: /Y = /X + /H.

y(0) = (1 —1)/(b— a) = 0, as a convolution of two causal signals must be: they do not

overlapatt = 0. Fora = 1,b = 2, setdy/dt = —e~t + 2e7% = 0, so e! = 2 and the
peakis att = In2 = 0.693147, with value e~ 2% — e~2In2 = 2 411 T exactly. At

w=0:|X|=1|H|=0.5and |Y| =0.5;atw = 1: | X| = = 1/+/5 and
Y| = 1/4/10 = 0.316228. At each frequency the output magnltude is the product of the
other two.
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amplitude magnitude

0.5 N 0.5
0.25 '0\
1 —== T T =T L I
1 2 3 4 5 6
t [s] w
FIGURE 5.21 x (dashed), h (dotted) and y (solid) fora =  FIGURE 5.22 |X| (dashed), | H| (dotted) and their product
1,b = 2. The peakis 0.25 att = In 2. |Y'| (solid).

¢ EXAMPLE 5.19 — IDEAL FILTERS IN CASCADE

GIVEN X (jw) = 2 on |w| < 47 and an ideal low-pass system with H (jw) = 3 on |w| < 2,
both zero beyond.

FIND Y (jw), y(t) and the three time-domain peaks.

METHOD An LTI system gives Y = X H. Multiply the input spectrum and the frequency response at

each frequency, then invert with the pair of Example 5.6.

SOLUTION  Multiply the two spectra frequency by frequency. On |w| < 2 both are non-zero: Y = 2 -
3 =6.0n 27 < |w| < 47 the input is 2 but the system is 0: Y = 2 - 0 = 0. Beyond 4
both are zero. So Y = 6 on |w| < 27 and zero elsewhere; the narrower band decides.
Invert with the synthesis equation, which is Example 5.6 with W = 27 and an extra factor 6:

1 [ 1 [e]*"
y(t) = — 6e dw =6 — l—}
2m ) _on 2w | gt | 5.
et e 25sin(27t)  6sin(2mt)
2wt 2mjt mt '
CHECK At t = 0 the synthesis integral is the area of the spectrum divided by 2, since e/? = 1.

Each peak is therefore the area of its own band over 27: z(0) = 2 - 87 /2w = 8, h(0) =
3-4m/2m = 6,y(0) = 6 - 47 /2w = 12. The output peak is the largest because a peak
counts area, not height, and 6 x 47 exceeds 2 X 8.

The multiplication property
MULTIPLICATION IN TIME
. 1 . . > . .
z(t) = z(t) y(t) «— Z(jw) = o X (jw) * Y (jw), X*xY = / X(j0)Y (j(w—6))do

The convolution is over frequency. Convolution in time carries no factor; convolution in frequency carries 1/277.
Without it the shape of Z is right and its height is 27 times too large.
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Proof. Replace y(t) in the analysis integral of z = xy by its synthesis equation, written with the dummy
variable 6 so that it is not confused with the output frequency w. Exchange the order of integration. The
inner integral is the frequency-shift property, the analysis equation of x read at w — 6:

Z(jw) = /_00 z(t) [% /ZY(jO) el dﬁ} e @t dt

o0

- % /_ Z Y (j6) [_/_ Z a(t) e IO dt] de

— o | YURX (i 6)) 48 = 3 X (i) ¥ ().

The last integral is the convolution of X and Y in the variable w, and the 1/27r came in with the synthesis
equation of y. Switching a signal on and off, modulating it by a carrier and cutting it to a window are all
products in time. Under convolution the widths add: bands of half-widths B; and B, give a product whose
spectrum has half-width By + Ba. Half-widths 7 and 3, for example, give 4.

Amplitude modulation

A cosine of frequency w,. is called a carrier. lts transform follows from Euler and the complex-exponential

pair: cos(wet) = 3/t + Le It & d(w — we) + w6 (w + we). Multiplying a signal by the carrier

therefore convolves its spectrum with two impulses. Convolution with a shifted impulse shifts the function,
X (jw) * 6(w — we) = X (j(w — we)), so:

1
Z(jw) = %X(jw) * [m(w — we) + T (w + we)]
7.(- . 7T .
= %X(j(w - wc)) + %X(](w + wc))
= %X(j(w —we)) + %X(j(w + we)).
The factor 1/27r of the multiplication property and the weight 7 of each impulse give the factor % on each

copy. The frequency-shift property gives the same result term by term: %ejwctm(t) > %X(j (w — wc))
and fe 7tz (t) « X (j(w + w.)).

DOUBLE-SIDEBAND SUPPRESSED-CARRIER MODULATION
z(t) = z(t) cos(wet) +— Z(jw) = %X(j(w — wc)) + %X(j(w + wc))

The spectrum is not moved to w,; it is duplicated, one copy at +w, and one at —w,, each at half height. If
X (j0) = 1 and the carrier is cos(10mt), the copy centred at 10 peaks at Z(j10m) = 3 X (j0) = 0.5.A
description that says "the signal moves up to the carrier" loses the negative-frequency copy and the factor of
one half in the same sentence.

¢ EXAMPLE 5.20 — MODULATING A COSINE

GIVEN z(t) = cos(mt) and the carrier cos(4t).
FIND The impulses of Z (jw) for z(t) = x(t) cos(4nt), by two routes.
METHOD Route 1: turn the product into a sum with a trigonometric identity, then transform each cosine.

Route 2: apply the modulation result to X(jw).

© 2026 Hiseyin Ugur Yildiz - huguryildiz.com - Course content: CC BY-NC-SA 4.0 Lecture Notes - 177



SOLUTION

CHECK

Signals and Systems — Lecture Notes

Route 1. The product-to-sum identity cos acos 8 = £ cos(a — 8) + 3 cos(a + ) with
a = 4t and 8 = 7t gives

z(t) = 3 cos(3mt) + 1 cos(5mt).

A cosine of unit amplitude transforms to two impulses of weight 7, so each % COs gives two
impulses of weight 7:

Z(jw) = Z[§(w — 3m) + 6(w + 3m) + 6(w — 57) + &(w + 57)].

Route 2. X (jw) = mé(w — ) + md(w + 7). The modulation result halves X and
centres one copy at +47 and one at —4r. The copy at +47 has impulses of weight 7 /2 at
47 + 7, that is at 37 and 57r; the copy at —47 has them at —37 and —5r.

Both routes give four impulses of weight 7w /2 = 1.570796, at 37 and +57. Nothing sits
at +w. = $4m itself: only the sidebands are sent. That is what "suppressed carrier"
records.

¢ EXAMPLE

GIVEN

FIND
METHOD

SOLUTION

CHECK

0.5 A

5.21 — MODULATING A BAND-LIMITED SIGNAL

z(t) = M so X (jw) = 1on |w| < 27 (Example 5.6), and z(t) = x(t) cos(4t)

Z(jw) and its band edges.
Two half-height copies of X, centred at +47 and —4m. Find the edges of each copy.

The copy X (j(w — 4m)) is 0.5 where |w — 47| < 2, thatis on 27 < w < 6. The

copy %X(j(w + 471')) is 0.5 on —67 < w < —27. The copies do not meet, so

Z(jw)=0.5 on 27 < |w| < 6m, 0 elsewhere.

Each copy is 47 wide, as wide as X, at half its height; together they occupy 87 of the axis.
In time the carrier fills the envelope i:c(t). Multiplying z by the carrier again brings one pair
of copies back to the origin, where they add to 3 X . A low-pass filter on [w| < 27 then
recovers x up to the factor l; this is the receiver described below.

Z(jw)

A

-611 -4m -2m 21 4T er 8n

w [rad/s]

FIGURE 5.23 Two half-height copies on 27 < |w| < 6. The dashed lines mark +w, = +4.
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¢ EXAMPLE 5.22 — COPIES THAT OVERLAP

GIVEN X(jw) =lon7 < |w| < 37 and 0 elsewhere, and z(t) = z(t) cos(27t).
FIND Z(jw), and Z(30) in particular.
METHOD Shift X up by 27 and down by 27, halve both copies, and add them where they land on the

same stretch.

SOLUTION  The band of X has two parts, 7 < w < 3w and —37 < w < —r. Shifted up by 27 they
land on 37 < w < 5w and —7m < w < 7. Shifted down by 27 they landon —7m < w < 7
and —5m < w < —3m. Each copy has height % On |w| < 7 both copies land, and their
heights add to % + % =1:

{]-a |w| <m
Z(jw) =¢0.5, 37 <|w| <57
0, elsewhere.
So Z(j0) = 1.
CHECK The total area is kept: X has area 2 - 2mr = 4m,and Z hasareal - 2w + 0.5 - 27 + 0.5 -

27 = 47, as a sum of two half-height copies of X must have.

® TWO DIFFERENT EVENTS

Copies appear whenever a signal is multiplied by a carrier. That happens at every carrier frequency,
and it loses nothing. Copies overlap only when the carrier is low enough for the shifted bands to
reach each other, as in Example 5.22. Overlap is what destroys information: once two copies have
been added, there is no way to tell what each contributed. Chapter 7 asks the same question about
the copies that sampling produces.

Synchronous demodulation

A modulated signal z(t) = x(t) cos(w.t) arrives at a receiver. The message is band-limited, X (jw) =
0 for \w\ > W, with W < w,. The receiver multiplies by the same carrier again. The identity cos’f =
%(1 + cos 20) splits the product into the message and a new modulated signal:

y(t) = 2(t) cos(wct) = z(t) cos®(wet) = 32(t) + 32(t) cos(2w.t).

Transform term by term. The first term gives %X(jw). The second is the modulation result with carrier
2w, times %: two copies of height 411 centred at +2w,:

Y (jw) = 1 X (jw) + 1 X (j(w — 2w.)) + 1 X (j(w + 2w.)).

The copy at +2w. occupies 2w, — W < w < 2w, + W, so it begins at 2w, — W. A low-pass filter of
gain 2 whose cutoff lies between W and 2w, — W keeps %X , doubles it, and removes both copies. Its
output is x(t) The interval for the cutoff is not empty because W < 2w, — W is the same as W < w..
With W = 37 and w,. = 57 rad/s, for example, the cutoff may be as high as 2w, — W = 107 — 37 =
.
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A X
2 2
1 1
0.5 0.5
I 1 A I A 1 : I 1 1 I 1 1 :
-12n -6m 6t 12m -12n -6m 6t 12m -12nt -6 6t 12m
w w w
FIGURE 5.24 Z(jw) atthe receiver. ~ FIGURE 5.25 Y (jw) and the filter FIGURE 5.26 The filter output:
(dashed box). X (jw).

In the figure W = 27 and w, = 67. The copies of Y lie on 107 < |w| < 14, far outside a filter of gain
20n |w| < 4.

The receiver must use the carrier with the right phase, which is why the scheme is called synchronous.
Suppose it multiplies by cos(w.t + ¢). The identity cos a cos B 5 cos(a — B) + § cos(a + B) with
o = wt + ¢ and B = wct gives cos(wct) cos(wet + ¢) = 3 cos qb + 3 cos(2wct + @). The filter
keeps and doubles the first term only, and returns x(t) cos ¢. At P = 71'/2 nothing is left.

A band-pass filter with a tunable centre

A fixed ideal low-pass filter Hip,, with gain 1 for |w| < wp and 0 beyond, can pass a band around any
chosen frequency w... Multiply the input by e~Jwt filter, and multiply by elwet, Only the oscillator frequency
we is turned; the filter never changes:

™ e’jwct

2(t) — 0 () — [Hy] — wt) 2S5 y(e)

Follow the spectrum through the three steps. Each multiplication by etiwet is a frequency shift. The
frequency-shift property with the shift —w, replaces w by w + w,. The filter multiplies. The last shift
replaces w by w — w, in everything before it:

Vi(jw) =X ( w + we ),
Va(jw) = Hip(jw) X (j(w + we)),
Y(Jw) - Vé(j((d - wc)) = Hlp (](w - wc)) X(]w)

Hlp(j(w — wc)) = 1 exactly when |w — w,| < wp. S0Y = X onw, — wy < w < w, + wy and
Y = 0 elsewhere: a band-pass filter of width 2wq centred at w,.. With w. = 12 and wg = 3 rad/s, only
9 < w < 15 reaches the output; with w, = 8 and wy = 1 rad/s, only 7 < w < 9.
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w, is shaded.

0.5

| T L | T >
-4mn 4n 81

w

FIGURE 5.28 Shifted down by w,; the
dashed box is Hy,.
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FIGURE 5.29 Shifted back: Y (jw)
on9 < w < 15.

The band near —w. is not passed. So Y is not conjugate-symmetric, and y(t) is complex even when

z(t) is real (Section 5.4).

@ EXAMPLE 5.23 — THE SQUARE OF A SINC

GIVEN sin(27t
z(t) = —( ),SO X (jw) = 1on|w| < 27, and 2(t) = z%(t).

FIND Z(jw) and Z(50).

METHOD Multiplication in time is convolution in frequency, with 1/27. Convolve the band with itself by
sliding one copy across the other and measuring the overlap.

SOLUTION  Two rectangles of height A and half-width wq convolve to a triangle. At zero shift the overlap
is the full 2w wide, which gives the apex A - A - 2wy = 2A%wy. The overlap shrinks
linearly to nothing at shift +2wy, so the triangle lives on |w| < 2wy. Here A = 1 and wy =
27,50 X x X is atriangle of apex 2 - 1 - 2 = 47 on |w| < 4. The 1/27 of the
multiplication property scales the apex to 47 /2w = 2:

, 1 , W]
Z(jw) = —(Xx X)(jw) =2(1- =), || <4m,
2 4
and 0 beyond. So Z(j0) = 2. The spectrum of the square is twice as wide as X .

CHECK In time, 2(0) = 27/7 = 2 (Example 5.6 with W = 27), so 2(0) = z(0)? = 4. Through
the transform, 2(0) = 3= [ Z dw, and the triangle has area § - 87 - 2 = 8, s0 2(0) =
8w /2w = 4. The two agree.

¢ EXAMPLE 5.24 — THE PRODUCT OF TWO DIFFERENT BANDS

GIVEN sin (27t sin(4mt
z1(t) = sin(2mt) and z5(t) = % so X1 =1lon|w| <2mand X5 = 1on

T
\w| < 4.

FIND The transform Z of z(t) = z1(t)x2(t), and the peak z(0).

METHOD As in Example 5.23: convolve the bands, then divide by 27. Track the overlap as the narrow
band slides across the wide one.

SOLUTION  For shifts |w| < 47 — 2w = 27, the narrow band lies wholly inside the wide one, so the
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Beyond that the overlap shrinks linearly and reaches zero when the bands just touch, at the
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sum of the half-widths, |w| = 27 + 47 = 67. So Z is a trapezoid: 2 on |w| < 2, falling
linearly to O at |w| = 6. The flat top has half-width equal to the difference of the half-widths,
and it shrinks to a point when they are equal, which gives the triangle of Example 5.23.

CHECK The peak in time is the product of the two peaks, z(0) = x1(0)z2(0) = 2 x 4 = 8. The
trapezoid has parallel sides 47 and 127 and height 2, so its area is %(471' +127) -2 =
167, and z2(0) = 167 /2w = 8. The two agree.

Z(jw)
A

2 2
1 1

| |= | T T T T 1=

et -4n -2m 21 4n 61t

w w

FIGURE 5.30 Example 5.23: the triangle of apex 2 on FIGURE 5.31 Example 5.24: the trapezoid, flat on |w\ <

w| < 4m; dashed, the band X.. 27 and zero beyond 6.

5.6 Systems from a differential equation

The Fourier transform converts a linear differential equation with constant coefficients into an algebraic
equation. Start from

N M

d*y() d*w (1)
D =g = D g
e dt — dt

Take the transform of both sides. Linearity moves the transform inside each sum and past each constant
coefficient, and the differentiation property replaces each derivative d* / dt* by the factor ( jw)k:

N M
D an(w)'Y (jw) =Y bi(jw) X (jw).
k=0 k=0

Both sides now contain a plain product. Factor Y (jw) out of the left sum and X (jw) out of the right sum,
and divide. The ratio Y / X is the frequency response, because for an LTl systemY = X H:

FREQUENCY RESPONSE FROM THE COEFFICIENTS

_ Y(jw) Yo bi(w)
X(jw) Yol ar(jw)*

H (jw)

The coefficients of the differential equation form two polynomials in jw, and their ratio is the frequency
response. H (jw) exists when h is absolutely integrable, [ |h(t)|d¢ < oo. For an LTI system that is
bounded-input bounded-output stability, so an unstable system has no frequency response to plot. The route of
this section: transform the equation, read H (jw), expand it into simple fractions, and invert each term with the

table of pairs.
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During the algebra it helps to write s = jw. Here s is only a name for jw that shortens the partial-fraction
algebra; every expression is a function of the real frequency w, and jw is put back at the end. The two
inverse pairs needed are 1/(s + a) = 1/(a + jw) <> e “wu(t) from Example 5.3 and, below, its
repeated form.

¢ EXAMPLE 5.25 — SIMPLE POLES

GIVEN d%y dy dz
— +4—= 4+ 3y = — + 2z, at rest.
a "t T T @
FIND H(jw) and h(t).
METHOD The differential equation has constant coefficients, so the differentiation property turns it into

algebra. Form the frequency-response ratio, factor it, expand it into simple fractions, and
invert each term.

SOLUTION  Take the transform of both sides. Each derivative becomes a power of jw, and linearity
keeps the coefficients:

(jw)*Y (jw) + 4(jw)Y (jw) + 3Y (jw) = (jw) X (jw) + 2X (jw).
Write s = jw, factor out Y on the left and X on the right, and divide:

Y s+ 2
gL __ stz
X s244s+3
Factor the denominator. Its roots are the values of s where s> + 4s + 3 = 0, thatis s =
—lands = —3,505% + 45+ 3 = (s + 1)(s + 3). The roots are called the poles.

Expand into simple fractions:

s+ 2 A B
G013 sil sx3 T2 AEFF Bl

Set s = —1 so the B term vanishes: —1 +2 = A(—1+3),s01 =2Aand A = % Set
s = —3 sothe A term vanishes: —3 + 2 = B(—3+1),s0 -1 = —2B and B = 3.
This is the cover-up rule: cover one factor, and evaluate the rest at the root of that factor,

_ s+2 _ s+2
A= pcd Y and B = 51,5 Hence

1/2 1/2
H(jw) = :
09) =177 " 357w

and each fraction is the pair of Example 5.3, so

h(t) = |3e " + ze % |u(t).

CHECK Atw = 0, H(j0) = 2/3 from the ratio. The transform at w = 0 is the area, and
1 11 1,1 _ 2 . 1,1
Joohdt =514 353 =35+ =2 whichagrees. Also h(0") = 3 + 5 = 1. The
poles s = —1 and s = —3 are negative, so both exponentials decay, h is absolutely

integrable, the system is stable, and H exists.
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The frequency response of the example

The modulus of a quotient of products is the quotient of the products of the moduli. The angle is the
numerator angle minus the denominator angles, and each factor ¢ + jw with ¢ > 0 has angle

tan~!(w/c):
B 12 + jw| B V4 + w?

11+ jw| |3+ jw|  VI+w2VI+w?
/H(jw) = tan™* %} —tan 'w — tan ! %

[H (jw)|

At w = 0 the system passes 2/3 = 0.667 of a constant. For large w the numerator has one factor and
the denominator two, so |H| ~ w/w? = 1/w; atw = 100 rad/s, |H| = 0.009997 ~ 0.01. Each
arctangent tends to 7 /2, so the phase tends to w/2 — w/2 — w /2 = —m /2. The magnitude is even and
the phase is odd, as a real h requires.

[H (jw)] ZH (jw)
A
1.57
0.67
0.79
0.33
I I I I |=
. 21 T L 2n 3
I I I I I I | Ll _079 -
-2n - m 2n 3n
-1.57 -+
w
w
FIGURE 5.32 The magnitude, 2/3 atw = 0. FIGURE 5.33 The phase in rad, odd in w.

Repeated poles
The cover-up rule assumes each factor of the denominator appears once. When a factor (3 — )\) appears
m times, one term is needed for each power:
N m

(s) = ¢ + PPN + il
(s=A)mQ(s) (s—N)™ s—A
Covering up fails here. Multiply by (s — )\) only, and m — 1 factors survive below, so setting s = A
divides by zero. Multiply by the full (s — A)™ instead: then (s — A\)™F(s) = ¢,y + cp_1(s — A) +
<+ ci(s = A)™ L+ (s — A\)™(terms from Q). Setting s = )\ removes every term except c,,,. To
reach the next coefficient, differentiate once before setting s = A: the constant c,,, disappears, the term
¢m-1(8 — A) leaves ¢, 1, and every other term still carries a factor (s — \) and vanishes. Each further
derivative peels off one more coefficient, with a factorial from differentiating the power.

F(s) = + (terms from Q).

REPEATED-POLE RULE

1 d
ok TR ds

(s = 2)"F(s)]

s=A

The case k = 0 is the cover-up rule and gives c,,.
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The inverse pairs follow from the differentiation-in-frequency property of Section 5.4. That property gave
te %u(t) <> 1/(a + jw)?. Suppose (;_1)!e‘atu(t) < (a + jw) ™ for some n > 1. Multiply the
signal by t/n; the property multiplies the transform by j/n and differentiates it:

n—1

1

£ J J _
(a + jw)nJrl '

d
-z —at J e s . 5 \—n—1 _
e u(t) «— ndw(a+3w) ” (—n) j (a + jw)
So by induction %e’“tu(t) < 1/(a + jw)" for every n > 1, with @ > 0. A repeated pole always
brings a power of t into the time domain. The double pole gives te’“tu(t), which starts at 0 and peaks at
t = 1/a; for example 1/(jw + 2)? <> te~2u(t).

¢ EXAMPLE 5.26 — A REPEATED POLE, AND THE CHECK THAT CATCHES A SIGN

GIVEN . Jw +2 . _
The system of Example 5.25, H (jw) = — - , with input 2(t) = e tu(t).
()= oo TS (1) = e "ult)
FIND y(t)
METHOD The input passes through an LTI system, so calculate Y = X H. Write s = jw, expand Y

into partial fractions with the repeated-pole rule, and invert each term.
SOLUTION  Example 5.3 gives X = 1/(s + 1). Multiply:

1 s+ 2 - s+2
T s+1 (s+D)(s+3) (s+1)%(s+3)
The input pole coincides with a system pole, so s = —1 is now a double pole. One term is
needed for each power of (s + 1), so Y splits into three terms:
A B C

s+1+(s—|—1)2+s+3'

For B, multiply by (s + 1)% and set s = —1:

s+2 -14+2 1
B=|(s+17%| = = ==
(s +1) s=—1 S§+3|_ 1+3 2
For A, differentiate the same product once before setting s = —1. By the quotient rule,
d s+2 _ (s+3)1—(s+2)1 1 o
ds s+3 (s+3)? T (s+3)%
d 1 1 1
A - _[ ]. 2Yi| = -— = —_— = -
ds (s+1) s=—1 (s+3)?|,_, 22 4
For C, the factor (s + 3) is simple, so cover it up and set s = —3:
C:[(s+3)Y} :i :ﬂ:__lz_l_
s=3 (s+1)2|_ 5 (=3+1)?2 4 4

C is negative, and the minus is most easily lost on the line where the three fractions are
written out together. Invert term by term with 1/(s + a) <> e %u(t) and 1/(s + a)? <
te %u(t):

y(t) = [}Ie_t + %te‘t - %6_3’5} u(t).
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CHECK y = x * h with ¢ and h causal, so y(0) = 0. The answer gives y(0) = ;11 +0— i =0.
Assembling C' as + 1 instead gives y(0) = $ + 0 + = £, which no convolution of two
causal signals can give. Comparing curves elsewhere decides little: at £ = 2 the two
candidates are 0.1685 and 0.1698, which agree only to two decimals, while at ¢ = 0 they
differ by 0.5. Convolving x with h directly,

¢
y(t) = /0 e (-7 [%GT + %637] dr =e? [%t +1(1- e2t)],

. . . tq1
returns the same three terms with the same signs. The middle step uses fo %e dr =

%(1 —e ).
y(t)
0.25 - /\
l 015 1l 115 é 215 (IB 315 e
t [s]
FIGURE 5.34 The output with C' = —%1 (solid) and, dashed, the version with the sign lost. They differ by 0.5 at the origin

and by about 0.001 at ¢t = 2.
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TABLE 5.1 Properties of the continuous-time Fourier transform.

PROPERTY

Linearity

Time shift

Frequency shift
Conjugation

Time reversal

Time scaling
Convolution
Multiplication

Duality
Differentiation in time
Integration
Differentiation in frequency
Real signal

Real and even

Real and odd

Even and odd parts

Parseval

STATEMENT
azy(t) + bxy(t) < aXi(jw) + bXs(jw)
z(t —tg) < e X (jw)

eia(t) X (j(w - w))

2 (t) & X*(—jw)

2(~t) ¢ X(—jw)

z(at) < X (jw/a)

z(t) * h(t) < X(jw)H(jw)

z(t)y(t) < 5 X(jw) * Y (jw)

X(t) < 2nz(-w)

d"z/dt" < (jw)"X(jw)

[loa(r)dr & LX(jw) +1X(0)8(w)
tz(t) < jdX(jw)/dw

X(—jw) = X*(jw): | X| even, ZX odd
X (jw) real and even

X (jw) purely imaginary and odd

Ev{z} < Re{X}, 0dd{z} < jIm{X}
[z dt = 5 [ X (jw)]* dw

Two rows carry a condition. Integration keeps X (0)d(w) whenever the signal has non-zero area.

Scaling carries 1/|a
against the area.
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TABLE 5.2 Continuous-time Fourier transform pairs.

SIGNAL

Impulse

Shifted impulse

Unit step

One-sided exponential

Repeated pole

Two-sided exponential
Rectangular pulse
Ideal low-pass band
Constant

Complex exponential
Cosine

Sine

Periodic signal
Square wave

Impulse train

PAIR

i(t) « 1

5(t —ty) > e dwto
u(t) & = +m(w)

1
a+jw’

e u(t) <« a>0

tn—l

T a>0

— 1
e Yu(t) (CEEm

— 2
e alt| <~ Wawz’a>0

lon|t| < Ty < % = 2T sinc(wTy)

% — lon|w| < W

1 < 2mé(w)

eIt 5 2w (w — wy)

cos(wgt) > mé(w — wy) + wé(w + wy)

sin(wot) > F0(w —wo) — 56(w + wo)

Yo apeht o 3 2magd(w — kwy)

Lon [t| < Tyineachperiod T > ;g wé(w — kuwy) + RS (w)

Sp0(t —kT) < 2%, 6(w— ZE)

Every sinc in the table is unnormalised, sinc(f) = sin 6/6; a table in the normalised convention divides
the argument by 7. The exponential pairs hold only for a > 0.

What to carry forward

« Let the period of a pulse train grow: T'a;, samples one envelope, and in the limit the envelope is

X (jw).

» Analysis integrates over t and returns X(jw); synthesis integrates over w, carries 1/27r, and returns

z(t).

» Finite energy or the Dirichlet conditions is enough; neither is necessary. At a jump the synthesis

integral gives the midpoint, and a cut-off band leaves an overshoot of about 0.09 that does not shrink.

« The sinc convention here is sinc(6) = sin #/6, and it is stated at every point of use.

« Narrowing a signal in time widens its spectrum. Finite duration forbids band limitation; infinite duration

guarantees nothing.

« A periodic signal transforms to impulses of weight 27ay, at the harmonics, not to the coefficients

themselves.
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o Adelay multiplies by e @t the magnitude stays and the phase gains —wt. A real signal has an
even magnitude and an odd phase.

» Convolution in time is multiplication in frequency; multiplication in time is convolution in frequency, with
1 / 27. A carrier makes two copies at half height. Copies always appear; overlap is a separate event
and is what loses information.

- Parseval: [ |z|?dt = 5= [ |X|? dw, with R = 1 Q.

» A differential equation gives H(jw) as a ratio of polynomials in jw; partial fractions and the table give
h(t). A repeated pole needs the derivative rule, and a causal convolution must start at zero.

Everything here was continuous time. A computer sees a sequence, not a signal, and the same question

has to be asked again for 2[n]. One thing changes, and it changes everything: e (W27 — g=jwn for

every integer n, so a discrete-time spectrum repeats with period 27. That is Chapter 6.

Exercises

5.1 Apulse train is 1 on [t| < 1 in each period Ty = 6 s. Write Thay, as a sample of the pulse envelope
and find ap and a;.

Answer: The envelope is the transform of one pulse, E(w) = 2sinw/w, and Toar, = E(kwy) with wy = 27 /6 =
/3 radls. At k = 0 the envelope is its limit 2, so ag = 2/6 = 1/3. Atk =1,a; = % . %/g/?’) =
200.8660)3) _  gpr.

(= I

5.2 Find the transform of z(t) = e~ %/*l and give its values at w = 0 and w = 3 rad/s.
Answer: The two-sided pair with a = 3 gives X (jw) = 51 So X (j0) = 6/9 = 2/3 and X (j3) = 6/18 = 1/3:
at w = a the spectrum is half its peak.

5.3 Apulse is 1 on |t| < 2. Write its transform with the unnormalised sinc, sinc @ = sin 6/6, and find
X (70) and the first zero with w > 0.

Answer: With T7 = 2, X (jw) = mzuﬂ = 4sinc(2w). X (j0) = 2T1 = 4, the area of the pulse. The first zero is at
2w =7, s0w = /2 radls.

5.4 Find the transform of z(t) = 2 + cos(4t) — sin(4t). Give the weight of each impulse and check that
the two weights at -4 are conjugates.

Answer: Term by term: 2 — 4mé(w), cos(4t) — mé(w — 4) + m6(w + 4) and — sin(4t) — —7345((.0 —4)+
?5((.0 +4).With1/j = —j,the weightatw = 4ism + jm = (1 + j) andatw = —4itis ™ — jm = (1 — j).
They are conjugates, as a real signal requires. The weight at w = 0 is 4.

5.5 Find | X (j2)| and £ X (j2) for 2(t) = e 23yt — 3).

Answer: The signal is e~ 2'u(t) delayed by ty = 3's, so X (jw) = ;;;:Atw =2:|X(52)| =1/|2+ 52| =
1/4/8 = 0.3536, since the delay factor has magnitude 1. The phase is —3(2) — arctan(2/2) = —6 — 7/4 =
—6.785 rad.

5.6 Use Parseval’s relation to find the energy of z(t) = %ﬁ—tl, with R = 1.
Answer: The ideal low-pass pair with W = 4 gives X (jw) = 1 on |w| < 4 and 0 outside. So E = o fi; 12dw =

= =2 =1273J.

5.7 X (jw) is zero for |w| > 3 rad/s and X (j0) = 4. Describe the spectrum of z(t) cos(10t), give the
peak height of each copy, and find the smallest carrier frequency for which the copies do not overlap.
Answer: Multiplication by cos(10t) gives 5 X (j(w — 10)) + 3 X (j(w + 10)): two copies, on 7 < w < 13 and
—13 < w < —7, each peaking at % - 4 = 2. With carrier w, the copies occupy [w. — 3, w, + 3] and [—w,. —

3, —w. + 3]. They stay apart when w. — 3 > —w, + 3, thatis, w. > 3 rad/s.
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5.8 A system obeys % + 4y(t) = 2x(t). Find H (jw) and h(t), then the output for z(t) = e 2 u(t).

Answer: Take the transform of both sides: (jw + 4)Y = 2X, so H(jw) = ﬁ and h(t) = 2e~*u(t). With X =

ﬁ, Y = (2+].w)2(4+jw) 2+1jw - 4+1jw, from partial fractions with A = 2/(4 —2) =1land B=2/(2 —4) = -1

.Soy(t) = (e7* — e *)u(t). Check: y(0) = 0, as a causal convolution requires.
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CHAPTER

The discrete-time Fourier transform

The discrete-time Fourier transform describes the frequency content of a sequence that is not periodic. We
derive it in three steps: replicate a finite sequence to make it periodic, apply the series from Chapter 4, and
let the period grow without bound. The result is a continuous function of frequency that repeats every 27r.
Every figure shows more than one period so that this property stays visible. The chapter then works out the
standard pairs, the transforms of periodic sequences and every property with its proof. It ends with filters,
windows and difference equations, and with the discrete Fourier transform that a computer evaluates.

6.1 Building the transform

Let z[n] have finite support: z[n] = 0 for |n| > Nj. The discrete-time Fourier series applies to periodic
sequences only, so build a periodic sequence out of x by laying the same finite sequence down again
every N samples.

PERIODIC REPLICATION

o0
Zn| = Z z[n — rN], Z[n + N] = Z[n]
P==69
Periodic replication places a copy of the complete sequence every N samples. It does not insert samples
within a copy.

/A THE CONDITION THE CONSTRUCTION NEEDS

The copies must not overlap, so the period must be longer than the support: N > 2N;. Only then is
Z[n] = z[n] for —N1 < n < Ny, aband of 2N; + 1 samples centred on the origin. With N <
2N the tails of neighbouring copies add and no period of & equals x any more. For a sequence that
is zero outside [n| < 3, the copies stay apart only for N > 6: N = 9 works, while N = 4 and

N = 6 do not.
-15 -10 -5 5 10 15 -15 -10 -5 5 10 15 -15 -10 -5 5 10 15
FIGURE 6.1 The finite-support FIGURE 6.2 Replication with N = FIGURE 6.3 Replication with N =
sequence, Ny = 2. 9 > 2N;: the copies stand clear. 4 < 2N;:the copies add.
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Let N grow while z stays fixed. The copies move outward, and at every fixed n the value Z|n| becomes
z[n] once N is large enough. So Z[n] — x[n] atevery nas N — oo.

The coefficients are samples of one function

DISCRETE-TIME FOURIER SERIES

- 2
Sl = Y axe o, wp= 2
k=(N)

1 .
= =~ —jkwon
a = 3 Z Z[n]e
n=(N)
The analysis exponent is negative. Synthesis builds the sequence up out of exponentials and carries e*jk“’on;
analysis takes it apart and carries the conjugate. A plus sign in both places breaks the identity derived below.

Take the analysis sum over the period that holds —IN; < n < Nj. On that period Z|n| = z[n]. Because
x is zero outside —N; < n < Nj, extending the sum to all n adds only zero terms:

Ny 00

1 . 1 .
o =+ Z z[n]e hom — ¥ Z z[n]e Fom,

n=—N; n=—o0

The last sum has the same form for every k. Define it as a function of the continuous variable w, and then
evaluate it at w = kwy.

THE ENVELOPE

X(e) = Z z[n)e " — N a; = X (™)

n=—0oo

X (e%%) is defined for every real w and does not depend on IN. The scaled coefficients Nay, are its samples,
spaced wy = 27r/N apart; a larger IN only makes the spacing smaller. The identity holds only because the
two exponents match, which is the check on the sign. For the pulse with N; = 2and N = 10,10y =

X (e’%) =3, z[n] = 2N; + 1 = 5, and the same 5 comes out at every period N.

X(e) Na,

6 one period, 27 |

one period, 27 |

| ’
4 f 44/

2 2 " /! \\ d
A\ ~/ . Ub e AL e AL
‘-211 \./ T \/ \./ n \/ 2n ‘-211 *\_l’/ B \‘l_,j *\_l’/ n \‘1_,j 2n

w w

FIGURE 6.4 The envelope of the pulse with N; = 2, over ~ FIGURE 6.5 The scaled coefficients Nay, for N = 9:
two periods. Its value atw = 0is 2N7 + 1 = 5. samples of the dashed envelope at w = kwy.

Letting the period grow

Putar = %X(ejk“"’) back into the synthesis equation and write % as 2%1 which holds because wy =
2 /N
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1 .
#n) = ) X ()
k—(IN)
— 1 jkw jkwon
=5 Z X (e7"0) "0 .

This is exact at every IN. Read the right-hand side as a sum of rectangles. Each rectangle has height
X (eFen)edkenm and width wp. The N rectangles cover an interval of length Nwo = 27. As N grows
without bound, Z[n] approaches x[n|. At the same time the width wy = 27/ N approaches zero and
becomes dw, so the rectangle sum approaches an integral over an interval of length 27r.

THE DISCRETE-TIME FOURIER TRANSFORM PAIR

X (e™) = Z z[n] e " (analysis)
1 . .
zn]=— [ X(e")e"dw (synthesis)
2w o

We write the pair z[n] +» X (e/*). Analysis takes a sequence to its spectrum: the sum over all n leaves a
function of w. Synthesis rebuilds the sequence: the integral over one period leaves a sequence in n. The
names go by what each equation does, never by which is written first. Three details separate this pair from the
continuous-time one: the factor % sits on the synthesis side, the integral runs over one period rather than the
whole line, and the left-hand side is written X (e/“’) to record that it is a function of e/ and therefore repeats.

® TWO WAYS TO WRITE THE SYNTHESIS EQUATION WRONGLY

The line z[n] = [ X (e™)e/" dw has two errors: the factor 5~ is missing, and the range must
be one period of length 27r. An integral from —27 to 27 covers two periods and returns 2z[n/,
because each period is counted once.

When the transform exists

A sufficient condition is that x is absolutely summable:

Then every term of the analysis sum has modulus |z[n]e 7“"| = |z[n]|, so the sum converges at every
w and X (e’*) is continuous. For z[n] = (0.8)"u[n| the moduli form a geometric series with ratio 0.8:
Y n>0(0.8)" =1/(1 —0.8) = 5. For (0.5)"u[n| the same formula gives 1/(1 — 0.5) = 2. Both
transforms exist.

A weaker condition is finite energy, Y |z[n]|> < co. Then the sum converges in mean square: the
energy of the error between X and a partial sum goes to zero, and the transform may have jumps. The
sequence z[n| = sin(mn/2)/(mn), with z[0] = 1, is the example. For odd n, | sin(7n/2)| = 1, so
|z[n]| = 1/(m|n|). The moduli at odd n therefore add like 2 (1 + % + 1 + - - - ), and since ST >

% . nﬁ this is at least half of a harmonic series and has no finite sum. The squares do add up: Example
6.6 shows that z is the inverse transform of a band of height 1 on |w| < /2, and Parseval's relation

(Section 6.4) gives the energy % -]i:/er ldw = % That transform jumps at w = +m/2.
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Finite support is not needed either. It only kept the copies apart in the construction. The pair holds
whenever the analysis sum converges.

Why the spectrum repeats

PERIODICITY IN THE FREQUENCY VARIABLE

X(ej(w+27r)) = Z m[n]e—j(w+27r)n
_ Z w[n]e—jwne—j%'n
= Z z[nle " = X (/)

The whole argument is that n is an integer, so e %™ = 1in every term of the sum and the extra factor
disappears term by term. Any interval of length 27 therefore holds all of X . If X(ej”/‘l) = 3, then
X (e77m/4) = 3 as well, because —7m/4 = w/4 — 2.

The same step in continuous time gives [ z(t)e #“!e 72 dt, where ¢ runs over the reals. There e 727
equals 1 only at integer ¢, so it cannot leave the integral, and nothing forces X (jw) to repeat.

® THE HABIT THIS CHAPTER IS BUILT TO PREVENT

A spectrum drawn on —7 < w < 7 alone carries the same information as three periods of it, and it
is also the picture a reader later mistakes for a spectrum that stops at 7. Every spectrum here is
drawn over more than one period with the period marked.

Frequency in discrete time
The frequency w of a sequence is measured in radians per sample. A sequence el“m is seen only at
integer n, and moving the frequency by 27t changes nothing there:

(w+2m)n jwn _j2mn ejwn

e’ =e"e

So w and w + 27 give the same sequence. Low frequencies lie near w = 0 and its copies at multiples of
27. High frequencies lie near w = ==, not at large w. The fastest sequence is /™ = (—1)". Of
cos(0.27n), cos(1.97n) and cos(0.97n), the last changes fastest from sample to sample: 1.97 is
—0.17 after a shift of 27, so it is a slow sequence, and only 0.97 lies near 4.
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FIGURE 6.6 The stems are z[n| = 1 + cos(0.4n). The curves 1 4 cos(0.4¢) and 1 + cos((0.4 + 27)t) both pass
through every stem, so the sequence cannot tell the two frequencies apart.

Frequency on the unit circle

The value e/“" is a point on the unit circle at angle wn. One step in n multiplies it by e

e]w(n+1) — elwn giw

Multiplying by e/ turns a point by the angle w. So the frequency is the turn per sample, and the real part
of the point, dropped onto the real axis, is the sample cos(wn). Three facts can be read off the circle.

« Aturn of w + 27 is one full turn more than w and lands on the same point, so it gives the same
samples.

« Atw = 7 the point jumps between 1 and —1, so the samples are (—1)™. No sequence changes
faster.

o Aturn of 21 — w is a turn of —w plus a full turn. The point turns the other way, el 2m—win — g—jun,
which is the complex conjugate of e/, Its real part is the same: cos((2m — w)n) = cos(2wn —
wn) = cos(—wn) = cos(wn), because 27n is a whole number of turns and the cosine is even. For
example, a turn of 37 /2 per step gives the same samples cos(wn) as a turn of 2 — 37/2 = 7/2.

Im cos(wn)
A A

\
:

/_.-0

[ ]

[ )

\_‘

N @
I
[N J
©

-0
v

Re n

FIGURE 6.7 The points e’ for w = 7/4: each step turs ~ FIGURE 6.8 The real parts, cos(mn/4) forn = 0,...,8.

by w, and after eight steps the point is back at 1. The Aturn of 771'/4 per step would give the same stems.
dashed drop gives the real partatn = 1.
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The discrete Fourier transform

A computer cannot store a function of a continuous w. It stores a list of numbers. The discrete Fourier
transform, or DFT, is the list of NV equally spaced samples of X(ej“’) for a sequence that is zero outside
0 <n < N — 1. The first example is the rectangular window of L ones, wn] = 1for0 <n < L —1
and 0 elsewhere. Its transform is a finite geometric sum with ratio 7 = e/, first index p = 0 and last
index ¢ = L — 1. The formula Zizp r"* = (rP — r?™1) /(1 — r) needs only r # 1, that is w not a
multiple of 27r. Then balance each difference about its middle exponent:
5 L-1 P R
W(e™) = HZ_O e = T oi
e—JwL/2 (eij/z _ e*j“’L/2)
e=iw/2(eiw/2 — e=i/?)
e wL/2 . 25 sin(wL/2)
e~iw/2 . 25 sin(w/2)
—jw(L—1)/2 SiIl(wL/2) .
sin(w/2)

=e€

The third line uses e/ — e=/% = 25 sin 0 twice. At w = 0 every term of the sum is 1, so W (e/?) = L.
The magnitude | sin(wL/2)/ sin(w/2)| first reaches zero where wL /2 = +7, atw = £27 /L. The
main lobe between these two zeros is 47/ L wide.

THE DFT: N SAMPLES OF THE DTFT

N-1
X[k] = X(e”™/N) =Y " zn]e N k=0,1,...,N-1

n=

The second equality puts w = wy, = 27rk:/N into the analysis sum and drops the terms outside 0 < nn <
N — 1, where z[n] = 0. Only N values are distinct: wi y = wi + 27, so X [k + N| = X[k] by
periodicity. The fast Fourier transform, the function fft in MATLAB and in NumPy, computes these N numbers.

The same numbers are the series coefficients of the periodic extension. Repeat x[n] every N samples to
getZ.0n 0 < n < N — 1 there is only one copy, so Z[n| = x[n] there, and the analysis sum of the
series over that period gives

=

=

= JiV > 5[] e~ KCA/N)n % > 2[n] -2/ %
¢ EXAMPLE 6.1 — THE DFT OF FOUR ONES
GIVEN z[n] = 1for0 < n < 3 and 0 elsewhere.
FIND X (e/), and the DFT values X [k| for N = 8 and for N = 4.
METHOD The sequence is the rectangular window with L = 4, so its transform is the formula above.

The DFT is that transform sampled at wy, = 27k /N.
SOLUTION With L = 4:
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X () = etz SBRW) oy g
sin(w/2)
The factor e 73%/2 has modulus 1, so | X (e?)| = | sin(2w)/ sin(w/2)|. For N = 8 the
samples are at wy, = 7k /4, where 2wy, = 7k/2 and wy, /2 = 7k /8:

sin(7k/2)

X1kl = sin(wk/8)

. k=1,....T.

This gives | X [1]| = 1/sin(7/8) = 1/0.38268 = 2.6131, X [2] = 0 because sin7 = 0
, | X[3]] =1/sin(37/8) = 1/0.92388 = 1.0824 and X [4] = 0; the values for k =
5,6, 7 repeat these in reverse order, since | sin(7(8 — k)/2)| = | sin(7k/2)| and
sin(7(8 — k)/8) = sin(wk/8). With X[0] = 4 the list is
4, 2.6131, 0, 1.0824, 0, 1.0824, 0, 2.6131. For N = 4 the samples are at wy, =
7k /2, where sin(2wy,) = sin(nk) = 0fork = 1,2,3. S0 X [k] =4, 0, 0, 0.

CHECK With N = 4 the periodic extension of four ones is the constant 1. Its only nonzero series
coefficient is ap = 1, and indeed ay, = X [k|/4 = 1,0,0,0.

READING With N = 4 every sample except the first lands on a zero of the curve. The four numbers
are correct, but they hide the shape of X (e’). In the same way, five ones with N = 5 give
X[0]=5and X[1] =--- = X[4] = 0.

Gl X))
one period, 2w | one period, 27
4 PN /,‘\\ 4 P P N
2 //T I\\ //T [ I 2 //// \\\ /// [ A
Tt -2 w2 n 32 2n - -2 w2 s 32 2n
w w

FIGURE 6.9 N = 8:the stems are | X [k]| atwy = FIGURE 6.10 N = 4:the stems read 4,0, 0, 0. Three of

27k /8, strong for k = 0, . .., 7 and faint where they them land on zeros of the curve.

repeat. They lie on the dashed curve | X (e/*)].

Zero padding and resolution
Appending zeros to a record of L samples raises [N but adds only zero terms to the analysis sum. So

X(ej“’) does not change. Zero padding gives more samples, closer together, of the same curve. It adds
points, not detail.

Detail comes from the record length L. A cosine kept for L samples has a transform made of copies of
W(ej“’) centred on its frequencies, as Section 6.5 shows. Each copy has a main lobe Aw = 47 /L
wide, and only more signal makes it narrower. Take the record z[n] = cos(0.37n) + cos(0.47n), 0 <
n < L — 1, whose two frequencies are 0.17 apart. At L = 12 each lobe is 47 /12 = 7 /3 wide, more
than three times the spacing, and the two lobes merge into one peak. At L = 40 each lobe is 47 /40 =
0.17 wide and the two peaks stand apart. No amount of padding separates the peaks of the 12-sample
record, because padding does not change its curve.
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X (e)]/L [X(e™)/L

A
one period, 27w | one period, 2m

FIGURE 6.11 L = 12, paddedto N = 48: many stems, FIGURE 6.12 L = 40, padded to N = 48: two separate
one merged peak near 0.357 and its mirror. peaks, at 0.37 and 0.47.

6.2 The standard pairs

Most problems start from one of a few standard sequences: a single sample, a one-sided or two-sided
decay, a window, and the inverse of an ideal band. This section derives their transforms. A property from
Section 6.4 then turns a standard pair into the transform that a problem needs.

¢ EXAMPLE 6.2 — A SHIFTED UNIT SAMPLE

GIVEN z[n] = d[n — ngl, a unit sample at the integer index ng.
FIND X (&), its magnitude and its phase.
METHOD Use the analysis sum because the sequence is given in time. The unit sample makes every

term with n # ng equal to zero, so only one term remains.

SOLUTION Start from the analysis sum and substitute the sequence. The unit sample 5[n — no] is 1 at
n = ngy and 0 at every other n, so the sum keeps one term:

X(e™)= ) zlnje "
= Z §[n — ngle "
:jwnO.

=€

Write the result in polar form. A complex exponential e’ with real ¢ has modulus 1 and
angle ¢, so

| X (e)| = e ™| =1, LX (™) = —now.

The magnitude is 1 at every frequency and the phase is a straight line of slope —n.

CHECK At ng = 0 the sequence is §[n] and the transform is the constant 1, which is what the sum
gives directly.

READING A straight line is not periodic, and yet the transform is. A phase plot shows the principal value
of the angle, in (—, 7]. The line —now drops by 27 every 27 /|ng| in w, and each drop is
folded back, so the plot is a sawtooth of period 27/ |ng|.

© 2026 Hiseyin Ugur Yildiz - huguryildiz.com - Course content: CC BY-NC-SA 4.0 Lecture Notes - 198



3.14
1.57 -

Signals and Systems — Lecture Notes

/X (e/?) [rad]
one period, 27 . ) N 1

N Y

-1.57
-3.14

NN NN NN NN N

FIGURE 6.13 The phase of e /3, the transform of §[n — 3|. The dashed line is the unwrapped —3w; the sawtooth is its
principal value, of period 271'/3. Both describe the same transform.

¢ EXAMPLE 6.3 — THE ONE-SIDED EXPONENTIAL

GIVEN

FIND

METHOD

SOLUTION

z[n] = a"u[n] with a real and |a| < 1.
X (e/), and the extremes of its magnitude and phase.

Use the geometric-series formula because the one-sided sequence produces powers of the
same ratio ae7*. The stated condition makes the infinite sum converge.

Start from the analysis sum and substitute the sequence. The factor u[n] is 0 for n < 0 and
1 forn > 0, so the lower limit moves to n = 0. Then collect the two powers of 1 into one
power:

X(e™) = Z a"uln| g Jwn

S}
3

@
<
Y
3

This is an infinite geometric series with first term 1 and ratio r = ae 7. The formula
> " =1/(1—r) holds when |r| < 1. Here |r| = |a| le™ ™| =lal-1=|a] < 1,
so the series converges at every w and

1

a"u[n| +— =t la] < 1.

For |a| > 1 the terms do not shrink and there is no transform. For the magnitude, write the
denominator in rectangular form with e 7 = cosw — j sin w:

1—ae ™ =(1—-acosw)+ jasinw.

Its squared modulus is the sum of the squared real and imaginary parts:
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11— ae > = (1 — acosw)?® + a’sin® w
=1—2acosw + a’ cos? w + a® sin® w

=1—2acosw + a?,

using cos®w + sin? w = 1. The modulus of a quotient is the quotient of the moduli, and the
angle of 1/D is minus the angle of D. For |a| < 1 the real part 1 — a cos w is positive, so
the arctangent gives the angle of D directly:

) 1
X)) = ,
X ()] V1 — 2acosw + a2

/X (") = —Z(1 — ae ™) = — arctan

a sin w

1 —acosw

The magnitude is largest where 1 — 2a cos w + a? is smallest. For @ > 0 that is at
cosw = 1, sow = 0, where the root is |1 — a| and | X | pax = 1/(1 — a). Itis smallest at
cosw = —1, sow = £, where the rootis |1 + a| and | X |min = 1/(1 + a). For
negative a the two ends swap, so in general | X | runs from 1/(1 + |a|) to 1/(1 — |al). For
the phase, find where the ratio 7(w) = asinw/(1 — a cosw) is stationary. The quotient
rule gives

acosw(l —acosw) —asinw-asinw  a(cosw — a)

/ — —
r(w) = (1 —acosw)? (1 —acosw)?’

2

again using cos? w + sin” w = 1 in the numerator. So the extreme is at cos w = a, where

sinw = 4++/1 — a? and
_la|[v1—a®  a
 1-a2 1 —a?

A right triangle with opposite side ]a,| and adjacent side /1 — a2 has hypotenuse 1, so
arctan |r| = arcsin |a| and max | £ X | = arcsin |a|. Geometrically, the denominator

7]

1 — ae 7 traces a circle of radius |a| about the point 1, and the ray from the origin that
touches this circle makes the largest angle. That ray and the radius to the touching point
form the same right triangle.

a = 3: magnitude between 2 and 2, and max | /X | = arcsin 3 = 7/6 = 0.5236 rad, at

w = :|:7r/3 where cosw = % a—= %: magnitude between 8 = 0.8889 and % = 1.1429,

and max [/ X| = arcsin% = 0.1253 rad.

Atw = Othe transformis >, z[n] = > _ a" = 1/(1 — a), the geometric series
summed directly. It matches | X |,ax for a > 0.
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| X (&) ZX (e/) [rad]
one period, 27 | ) | one period, 27 | p |
20000 I 1 0.5236 4/\ rrrrrrrrrrrr S
06667 = T : Zan 2 \-/h
\' T T T T — -0.5236 !

FIGURE 6.14 Magnitude for a = % touching 1/(1 — FIGURE 6.15 Phase fora = % touching :I:arcsin% =
a) =2and1/(1+ a) = 2/3in every period. +0.5236 rad at w = F7/3.

¢ EXAMPLE 6.4 — THE TWO-SIDED EXPONENTIAL

GIVEN z[n] = al” with |a| < 1.
FIND X (/) and its extremes.
METHOD Split the analysis sum at n = 0 because the absolute value changes formula there. Each

remaining sum is geometric and converges under the stated condition.

SOLUTION Start from the analysis sum and splititat n = 0. Forn > 0, al"l = a™: forn < —1,

n| =
—nanda” =a":
00 00 -1
X(ejw) _ Z a|n|efjwn _ Zanefjwn + Z afnefjwn.
n=—o00 n=0 n=—oo

The first sum is the one-sided pair of Example 6.3, equal to 1/(1 — ae ) because
lae™¥| = |a| < 1. In the second sum put m = —n. As 7 runs from —oo to —1, m runs
from 1 to oo:

-1 00 00

Z a—ne—jwn _ Z amejwm _ Z(aejw)m.

n=—o0o m=1 m=1

This is a geometric series with first term ae’™ and ratio aej“’, of modulus |a| < 1,soit
equals ae’ /(1 — ae’®). Add the two parts over the common denominator (1 —
ae ) (1 — ae’®):

: 1 ael”
X(e™) = l1—ae % 1-—aew
_ (1—ae™) +ae(1 —ae )
B (1 —ae)(1 — ael)
1 — ae™ + ae? — a?
1—a(e + e ) +a?
1—a?

1—2acosw+ a?’

In the numerator the two terms :Fa,ej“’ cancel and ae’ - ae 7 = a?. In the denominator,
e 4+ e ¥ = 2cosw.

2 _
EXTREMES  For() < @ < 1, atw = 0 the value is (1:3)2 — (l(flf)ia) — %; atw = +itis
2

1-a __ 1-a _1 1
Taf ~ 1ta’ Fora = 5 these are 3 and 3.
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CHECK Atw = 0 the transform mustequal >, a" =1+2> _ a" =1+ £~ = 2 Thatis
_ 1 B
3fora = 3.

READING The denominator is |1 — ae‘jw|2, which is positive, and the numerator 1 — a? is positive for
la| < 1. So this spectrum is real and strictly positive, and here | X | = X with ZX =0
throughout. That is a property of this example, not of real spectra in general.

¢ EXAMPLE 6.5 — THE RECTANGULAR PULSE

GIVEN z[n] = 1for —N1 < n < Ni and zero elsewhere.

FIND X (e7) in closed form, its value at w = 0 and its zeros.

METHOD Use the finite geometric-series formula because the pulse has consecutive nonzero samples.
Then balance the endpoint exponents so that each difference becomes a sine.

SOLUTION Start from the analysis sum. The sequence is 1 on —N; < n < Nj and 0 elsewhere, so
the limits shrink to the support:

00 N1 N1
X(e)= Y ape = > e =" (e™)".
n=—00 n=—N1 n=—Ni
This is a finite geometric series with ratio 7 = e~/ and 2Ny + 1 terms. The finite formula
Sy = (1P — 7Y /(1 — r) needs only r # 1. With p = — N7 and ¢ = Ni:
) eijl o efjw(quLl)
X () = .
1—e v
Now balance the exponents. Multiply numerator and denominator by ej“’/2, which changes
nothing because it is the same factor above and below:
X(ejw) B ejw/2 (eij1 _ efjw(N1+1))
N ejw/2(1 — e‘j“’)
eIw(Ni+3) _ g—jw(Nit3)
o ejw/2 — e—jw/Z
.. 1
_ 2] sm(w(Nl — 5))
27 sin(w/2)
B sin(w(N1 + 3))
-~ sin(w/2)
The third line uses e — e3¢ = 2 sin 0 twice, once with § = w(N; + %) and once with
0= w/2. The factors 23 cancel, so the transform is real. This ratio is the Dirichlet kernel.
With N = 2N; + 1 samples in the pulse, N7 + % = N /2, so the same result reads
sin(wN /2)/ sin(w/2).

EXCLUDED  p = e = l atw = 0,42, ..., which is exactly where the formula becomes 0/0. Go

POINTS back to the sum: every term is 1, so X = 2N; + 1. That is five for [N; = 2 and nine for
Ny = 4.

ZEROS The numerator is zero where w(N1 + %) = mk for an integer £, that is at
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When k is a multiple of 2IN1 + 1, w is a multiple of 27 and the value is the peak 2N7 + 1
instead. So the zeros are at 27k /(2N7 + 1) with k not a multiple of 2N; + 1. The first
zero above w = 0'is 27 /5 for N1 = 2, 27 /7 for Ny = 3 and 27/9 for N1 = 4.

CHECK This is not a sinc. The denominator is sin(w/2), not w/2, and that is what makes the
function periodic: a ratio of two sines repeats every 27, while the unnormalised sinc,
sinc @ = sin 0/6, decays and never repeats.

/A WHAT A FINITE GEOMETRIC SUM REQUIRES

Zizp r" = (rP — r91) /(1 — r) needs r # 1 and nothing else. There are finitely many terms,
so nothing has to converge; only the division can fail. Here |r| = 1 exactly, so a condition || < 1
would exclude every w, while |r| < 1 would admit the one value that breaks it. The condition |a| <
1 of Example 6.3 belongs to the infinite sum, where it makes the tail vanish.

Going from N1 = 2 to N7 = 4 the peak rises from 5 to 9, and the first zero moves in from 27 /5 to 27 /9
. A wider pulse gives a narrower main lobe, but the lobe does not halve when the pulse length is nearly

2r/9

doubled: the ratio of the first zeros is =—~ = g, the inverse ratio of the pulse lengths 5 and 9. The period

27 /5
stays 27r.

one period, 27 |

A

5.0000

2.5000

-1.2500 - =31

w

FIGURE 6.16 IN; = 2:peak 5, least value —1.2500, first
zeros at +27/5 (red).

® REAL IS NOT THE SAME AS NON-NEGATIVE

one period, 2m

9.0000

4.5000

-2.0391 4 -

—_—

2n 3

w

FIGURE 6.17 N; = 4:peak 9, least value —2.0391, first

zeros at £27/9.

The kernel above is real at every w and negative on part of every period. Realness says that the
imaginary part is zero. It says nothing about the sign, and the angle depends on the sign:

0, X>0 X, X>0
X real : /X = | X| =
m X <0 _X, X<0.

For N1 = 2 the kernel at w = 0.67 is sin(1.57)/ sin(0.37) = —1/0.8090 = —1.236, so there
/X = m, not 0. Example 6.4 is the contrasting case: there the spectrum is real and strictly positive,
so the phase really is zero. Positivity gives zero phase; realness alone does not.
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¢ EXAMPLE 6.6 — THE IDEAL LOW-PASS SEQUENCE

GIVEN

FIND

METHOD

SOLUTION

NUMBERS

CHECK

READING

X (e™) = 1for |w| < W and0for W < |w| < T, repeated with period 27, with 0 <
W <.

z[n).

Use the synthesis integral because the spectrum is given and the sequence is required.
Choose the period —m < w < 7 so that the band where the spectrum is 1 appears once in
it.

Start from the synthesis integral over the period —m < w < 7. The spectrum is 1 on \w| <
W and 0 on the rest of the period, so the limits shrinkto —W < w < W:

1 [ o 1 v
z[n] = —/ X(e™)e’" dw = —/ e’" dw.
2m ) . 2m J _w

For n # 0 the antiderivative of e/*" in w is €™ /(jn):

1 ejum w
)=
n |

1 ejWn _ efjWn
=5 ]—n
1 2jsin(Wn)
=5 —
_ sin(Wn)
o

The third line uses e/’ — e77% = 25 sin 6 with § = Wn, and then the j and the 2 cancel.
At n = 0 the antiderivative does not apply because it divides by n. There the integrand is
e? = 1, so the integral is the length 2W of the band and
1 w
z[0) = — - 2W = —,

2T s
which is also the limit of sin(Wn)/(7n) as n — 0.

W = 7/4:0.25,0.225079, 0.159155, 0.075026 at n = 0,1,2,3. W = 7 /2: 0.5,
0.318310, 0, —0.106103; in particular z[2] = sin(7)/(27) = 0.

x[0] must be the fraction W /7 of the period that the band occupies. That single number
catches both a lost 271 and a wrong prefactor.

A narrow band gives a slowly decaying sequence, and a wide band a shortone. At W =7
the band fills the whole period, z[0] = 1, and z[n| = sin(7n)/(7n) = 0 for every n # 0:
the sequence is &[n], whose transform is the constant 1.
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(® THE SINC CONVENTION

This course uses the unnormalised sinc, sinc @ = sin 6/6, with no 7 inside the argument. In that
convention the same sequence reads z[n] = 2 sinc(Wn). The other common definition puts a
inside the argument and moves every zero crossing, so the convention is restated at every point of
use. The prefactor is the constant W /7. Writing sin(Wn) /n drops the 7 and is 7 times too large at

every index: it gives 0.707107 at n = 1 for W = m /4, where the true value is 0.225079.

ﬂ‘ one period, 27 { |
-
; |

1 I

‘—ST( 52 2m -3m2 - -2 w2 i 32 2 52 3n

w n
FIGURE 6.18 The spectrum for W = 7 /4, over three FIGURE 6.19 ltsinverse transform, with z[0] = W /7 =
periods. The band repeats; it does not stop at £r. 0.25.

6.3 Periodic sequences

A complex exponential is not absolutely summable: Y |e/“0"| = 3 1 diverges. Its analysis sum does
not converge in the ordinary sense. Its transform exists as a train of impulses, and the definition is that the
synthesis equation returns the sequence.

THE COMPLEX EXPONENTIAL

e X () = Z 27 6(w — wo — 27k)

k=—00

To confirm the pair, put the impulse train into the synthesis equation. Choose the integration period wy — 7 <
w < wq + , so that it contains exactly one impulse of the train, the one at w = wy with £ = 0. Then the
sifting property picks out the integrand at w = wy:

zn| = % o Z 27 §(w — wy — 27k) " dw
e |
= - 27 8(w — wp) " dw
— % - 2 &I = gIWom,

The copies must be there: a single impulse is not 27-periodic, and a sequence cannot tell wy from wy + 27.
With wy = 0 the pair gives the constant: 1 <+ 2m >, §(w — 2mk). Afactor in front scales every weight:
3e/("/2)" has impulses of weight 3 - 27 = 6.
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(® WEIGHT, NOT HEIGHT

An impulse has no value at a point; it has a weight, the number that comes out when it is integrated.
Every figure here draws an impulse as an arrow whose height is its weight, so the two can be read
off the same axis. Arrows drawn to a fixed height with the weight written beside them hide exactly the
comparison these pictures are for.

The transform of a periodic sequence

A sequence of period N has a series z[n] = Zé\:ol are*/Nn By linearity, transform it term by term,
using the complex-exponential pair with wy = 27k /N for the k-th term. Write [ for the index of the copies
so that it is not confused with k:

N-1 00 ok
X (e™ :Z(]akl; 27r5< —T—27rl>
N-1 o~
2r(k 4+ IN
= Z2ﬂak5<w—¥>.
k=0 l=—00
Now putm = k + [IN.As k runsover 0, ..., N — 1 and [ over all integers, m runs over every integer

exactly once. The coefficients repeat with period N, so a; = aj. ;v = @,,. The double sum becomes
one sum over m, which we rename k:

A PERIODIC SEQUENCE
2nk
Z ay€’ kFn X(e ]‘” Z 27rak5<w— ;,)
k=(N) k=—o0

The impulses are 27/ N apart, so one period holds exactly IV of them, and their weights are 27ay,. A
sequence of period N = 6 has impulses 27 /6 = /3 apart.

¢ EXAMPLE 6.7 — A SEQUENCE OF PERIOD FOUR

GIVEN z[n] = 1+ cos(mn/2) + 1(—1)"
FIND The period, the series coefficients and X (e/).
METHOD Write every term as an exponential eIk 2T/ N)n \ith 0 < k < N — 1, read off ag, and give

each impulse the weight 27a,.

SOLUTION  The terms have periods 1,4 and 2, so N = 4 and 2w/ N = 7/2. The constantis 1 = &/%"
, the term k = 0. By Euler's relation cos(mn/2) = £e/™/2 4 2™/ The first
exponential is the term k = 1. The second is moved into the range 0 < k& < 3 by a whole
number of turns: e ™2 = e=I™/2ei2™ — ¢33™/2 the term k = 3. Finally (—1)" =
e/™ the term k = 2. So

ay = 1, a; =

1
) as = 7 as = 3.

DN | =
=

The impulses sit at w = k7 /2 with weights 2may: 2 at 0, w at /2, /2 at , w at 37 /2,
and the pattern repeats every 2.
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CHECK The synthesissumatn = 0is Y, a;, = 1 + % + ;i + % = 2.25, and the sequence gives
z[0] =1+ 1+ 7 = 2.25.

X (&)
one period, 27 | * |
211 E A i
o] | |
S S S
8 w2 en Bw2 w2 W2 w82 en  Sm2  Gn

FIGURE 6.20 The transform of 1 4 cos(mn/2) 4 4(—1)": four impulses in each period, 7 /2 apart, of weights 27, ,
/2, .

Cosine and sine

Euler's relations write each as two exponentials, cos wyn = %emn + %6_3‘*’0" and sinwgn =

Z%.ej‘”"" — %je_j“")”. Each exponential brings an impulse train of weight 27, and % - 2 = 7 while % .
2 =7/

COSINE AND SINE

coswyn +— Z [6(w — wy — 2mk) + 6(w + wy — 2k)]

k=—00

sinwon <— ;—T Z [6(w — wo — 27k) — 8(w + wo — 27k)]

k=—00

The sine weight 7m/j = —jm is imaginary: —j7 at +w and +j7m at —w. A real sequence always produces
the pair at +wg and —wy; dropping the negative one rebuilds %ej“’f’”, which is complex, instead of the cosine.
An amplitude multiplies the weights: 3 cos(7n/3) has weight 37 at w = £ /3.

The periodic square wave

Take the square wave that is 1 on |n| < Nj inside each period of length V. Take the analysis sum of the
series over the period centred on the origin. The sequence is 1 on —N; < n < Nj and 0 on the rest of
that period, so the limits shrink to the pulse:

N1
1 -7, 2 1 - ( 27k
_ —jkZn . - —ji(Z)n
a =y E z[nje "N =N E e 1(F)n,
n=(N) n=—Ni

The remaining sum is the rectangular-pulse sum of Example 6.5 with w replaced by 27rk/N. So the
coefficients are the Dirichlet kernel sampled at w = 27k /N and divided by N:

1 sin(27k(N; + 3)/N) 2N, +1

hen N divides k.
N sn(rk/N) , ay N when ivides

ap =
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The second form covers the excluded points of Example 6.5. When k is a multiple of N, sin(7k/N) = 0
and the closed form fails, but every term of the sum is 1, so the sum is 2/NV; + 1. The impulse weights are
27Tak.

¢ EXAMPLE 6.8 — THE SQUARE WAVE WITH N =10, N; =2

GIVEN The square wave that is 1 on |n| < 2 in each period of N = 10.

FIND The impulse weights 27ay fork = 0,...,5.

METHOD Put N = 10 and N; = 2 into the coefficient formula. Here 2rk(INy + 3)/N = mk/2 and
wk/N = 7k /10.

SOLUTION

2may = 27 - & = m = 3.1416,

2m  sin(7/2) 2w 1

omay = o+ 2L =2 —90333
"7 70 " sin(r/10) 10  0.30902 ’
5 21 sin 7 0
a9y — — +« ——— —
2770 Csin(n/5)
2ras; = 2_7T . M _ 2 -1 _ —0.7766,

10 sin(37/10) 10 0.80902
omay — 2_7r _ .sm27r _o,
10 sin(27/5)
2 sin(57/2) 27w
= — = 0.6283.

Iras — —— . A
5770 sin(r/2) | 10

The sequence is real and even, so a_j;, = a;, and the weights at negative k repeat these.

CHECK The weights are unequal, two of them are zero, and the ones at :l:37r/5 are negative, so
those arrows point down. Sketching all impulses the same length hides all three facts.

X (&)
. . A .
one period, 27 | i
3.1416 - N : I N [ A~
’ i / \ | \
2.0333 - = ; : 2 I
,'I \\ E I,/ \\\ E ,I \\\
/’f\\ /I \‘ "{\\ )/ \ ,'*\\ /I ‘\ /’?\\;
! \ 7 T A 7 ! \\ ,/ : N 7 T Iy 7 T >
-0.7766 + =31 S 2PN 2 ik X/ \y m K ZEP RN 2

FIGURE 6.21 The square wave with N = 10, Ny = 2. The dashed line is the envelope 27 sin(w (N + 3))/ sin(w/2);
the red arrows are the negative weights.

The weights lie on one curve. Write 2ay, as %” times the envelope at w = 27rk/N, where the envelope
is the Dirichlet kernel, the transform of one pulse. As IN grows, the spacing 27r/N and every weight
shrink like 1/ N, while the envelope keeps its shape. With N1 = 2 and N = 50 the weightatw = 0 is
27 -5/50 = 7/5. With N; = 3and N = 10 itis 27 - 7/10 = 77 /5.
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¢ EXAMPLE 6.9 — THE IMPULSE TRAIN

GIVEN

FIND

METHOD

SOLUTION

NUMBERS

CHECK

READING

z[n] =Y _ &[n—mN]:aunitsample every N indices. Here n is the sequence

index and m labels the copies, so the two roles use different letters.
The coefficients and the transform.

The sequence is periodic with period IV, so its transform is an impulse train. Find ay over
0 <n < N — 1, where only 2[0] = 1 is nonzero, then give each impulse the weight 27ay.

Inside 0 < n < N — 1 the only nonzero sample is [0] = 1, so the analysis sum keeps
one term:

1 g om 1 1
ap = — Z m[n]eﬁk%” = —z[0]e’ = = for every k.

Put a; = 1/N into the periodic-sequence pair. Every impulse gets the same weight
2mway = 27/ N:

o0

X (ei) Z 2 - —5<w—@)—2ﬂ 3 5(w—@>.

k=—o0 k=—o0

Weights 27w /5 = 1.2566, 27 /10 = 0.6283, 27 /15 = 0.4189 for N = 5,10, 15. If N
doubles, each weight halves.

One period holds IV impulses of weight 27/ N, so their weights add to 27 for every N. The
synthesis equation at n = 0 needs exactly that: z[0] = 5= - 2r = 1.

A sparser train in time gives a denser train in frequency, with smaller impulses. Writing the
trainas ), &[n — nN|is a common error: then n has two jobs in one line, and the copies
need their own index.

¢ EXAMPLE 6.10 — TWO COSINES

GIVEN

FIND

METHOD

REDUCTION

SOLUTION

z[n] = 2cos (5n) + cos (Tn).
The spectrum, and the fundamental period of the sequence.

First reduce each frequency to —m < w < 7, because frequencies 27 apart describe the
same sequence. Then transform each cosine and add the results by linearity.

Write ‘%’T =27 — % The term 27mn is a whole number of turns at every integer n, and the
cosine is even:

cos (53:’71) = CoS (27m — %n) = COoS (—%n) = CoS (%n) .
The same two moves with %’r = 27 — 7 give cos (77T ) = cos (Zl—rn) These are not

merely similar sequences; they take the same value at every n.

After the reduction, z[n] = 2 cos(3n) + cos(§n). Apply the cosine pair to each term and
add by linearity:
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X(e™) = 2#2[5@; — % —2rk) +6(w+ § — 27rk:)]

—i—ﬂ'Z[é(w—%—27rk)—|—(5(w—|—§—27rk)].

The amplitude 2 multiplies the weight 7 of the first cosine pair to 27; the second cosine has
amplitude 1 and keeps the weight 7. Inside one period, —m < w < T, there are four
impulses: weight 27 at -7 /3 and weight 7 at -7 /4. Every copy 27 away also belongs to
the answer: weight 27 at +57 /3 and +77 /3, weight 7 at +77 /4 and +97 /4.

PERIOD For a discrete-time frequency wy the fundamental period is Ny = (27 /wo)m, where m is
the smallest positive integer that makes N an integer; no such m exists when w0/27r is
irrational. For wy = 57 /3: 27 /w1 = 6/5, m = 5, Ny = 6. Forws = T /4: 27 Jwy =
8/7, m =7, Ny = 8. The sum repeats when both terms do, after lcm(6, 8) = 24
samples. With 6 = 2 -3 and 8 = 2% the lom is 2° - 3 = 24;and 24/6 = 4,24/8 = 3
share no factor, so nothing smaller works.

CHECK x[n] is real and even, so X (e/*’) must be real and even. Each impulse at +w has a twin of
the same weight at —w. Drawing impulses only at +-57 /3 and =77 /4 is the common error:
inside —m < w < 7 they sitat +7/3 and £+ /4.

X (e)
. A
one period, 27 |

211

LA I 11 I Y

1 1 | ' 1 1
-3m -21 -t T 2 31

w

FIGURE 6.22 The spectrum over three periods. Tall arrows carry weight 27 at +7 /3, short ones 7 at +7 /4, and each
pattern repeats every 2.

6.4 Properties

Each property is proved the same way: write the analysis sum for the new sequence, substitute, and
rearrange until the analysis sum of & appears. Throughout, z[n] <+ X (e’). The full list is collected in
the table of Section 6.7.

Linearity and time shift

The analysis equation is a sum, and a sum is linear:

Z(a z1[n] + baz[n])e " =a Z z1[n]e " + bz zo[n)e ™" = a X1(e) + b Xo(e™).

n
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The time shift needs a change of index. Put m = n — ng, son = m + ngy; as n runs over all integers,
so does m, and the limits do not change:

o0 o0
Z z[n — nole " = Z a:[m]e*j“’(m*”‘l)
n=—00 m=—00
o0
= g Jwno Z z[m]e ™ = e Wm0 X (e¥),
m=—o0

The factor e 7™ does not depend on m, so it moves outside the sum. It has modulus 1, so a delay
leaves | X | unchanged and adds —wny to the phase. For y[n] = z[n — 2] atw = 0.5, LY — ZX =
—0.5-2 = —1rad.

Frequency shift

Multiplying by e/“°™ a sequence of fixed frequency wy, needs no change of index; the two exponentials
combine into the analysis sum at w — wy:

Zejwonm[n]efjwn _ Z m[n]e*j(wfwo)n _ X(ej(wfwo))_
Every copy of the spectrum moves by wy. A peak pushed past w = 7w comes back in at —m, because the
spectrum repeats every 2. For example, (—1)" = /™, so y[n] = (—1)"z[n] moves a peak atw = 0
tow = .

Conjugation and spectral symmetry
Conjugation uses (ab)* = a*b* and (e /“")* = e/*", so conjugating the analysis sum changes the sign
of 7 in every exponent:

Z z*[n]e " = (Z a:[n]ej“">* = (Z w[n]e*j(*“’)")* = X*(e™¥).
For a real sequence, z*[n| = x[n], so the two transforms are equal and X (e /) = X*(e’*). Taking
real parts, moduli, imaginary parts and angles of both sides: the real part and the magnitude are even in w
, and the imaginary part and the phase are odd. So for a real sequence the values on 0 < w < 7 fix
those on — < w < 0; a complex sequence needs the whole period. As an example, if « is real and

X (e/%4) = 1.2 — 0.57, then periodicity and symmetry give X(ej(z“_o"l)) = X (e %) =

X*(ej0'4) = 1.2 4+ 0.53.

Time reversal

Put m = —n. As n runs over all integers, so does m, and the result is the analysis sum at —w:
Z x[—n]e " = Z z[m]e @M = Z z[m]eIm = X (e7¥).
n m m

Forareal z, X (e 7*) = X*(e/*): reversal keeps the magnitude and changes the sign of the phase. If x
is even, £[—n] = x[n], reversal changes nothing, and X (e ) = X (&’*): the transform is even in w.
Example: z[n| = §[n] + 26[n — 1] has X (e/¥) = 1 + 2e 7%, and z[—n| = §[n] + 26[n + 1] has
1+2e = X (e ).
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Even and odd parts

The even partis Ev{z[n|} = 3(z[n] + z[—n]) and the odd partis Odd{z[n]} = 1(z[n] — z[—n]).
By linearity and time reversal, the even part transforms to 3[X (/) + X (e”7)]. For a real sequence
X(e ) = X*(e™), and (2 + z*) = Re{z} for any complex z. The odd part follows the same way
with 1(z — 2*) = jIm{z}:

EVEN AND 0DD PARTS OF A REAL SEQUENCE
Ev{z[n]} «— :[X + X*] =Re{X (™)}, Odd{z[n]} «— i[X - X*] = jIm{X (")}

Areal and even sequence has no odd part, so its transform is real, and it is even by the symmetry above. A real
and odd sequence has no even part, so its transform is purely imaginary and odd. For example, :c[n] =
§[n + 1] — d[n — 1] is real and odd, and X (e’) = e/ — e 9 = 2j sinw, which is 2j at w = /2.

¢ EXAMPLE 6.11 — THE EVEN PART OF A ONE-SIDED SEQUENCE

GIVEN z[n] = a"u[n] with 0 < a < 1, s0 X (e’) = 1/(1 — ae ) by Example 6.3.

FIND The transform of Ev{z[n|}, and its values at w = 0 and w = 7 for a = 0.6.

METHOD Write the even part in terms of known sequences, transform term by term, and compare with
Re{X}.

SOLUTION  Form > 0, z[—n] = 0, so the even part is %a”. Forn < Qitis %a_”. Atn = 0 both
halves meet: 3 ([0] 4+ 2[0]) = 1. In one formula,

Ev{z[n]} = %(a"u[n] + a*"u[—n]) = %a‘"‘ + %5[n],

where the J term supplies the missing % at the origin. Transform term by term with Example
6.4 and 6[n] <> 1, then put the two terms over the common denominator:

1—a? . (1—a®)+ (1 —-2acosw +a?)
T3 2(1—2acosw + a?)
2 —2acosw
2 (1 —2acosw + a?)
l—-acosw

1
2 1—2acosw + a?

1—2acosw+ a?’

— 06 _ 1-06 04 _ or. _ 1406 _ 16 _
Fora =0.6:atw = 0, 1-12+036 _ 016 2.5,atw = T, 17121036 — 2.56 0.625.
CHECK This is Re{1/(1 — ae )} exactly. In Example 6.3 the denominator is (1 — a cosw) +

ja sin w. Multiplying numerator and denominator by its conjugate gives the denominator
1 — 2acosw + a? and the real part (1 — acosw) /(1 — 2a cosw + a?). Atw = 0 both
sides are 1/(1 — a), which is 2.5 for a = 0.6.

Time expansion

For an integer k > 1, the expansion z i [n] is 2[n/k] when n is a multiple of k and zero otherwise: the
same values, with k£ — 1 zeros inserted between each pair. Discrete time has no operation that stretches
a sequence without leaving gaps. For z[n] = 1 on 0 < n < 2, the last nonzero sample of z(7) is x[2],
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moved ton = 2 - 2 = 4. In the analysis sum only the indices n = rk with integer 7 contribute, because
every other term is zero. Put n = rk; as n runs over the multiples of k, r runs over all integers:

oo o0 oo

Y. zwnle ™t =Y aplrkle ™ =3 alr]e T = X ().

n=-—00 r=—00 r=—00

The middle step uses z(x)[rk] = x[rk/k| = x[r]. The last sum is the analysis sum of  with w replaced
by kw. That transform repeats every 27/ k:

X(ejk(w+27r/k)) _ X(ejkw+j27r) — X(ejkw)'

So the frequency axis is compressed by k, and one period of length 27t now holds k copies of the old
picture. The inserted zeros add no energy, so k) has the energy of z, and each copy keeps the height of
the original peak. If X has one peak in —m < w < 7, atw = 0, then the transform of x4) has four
there, at —m/2, 0, w/2 and 7.

¢ EXAMPLE 6.12 — EXPANSION OF A FIVE-POINT PULSE

GIVEN gln] =1on|n| <2, y[n] = gln — 2], and z[n] = y(5)[n] + 2y [n — 1].
FIND X (e/) and its value at w = 0.
METHOD Build the sequence in three steps, a shift, an expansion and a weighted sum with a delayed

copy, and apply the matching property at each step. Each step changes a known transform,
SO NO new sum is needed.

SOLUTION  The pulse is Example 6.5 with N; = 2, so G () = sin(5w/2)/ sin(w/2). The shift by
ng = 2 gives

Y (e¥) = ]2wG Jwy 72w SlIl( .
() = e G(e") = S/
Expansion by k = 2 replaces w by 2w everywhere:
jwy 2wy _ —jdw sin(5w)
Yo (/) =Y (/™) = e o

Finally, by linearity and the shift by 1,

. . . ) . . Sin(5w)

X () = Yoy (/) 4 26 Y, (/%) = (1 + 2 W) e 94w 227/
() = Yig) (™) (™) = ( Je it 2

At w = 0 the first factor is 1 + 2 = 3, the exponential is 1 and the kernel takes its peak

value 5, the number of ones in the pulse. So X (e/°) = 3 x 5 = 15.

CHECK X (e’°) =Y, z[n]. The expanded sequence has five ones at even indices, and the
delayed copy has five twos at odd indices, so >, z[n] =5+2-5 = 15.

WHERE THE  ( carries sin(5w/2)/ sin(w/2) and Y{y) carries sin(5w)/ sin w: the same expression
QEﬁgTEET with w replaced by 2w. Writing sin w in the denominator of G, sin(5w/2)/ sin w, is wrong
for both sequences. It puts a pole at w = 7, where the true value is G’(ej”) =

sin(5m/2)/sin(r/2) =1 =32 (—1)"itgives 1000.0 atw = 7 — 10~3. At 7r/2 it

n=—2
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gives —0.7071 against the true sin(57/4)/ sin(m/4) = —1.0000, and it does not even
repeat every 2.

|G(e™)] [Yioy(e7)]
one period, 27 . b , one period, 27 .
5.00 { 5.00
2.50 2.50
1.00 1.00
n 2n 3n
w w
FIGURE 6.23 |G(e’*)|: peak 5, and the finite value 1 at FIGURE 6.24 |Y(5 (e/)]: the same picture twice inside
w = *£m. every 27, with the same peak 5.

First difference

Discrete time has a first difference, x[n] — z[n — 1], not a derivative: a sequence has no values
between n and n + 1, so there is no limit to take. Linearity and the time shift with ng = 1 give its
transform, X (e’*) — e 7“ X (e’*):

zln] —z[n — 1] +— (1—e ™)X ().

Balance the factor about its middle exponent to read its size: 1 — e 7 = ¢ /2 (ej“’/2 — e‘jw/z) =
2§ e7/2 sin(w/2), so |1 — e 77| = 2| sin(w/2)|. The factor is 0 at w = 0 and 2 at w = . Afirst
difference removes the average and lifts the fastest changes. If X (/™) = 0.5, then Y (/™) = (1 —

e ™) -05=2-0.5=1.

® TWO NAMES THAT MUST NOT BE EXCHANGED

Discrete time has a difference, not a derivative, and its factoris 1 — e ¥ rather than jw. The
differentiation in this chapter is in frequency, and it is a genuine derivative because w is continuous.
Calling the first difference a derivative merges the continuous and discrete cases at the point where
they differ.

Accumulation

The running sum Y " __ x[m)] is the convolution of 2 with the unit step, because u[n — m] is 1 exactly

form <n:)  x[mluln —m] =73 _ x[m]. The unitstep has the pair

uln] +— ﬁ + Wk_zzood(w — 27k).
Its two parts have separate reasons. The first difference of u[n] is & [n] so by the difference property

(1 — e ™)U(e™) = 1, which fixes U = 1/(1 — e %) wherever 1 — e /% = 0. The difference cannot
see a constant, and the step has the average value 3. The constant pair 1 <+ 27 >, §(w — 27k) gives
that average the impulse train of weight 27 - % = 7. By the convolution property (Section 6.5) the
transform of the running sum is X (e)U (e?%). In the impulse part, each impulse at 27k keeps only the

value X (e/2™) = X (e70), by periodicity:
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ACCUMULATION

X (e7) >
- J j0 _
Z z[m| +— — + X () Z 0(w — 27k)
m=—00 k=—00

Accumulation undoes differencing, so their factors are reciprocals, and the impulse train is the part that
differencing destroys. The running sum settles at X (e’) = > z[n], and a constant has an impulse at every
multiple of 27t. Where the sequence sums to zero the term vanishes. It is the discrete-time counterpart of the
7X (0)§(w) in the integration property of Chapter 5, and it is needed for the same reason: 1 — e % is zero at

w = 0.

Example: for z[n] = (0.5)"u[n] the running sum at n > 0 is a finite geometric sum, " _(0.5)™ =
n+1 .

O — 2 (0.5)" Itsettles at 2 = 1/(1 — 0.5) = X (e°). For z[n] = (0.75)"u[n]

X (e’%) = 1/(1 — 0.75) = 4, so each impulse in the transform of the running sum has weight

X (el) = 4.

Differentiation in frequency
Differentiate the analysis sum term by term in w. Only €% depends on w, and L= e~ 7“" = — jin e~9¥":

dXd(:;]w) _ Z m[n](_jn)efjwn — ; nw[n]efjwn — ; nm[n]efjwn = dXd(:Jw) .

n

The last step multiplies both sides by j and uses j - (—j) = 1. So nz[n] <> j dX (e’*)/dw. Apply it to
a™u[n]. The chain rule on (1 — ae %)~ gives

—jae ¥
(1- a,e*jw)w
" . —jae ae
na"un] R —— = —5> la| < 1.
(1 —ae J“’) (1 —ae J“’)

% (1 — ae*j“’)_1 = —(1 — aefj“’) 2. (jae*j“’) =

Check at w = 0 with a = 0.5: the pair gives 0.5/(1 — 0.5)? = 0.5/0.25 = 2, and the sum of the
samplesis ) - 1(0.5)" = 2 as well.

Parseval's relation

Start from the energy sum, write |z[n]|? = z[n]z*[n], and replace z*[n] by the conjugate of its synthesis
integral. Conjugating the integral conjugates X and turns €™ into e~ ¥, Then swap the sum and the
integral; the bracket that remains is the analysis sum, which is X(ej“’):

Z lz[n]|* = Zm[n] z'[n] = Zw[n] % i X*(e™)e " dw
1

21 Jor

=— [ X*(e) [Z a:[n]efj“m} dw

1 . . 1 .
== [ X*()X(e™)dw= = [ |X(e”)]? dw.
5 [ X @)X = 5o | 1x(e) dw

Energy is normalised to R = 1 2, as in Chapter 1. The quantity | X (e/*)|? is the energy-density

spectrum. Integrating it over one period and dividing by 27 gives the total energy; integrating over part of
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a period gives the energy in that band. Both the one-period range and the factor % are needed: over all w
the integral diverges, and without 5 it gives 27 times the energy. For z[n] = §[n] + §[n — 1] the
integral must equal 12 + 12 = 2.

Two checks in both domains For x[ | = a™uln] with a = % the time side is a geometric series with first
term 1 and ratio a® = 1: Zn>0( '=1/(1-3)= %. On the frequency side, =1/(1-

2a cos w + a?) from Example 6.3. Example 6.4 shows that (1 — a?)/(1 — 2a cosw + a?) is the
transform of a‘"', SO |X|2 is that transform divided by 1 — a?, and its synthesis integral at n = 0 returns
alll =1:

1 [7 . 1 1 [ 1—a?
el X ()2 duw = C— d
2 ,W| ()" de 1— a? 277/7T1—2acosw—i—a2 ©
_ 1 1= 1 __ 4
T 117w

For the rectangular pulse with N; = 2, the time side is five samples of 12, so 5. On the frequency side,
expand the squared modulus as a double sum and integrate term by term:

2

1 ("I 1 :
% Ze—]wn dw——/ Z e dw(n—m) 4

T n==2 n=—2m=-2

2 2

1 fwnm
Zzﬁ/ea w=5.

n=—2m=-2

Foraninteger p # 0, [* e 7Pdw = [e‘j“’p/(—jp)y;r = eﬂ’fj_;m = 2Sir;(7rp) = 0; for p = 0 the

integral is 27. So of the 25 terms only the 5 with T = n survive, each contributing 1. Likewise
(0.8)"u[n] has energy > _(0.64)" =1/(1 — 0.64) = 2.78.

Duality

There is no duality inside the discrete-time transform pair. The analysis equation is a sum over an integer
and the synthesis equation an integral over a continuous variable, so no renaming turns one into the other.
Two dualities do hold.

The discrete-time series. Both of its domains are discrete and both objects have period IV, so the
coefficients can be read as a sequence a[n]. Its own coefficients are by = =+ >, () a[n]e 7kC@m/N)n,
Compare the synthesis equation of z at the index —k: z[—k] = >,y a[n] eIn(2r/N)(=k) —

Zn, a[n]e Jk(2m/N)n The two sums are the same, so by = &z [—k]:
1
z[n] +— ax — aln] «— Nm[—k]

The impulse train with N = 8 is the example. By Example 6.9 its coefficients are all a, = 1/8 = 0.125.
Read as a sequence, the constant 1 / 8 has as its coefficients the train itself, scaled by 1 / 8. Likewise,
z[n] = 1with N = 4 has ap = 1 and a1 = a2 = a3 = 0; the sequence a[n] is then a unit sample

every four indices, whose coefficients are %lx[—k] = ;i for every k.

The transform as a Fourier series. X(ej“’) is a 27r-periodic function of the continuous variable w. In the
analysis sum put kK = —n. As n runs over all integers, so does k:
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X(eM) = Z:I:[n] e = Zm[—k] e,
n k
This is a continuous-time Fourier series in the variable w, with period 27, fundamental frequency 1 and
coefficients aj, = x[—k]: the spectrum of a sequence is a periodic signal whose series coefficients are
the sequence itself, reversed. As a check, take the 27-periodic square wave in w equal to 1 for |w| <
7 /2 and zero over the rest of the period. Its coefficients come from the analysis integral over one period.
The function is zero outside |w| < /2, so the limits shrink, and for k # 0 the antiderivative of e 7% is

eI (i)

1 T ) ) 1 /2 ) 1 —jkw /2
ap = — X (e™)e ™ qw = — e M qu = — {e - }
2w J_, 2m J_xs2 2 | =gk | )
_ 1 elhm/2 — g ikm/2 1 2jsin(km/2)  sin(km/2)
S on jk Cor jk  kr

The fourth equality reverses the order of the two limit terms to absorb the minus sign, and the fifth uses
el — e = 2jsinf. At k = 0 the integrand is 1, so ay = % ST = % The listis 0.5, 1/m = 0.3183,
0, —1/(37) = —0.1061 for k = 0,1, 2, 3. The inverse transform of the same band is Example 6.6 with
W = m/2: z[n] = sin(rn/2)/(mn) with z[0] = 1, the same list of numbers. So a;, = z[—k], and
since this z is even, ar, = z[k| as well. In the same way, X (e/*) = 3e /2 belongs to z[n] = 38[n —
2], and its only nonzero series coefficient is a_s = x[2] = 3.

6.5 Convolution and multiplication
CONVOLUTION
y[n] = z[n] * h[n] +— Y () = X(e™)H(e™)

Here h is the impulse response of an LTI system and H(ej“’) its frequency response. One system seen in
frequency: a convolution sum becomes one product at each frequency.

To prove it, put the convolution sum y[n] = >, z[k|h[n — k] into the analysis sum, swap the order of
the two sums, and change the index of the inner sum with m = n — k. For fixed k, as n runs over all
integers so does m:

Y(e) =2, [Z z[k|h[n — k]} e =N "2[k] Y hin — kje P
n k L "
=3 alk] 3 hlmle # 0 = [ afkle | [ hlmle | = X(e*)H(®).
k m k m

In the second line e 7 (m+k) — e—iwke—jwm and the factor e /¥ does not depend on m, so it joins the
outer sum. Swapping the sums is allowed when both sequences are absolutely summable. X and H
repeat every 27, so Y does too: if X (e/7/2) = 2 and H (e/™/?) = 0.4, then Y (e/°™/2) = Y (e/7/2) =
0.8.

A product of complex numbers multiplies the moduli and adds the angles, so the property gives two
separate statements:
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Y ()| = X ()| [H(e™)],  2Y(e") = £X (™) + LH(e).

® NO BARS AROUND AN EQUATION

Writing |Y = XH| puts modulus bars around an equation, which is not an operation on anything.
Write the magnitude line and the phase line separately, and declare both pairs x <> X and h <> H
before the conclusion.

¢ EXAMPLE 6.13 — CONVOLVING TWO EXPONENTIALS

GIVEN z[n] = a"u[n] and h[n] = b"u[n], with |a| < 1, |b| < 1anda # b.
FIND y[n] = z[n] * h[n].
METHOD Use the convolution property because the required output is a time convolution. Multiply the

transforms, then use partial fractions so that each term matches the one-sided exponential
pair. Write z = e/ as an algebraic variable. Then Y = 1/((1 — az)(1 — bz2))isa
rational function of z, and setting z = 1/a is algebra in z only, not a claim that e 7* takes
that value.

SOLUTION By Example 6.3, X = 1/(1 — az) and H = 1/(1 — bz) with z = e %, so the
convolution property gives

1 A B

Y=XH-= = .
(1 —az)(1—bz2) 1—az 1-0bz

Cover-up: to find A, cover the factor (1 — az) and evaluate the rest at z = 1/a, the value
that makes that factor zero. To find B, cover (1 — bz) and evaluate at z = 1/b:

1
1-—0bz

- 1 _a
zzl/a_ 1-b/a a-b
1 b b

z:I/b_ l1-a/b b—a a-b

A:

1
1—az

B =

Check by recombining: A(1 — bz) + B(1 — az) = =%z=btabz _ 1 g5 required. Each

a—b
fraction is the one-sided exponential pair, so inverting term by term:
a-a”—b-b" 1
y[n] = Aa"u[n] + Bb"u[n| = — uln] = — [a™ — b™ ] uln].

CONDITION  Both coefficients divide by a — b, so the route requires a # b. At a = b the two factors are
the same, and Section 6.6 derives the pair that replaces this expansion.

CHECK a=3b=1a—b=1}s0y[n =4[(3 )"Jrl ()" uln], giving y[0] = 4(5 —

) =1,y[1] = 4(; — 55) = 0.75, y[2]—4(-——) 0.4375, y[3] = 4(55 —

5t5) = 0. 234375 Direct convolution gives y[0] = z[0]h[0] = 1 and y[1] = z[0]h[1] +

z[1]h[0] = § + 5 = 0.75. The first value must be z[0]h[0] = 1 for any two such

L L

sequences. The magnitude |Y'| = | X | |H| is largest at w = 0, where e 7 = 1: -1 -

2
L: .é:gz i — —jﬂ':_-L.ng.
T 2.3 =3 =2.6667. Itis smallestat w = , where e 1: T T 3
4 8 _
= = 1z = 0.5333
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Every one-sided exponential carries its u[n]. Without the step, (3)™ is defined for negative n
too, grows without bound as n — —o0, and has no transform.

¢ EXAMPLE 6.14 — A CASCADE OF IDEAL LOW-PASS FILTERS

GIVEN

FIND

METHOD

SOLUTION

CHECK

H; is ideal low-pass with cutoff 7t /2 and H, is ideal low-pass with cutoff 7r /4, in cascade,
with input z[n] = §[n].

The overall frequency response H and the output y[n|.

A cascade convolves the impulse responses, so the frequency responses multiply. Multiply

the two bands, then invert the product with Example 6.6. Each band is 1 for |w| < W and 0
for W < |w| < 7: the band edge belongs to one branch only.

The product is 1 where both factors are 1, that is on |w| < 7/4, and 0 elsewhere in the
period:

1, |w| < /4

H(e) = H,H, =
(") e {O, /4 < |w| < 7.

The input §[n] has X = 1,s0 Y = H and Example 6.6 with W = /4 gives

sin(7n /4)

yln] = — y[0] = T 1

y[0] = & [T Hdw = %g = 1. the band width 7 /2 over 2. The product commutes, so
the order of the filters does not matter; the cascade keeps only the band both filters pass.

¢ EXAMPLE 6.15 — A STEPPED SPECTRUM THROUGH A FILTER

GIVEN

FIND

METHOD

SOLUTION

X () = 2for |w| < /4,1 form/4 < |w| < 3w/4,and 0 for 3m/4 < |w| < 7; H is
ideal low-pass with cutoff 7 /2.

Y (e*) and y[n).

An LTI system gives Y = X H. Multiply the two spectra frequency by frequency, then write
the result as a sum of ideal low-pass bands so that Example 6.6 inverts each one.

His 1for |w| < m/2and0form/2 < |w| < 7. Multiplying band by band: for |w| < 7 /4,
Y=2.-1=2forn/4<|w|<7/2,Y =1-1=1form/2 < |w| <7, Y =X"-

0 = 0. Now write Y as two stacked ideal bands, Y = Y7 + Y3, with Y1 = 1 on |w| < 7/2
and Yo = 1 on |w| < 7/4. The two add to 2 on the inner band and to 1 on the outer band,
as required. By linearity and Example 6.6 with W = 7 /2 and W = 7 /4:

1 /2 1 /4
yln] = — e"dw + — e’ dw
2m —m/2 2m —m/4
_ sin(7n/2) N sin(7n/4)
o m
withy[0] = 22 4 T4 =1 4 13
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CHECK y|0] must be the area of one period of Y divided by 27. That area is 2 -
(height 2 over a band of width 7 /2, height 1 over two bands of width 7 /4), a

m|:q
+
Q_ =

Multiplication is a periodic convolution

MULTIPLICATION

z[n] = z[n]y[n] +— Z(e) = — X(eje)Y(ej(‘”_o)) dé

21

The integral runs over one period and both factors are 27-periodic. That operation is a periodic convolution.
An integral over all @ would count the same overlap once in every period and diverge.

To prove it, put the product into the analysis sum and replace x[n] by its synthesis integral, with 6 as the

integration variable so that it is not confused with w. Then swap the sum and the integral and combine the

exponentials, /e~ — g=ilw—0)n.

Z(ej‘”) — Zw[n]y[n]e_j“’” _ Z [ 1 X(eja)ejan de} [ ] —jwn

27
n
1

- 0 —j(w—0)n _ i 14 j(w—0)
=5 X e’ [Zy i }dO— o %X(ej )Y (& ) df.

The bracket is the analysis sum of y at frequency w — 6. Read the formula one frequency at a time: for a
chosen w, slide Y so that it is centred at w, multiply it by X over one period, and divide the area of the
product by 27. That is one value of Z. Moving w by 27 moves Y by one whole period, so the overlap
does not change:

Z(ej(w+27r)) — i

. . 1
X (7YY (eiw—0+271))q0 =

= X(eY (/@) do = Z(e™).
s

Atw = 0 the synthesis equation gives a quick check: 5 [, Z(e) dw = 2[0] = [0] y[0]. If z[0] = 2
and y[0] = 0.5, that integral is 1.

¢ EXAMPLE 6.16 — SPECTRAL OVERLAP AT A BAND EDGE

GIVEN sin(37n/4) sin(7n/2)

z[n] = and y[n] = — By Example 6.6 these are bands of height 1
with half-widths 37 /4 and /2, repeated every 2.

FIND Z(e™) for z[n] = z[n]y[n].

METHOD First convolve the two bands as functions on the line. Then add the copies centred at

multiples of 27 that reach into the period, because the periodic convolution counts them.

SOLUTION  The integrand X (0)Y (w — 0) is 1 where both factors are 1 and 0 elsewhere, so the
integral is the length of the overlap of |#| < 37w /4 withw — 7/2 < § < w + 7/2. For
\w| < /4 the second interval lies inside the first, so the overlap is its full width 7 and the
value is 5= - ™ = §. For /4 < |w| < 57 /4 the overlap runs from |w| — 7 /2 to 37 /4, of
length 57 /4 — |w|, so the value is (57 /4 — |w|)/(27), falling to zero at |w| = 57 /4. The
result on the line is a trapezoid of height 1, flat on |w| < /4. Since 57 /4 > T, it reaches

beyond one period, and near w = &7 the copy centred at =27 overlaps it. The values add:
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2 =4, p(eiy = TSRy
™
. omf/d—m Bmfd-m | |
Z(ej):\ or | ox 8T8 @
own copy next?gopy

The copy centred at 27 is at the same distance 7 from w = 7 as the own copy, so it gives
the same %. Between 371'/4 and 7 one copy falls as the other rises, so Z falls in a straight
line from 3 at /4 to 7 at 3w /4 and then stays at ; across =

CHECK By Example 6.6, 2[0] = Y22 = & and y[0] = 57@ = 1,50 2[0] = 2 = 0.375. On the
frequency side, one period of Z collects the whole area of one trapezoid, because the parts
that spill past =7 are exactly the parts that the copies bring in. That area is the height %
times the mean of the top width 7 /2 and the base width 57/2: 1 - 3 = 3T ang 3—;@ = %

as required.

)

one period, 27 | | one period, 27

0.5000 0.5000

0.2500 0.2500

0.1250 1 >¢ o S

B s (o s on o & R S A P
w w
FIGURE 6.25 The dashed trapezoids are the copies; the FIGURE 6.26 Two equal bands of half-width 7r/2: each
solid curve is their sum. At w = 7 the value doubles from copy is a triangle of peak % that ends exactly at =, so the
0.125 to 0.25. copies do not overlap.

When do the copies overlap? On the line, the convolution of two bands of half-widths Wx and Wy is
nonzero for |w| < Wx + Wy. The copies are centred 27 apart, so two neighbours meet exactly when
each reaches past the midpoint between them:

copies overlap <— Wx + Wy > 7.

If each copy ends inside its own period, periodic and ordinary convolution give the same values on that
period. Bands of half-widths 7 /4 and 7 /2 reach only 37 /4 < T, so their copies stay apart; bands of

37 /4 and 7/2 reach 5w /4 > m and overlap, as in Example 6.16. If Y is narrowed to half-width 7 /4
while X keeps 3 /4, then at w = 0 the band of Y lies inside X, the overlap is 7 /2 wide and Z (e/?) =

/2 _ 1
2w~ 4

A\ THIS OVERLAP IS NOT ALIASING
This overlap is between copies of a periodic spectrum, and it can happen for any product of
sequences. Chapter 7 studies a different overlap, between replicas produced by sampling. Only the
sampling overlap is called aliasing.

¢ EXAMPLE 6.17 — MULTIPLYING BY A COSINE

GIVEN X () = 1for |w| < m/4and0for /4 < |w| < T, repeated every 27, and y[n] =
cos(won) with wy = /3.
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FIND Z (&™) for z[n] = z[n]y[n], the band edges, and the range of wy for which the bands stay
apart.
METHOD Write Y as its impulse train, ) ;[0 (w — wy — 27l) + 6 (w + wy — 27l)]. The periodic

convolution integrates over one period, so choosing —m < 6 <  leaves only the two
impulses with [ = 0, at @ = +7/3. Each impulse places a copy of X.

SOLUTION Periodic convolution commutes, so put the impulse train first in the multiplication property
and integrate over —m < 6 < 7. The sifting property evaluates X at the two impulse
positions:

. 1 g : :
Z(e™)=— [ Y() X (e D)do

2 J_
1 [m .
o / T[6(0 — wo) + 6(0 + wo)}X(eJ(w_o))dO
™ J—n
— % [X (ej(“’—wo)) + X(ej(w+wo))}
_ %X(ej(w*wo)) + %X(ej(w+wo)).
The height % of each copy comes from % - . The upper band runs from  — 7 = 75 to

3t+5= % and the mirror copy covers —77/12 < w < —7/12.

RANGE The upper band is [wo — /4, wo + 7/4] and its mirror is [—wo — 7/4, —wo + 7/4].
They stay apart at w = 0 when wg — m/4 > —wq + 7/4, thatis wy > 7 /4. The mirror
copy of the next period is centred at 2 — wy, so it starts at 2 — wy — 7/4. It stays clear
of the upper band when 27 — wy — 7/4 > wy + 7/4, thatis wy < 37 /4. So the bands
stay apart for 7r/4 <wp < 37r/4. A smaller wyg makes them overlap at w = 0, a larger one
atw = £

CHECK z[0] = z[0] cos 0 = %4 -1 = %. From Z: two bands of height 3 and width 7 have area 3
per period, and %g =1

Seeing a cosine through a window

A measured record is always finite. Keep L samples of a cosine: z[n] = cos(won) w[n|, where w[n| =
1for 0 < n < L — 1is the rectangular window of Section 6.1, with transform W (e/*). By Euler's

relation, z[n] = 1e/"w(n| + Te 7“"w[n], and the frequency-shift property moves W to +wy:

X(ejw) _ % W(ej(w—wo)) + % W(ej(w—&-wo)), |W(ejw)‘ =

sin(wL/2) ‘ .
sin(w/2)

The multiplication property gives the same result, because the cosine's impulses of weight 7 sift out two
copies of W of height % T = % The endless cosine has two lines at +wy. The kept part has two
copies of W instead. Each line becomes a main lobe, whose first zeros are at :|:27r/L from its centre, so
it is 47r/L wide. The side lobes of W spread a little of the cosine into every other frequency. This
spreading is called leakage. The main lobe is 7 /4 wide for L = 16 and half as wide, 7 /8, for L = 32.
Near its centre each copy has height %L, SO %|X| is close to 1 at =wp when the copies are well apart.
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one period, 27

0.5 A

w

FIGURE 6.27 cos(mn/4) kept for L = 16 samples. The dashed lines mark == /4 and their copies, where the endless
cosine has its impulses. Each line has become a main lobe 7 /4 wide with side lobes around it.

A softer window trades width for leakage. The Hann window is w[n] = sin?(mn/L)for0 <n < L — 1
and 0 elsewhere. By sin” = (1 — cos 20) it equals 3 — 3 cos(2mn/L) on the window, which is the
rectangular window times a constant plus a cosine. The same Euler and frequency-shift steps, with wy =

27/ L, give

WH(ejw) _ 1W(ejcu) - %W(ej(W727T/L)) - }IW(ej(uﬂr%r/L)).

2
W is zero at every nonzero multiple of 27/ L inside the period. At w = 2/ L the three terms are %W at
27/ L, which is zero, —3 W at 0, which is —3 L, and —3 W at 47/ L, which is zero. So [Wu| = L/4
there: the Hann window has no zero at 27 /L. At w = 47/ L the three arguments are 47 /L, 27 /L and
67 /L, all zeros of W, so Wy = 0. The first zero moves out to 47 /L and the main lobe doubles to
87T/L. In return the three shifted copies partly cancel away from the main lobe, and the highest side lobe
drops from about —13 dB for the rectangular window to about —31 dB for the Hann window, measured
against the peak.

|X ()| (dB) |X ()] (dB)

one period, 27 Y X one period, 27 'y

w w
FIGURE 6.28 Rectangular window, L = 32. The weak FIGURE 6.29 Hann window, L = 32. The main lobes are
cosine at the dashed line 217 /32 lies below the side lobes ~ wider, the side lobes much lower, and the weak cosine
of the strong one. shows as its own peak.

The figures use z[n| = cos(mn/4) + 0.01 cos(217n/32) kept for L = 32 samples, in dB against the
strong peak. The second cosine is 20 log;, 0.01 = —40 dB weaker than the first. Under the rectangular
window the side lobes of the strong cosine near wy = 217 /32 are near —21 dB, far above —40 dB, and
hide the weak peak. The Hann side lobes there are much lower, and the weak cosine appears. If the weak
cosine is made ten times weaker still, —60 dB, the Hann side lobes near ws, at about —54 dB, hide it
again.
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Spectrum over time
A long sequence whose content changes, such as music or speech, is better described by a sequence of
spectra than by one. Slide a window of L samples along the sequence and take the transform of each
piece:
m+L—1
X (e?) = Z z[n]wln —m] e,
n=—m
This is the analysis sum of the windowed piece that starts at n = m. Drawing |Xm(ej“’)| as a column of
colours for each start m, side by side, gives a spectrogram: time runs to the right and frequency upward.
For areal x, Xm| is even in w and repeats every 27, so 0 < w < 7 is enough; this is the one kind of
figure in the chapter drawn over less than a period. The window sets a trade-off. A Hann window of L =
32 has a main lobe 87 /32 = 7 /4 wide. With L = 64 the main lobe is 7/8 and the bands are narrower,
but each window spans a change of note in more columns, so the map blurs more in time.

w
e

3174 -

w2

W4

Y

20 40 60 80 100 120 140 160 180

n

FIGURE 6.30 Spectrogram of four notes of 48 samples, each a pair of tones: 0.157 and 0.557, then 0.357 and 0.80r,
then 0.157 and 0.807, then 0.357 and 0.557r. Hann window, L = 32, a new column every 8 samples; stronger colour is a
larger magnitude, over a range of 30 dB. Each note shows as two bands, and the columns whose window spans two notes
are blurred.

6.6 Difference equations

Transform both sides of a linear constant-coefficient difference equation. Linearity acts term by term, and
the time-shift property turns each y[n — k] into e %“*Y (/) and each z[n — k] into e % X (e/*). The
transforms Y and X do not depend on k, so they come out of the sums:
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FREQUENCY RESPONSE OF A DIFFERENCE EQUATION
N M
E apyln — k| = E b z[n — K]
k=0 k=0

N M
Y (™) Z are F = X () Z bre Ik
k=0 k=0

V() _ Ypobre

X(ejw) o Zi\fzo ape—ivk

H(ej“’) =

The last line divides both sides by X(ej“’) and by the denominator sum. H is a ratio of polynomials in e,
The impulse response of the recursion is now available without running it: factor the denominator, split into
partial fractions, and invert each piece with the exponential pair. H(ej“’) exists only for a stable system,

>, |h[n]| < oo; in the examples below every factor has |a| < 1. For instance, y[n] — 3y[n — 1] =

z[n] + z[n — 1] has H(ej“’) =1+ e*j‘*’)/(l - %e*j“’), and at w = 7, e 97 = —1 makes the numerator
zero, so H(e’™) = 0.

¢ EXAMPLE 6.18 — A SECOND-ORDER SYSTEM

GIVEN The causal system y[n] — 3y[n — 1] + ty[n — 2] = 2z[n].
FIND The frequency response and the impulse response.
METHOD The equation has constant coefficients, so the time-shift property turns it into algebra. Read

the coefficients into the frequency-response ratio, factor the denominator, expand into partial
fractions, and invert each term with the one-sided exponential pair.

SOLUTION  Hereag =1,a1 = —%, ay = % and by = 2. Transforming term by term:
Y —3e MY +le Y =2X — H() = L 2 :
4 8 X 1-3ew4 led

Write 2 = e /¥ as an algebraic variable and factor the quadratic 1 — %z + %z2. Two

factors (1 — az)(1 — Bz) expandto 1 — (a + B)z + aB22, sowe need o + B = % and
1,1 1 _ 1

af = %;a: % and 8 = isatisfyboth,sincei + 3 = 7 and % -7 = g- Hence

- 2 B A n B
_(1—%2:)(1—%2:)_1—12: 1—%1z'

Cover-up: cover (1 — $2) and set z = 2, then cover (1 — }2) and set z = 4:

A: e :4, B:

Recombining, 4(1 — 32) — 2(1 — 32) =4 — 2 — 2 4 z = 2, which matches the
numerator. Each fraction is the pair a™u[n] <+ 1/(1 — ae ) with |a| < 1, so

hin] =4 (%)nu[n] -2 (i)nu[n]
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CHECK hl0]=4—-2=2h[1]=4-1-2-1=2-05=15h2]=4-1-2- &£ =1—
0.125 = 0.875. Substituting into the equation with = 4, which is zero for n > 1: h[1] —
3h[0] = 1.5 — 1.5 = 0 and h[2] — 3A[1] + $h[0] = 0.875 — 1.125 4 0.25 = 0, as
required.

READING Both factors have ]a| < 1, so both terms decay and the system is stable. Atw = 0,z = 1
and |[H| =2/(1-3+%)=2/2 =53333;atw=m,2z=—1land |[H =2/(1+
% + %) = 2/% = 1 0667. This recursion is a Iow pass filter. The same factoring for
y[n] — 2y[n — 1] + y[n — 2] = z[n] gives s and 5, since 3 + 3 = 2and 5 - 5 = 3,
so its h[n] is made of (3)™ and (1)".

The repeated-pole pair

Example 6.13 excluded a = b because its partial fractions divide by a — b. When a = b the factors
coincide and need a separate pair. Derive it from the geometric pair of Example 6.3, ZZO:O ae I =
1/(1 — ae7*), by differentiating both sides with respect to a while holding w fixed. On the left,
differentiate term by term: %a” = na"’l, and the n = 0 term is the constant 1, whose derivative is 0, so
the sum starts at » = 1. On the right, use the chain rule on (1 — ae )1

e

Zna”_le_j“’” = di (1 — ae‘jw) = —(1 — ae‘j“’) 2. (—e7) =

n=1 a (1 - ae_jw)Z.

Now put m = n — 1 on the left, so n = m + 1 and m runs from 0 to co. The exponential splits as
e Jw(mtl) — g=iwe—ivMm and the factor e /¢ leaves the sum and cancels the same factor on the right:

o0

00 .
Z(m + 1) ame*jw(erl) — e w Z(m + 1) aMe iem — L2
m=0 m=0 (1 - aeijw)

= 1
- m+1)ame M = ——————.
mz_:o (1 — ae*j‘”)2
REPEATED POLE
1
(n + l)anu[n] ’ . N2 ‘a'| <1
(1 = ae*J“’)

The left-hand sum is the analysis sum of (n + 1)a™u[n], with m renamed n. Differentiating a convergent
geometric series term by term is allowed for |a| < 1, which is why the condition is kept. The exponent 2 comes
from one derivative of (1 = ae’j“’)’l, and the minus sign stays because differentiating in a does not change
it. One number settles any doubt: at w = O with @ = ; the value is (1 — 7) 2 = ¥ = 1.7778 =

Zn>0(n +1)(3)", while a plus sign would give (5) = 0.6400. With a = 3 the value atw = 0 is

1/(1 — 1)? = 4. with a = — 2 the magnitude is largest at w = 7, where 1 + 2e /™ = 1 is smallest and
x| 2 2 2 2

X| = 4.

The pair also follows from differentiation in frequency. Split (n + 1)a™u[n] = na™uln| + a™u[n| and
add the two known transforms over the common denominator:

ae 1 B ae ¥ + (1 — ae_j‘*’) 1

(1- ae—j‘*’)2 1—ae (1- ae—j‘*’)2 (1- ae—jw)z-
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Differentiating » — 1 times in a instead of once gives the pole of order r. The left side becomes
S n(n—1)---(n—r+2)a” e ™" and the right side (r — 1)!e "~V /(1 — ae )",
Shifting the index by r — 1, cancelling e~ 7¢(r=1) ang dividing by (7 — 1)!:

(n+r—1)! a 1
pTE— a"uln (1 —ae )

la] < 1.

For r = 2 the coefficient is (n -+ 1)!/n! = n + 1, the repeated-pole pair. Two identical first-order stages
y[n] = ay[n — 1] + z[n] in cascade have this impulse response (n + 1)a"u[n].

¢ EXAMPLE 6.19 — THE OUTPUT OF THAT SYSTEM

GIVEN The system of Example 6.18 driven by z[n] = (}I)n u[n).
FIND y[n]
METHOD Use Y = X H and partial fractions, because the output transform is rational and each

fraction can be inverted with a known pair. The input factor coincides with one factor of the
system, so the expansion needs a simple and a squared term for it.

SOLUTION  With 2 = e %, the input transform is X = 1/(1 — 1z) by Example 6.3, and H is the
factored form of Example 6.18. Multiply:

1 2 2
Y =XH-= : =
1-1z (1-32)(1-12)  (1-1Lz)(1-12)
A B _ C
S 1-1y (1_%13)2 1—%2

Cover-up reaches the simple factor and the highest power of the repeated factor. Cover
(1—1z)andsetz = 2:

2 2 2
(1— %Z) z=2 (]‘_ 5)2 4
Cover (1 — 2)% and set z = 4:
po 2| 2 _,
1—52 2—4 1-2

Cover-up cannot reach A, so use one more value of z. Multiply the identity through by the
full denominator and set z = 0; every factor becomes 1,s02 = A+ B+ (C =A—-2 +
8 and A = —4. Recombine as a check: —4(1 — 32)(1 — 32) — 2(1 — 32) + 8(1 —
12)? expandsto (—4 + 3z — $2%) + (—2 + z) + (8 — 4z + 12?) = 2, the numerator.
Invert term by term. The first and third fractions are the one-sided exponential pair; the

middle one is the repeated-pole pair with a =

NP

yln] = —4 (%L)nu[n] —2(n+1) (i)nu[n] + 8 (%)nu[n]

CHECK y0]=—4—-2+8=2y[l]=—-4-1-2-2-1+8- 3 =—-1-1+4=2y2] =
_1;46 — 1% +2=1.375,y[3] = —64—4 — (% + 1 = 0.8125. Direct convolution gives
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y[0] = A[0]z[0] = 2- 1 = 2and y[1] = h[0]z[1] + h[1]z[0] =21 + 1.5-1 = 2, the
same values.

After a few samples only 8(%)" is left: the slower factor % sets the decay. |Y'| is largest at
w=0,2/(3-(2)?) = 7.1111, and smallestat w = 7, 2/(3 - (2)?) = 0.8533. With the
input (§)"u[n] instead, £ differs from both system factors, and Y splits into three simple
terms.

¢ EXAMPLE

GIVEN

FIND

METHOD

SOLUTION

STABILITY

NUMBERS

6.20 — AN ECHO AND ITS REMOVAL

An echo y[n| = x[n| + ax[n — D]: a copy scaled by a, with 0 < a < 1, arrives D
samples later.

The frequency response and its extremes, a recursion that removes the echo, and the
condition for that recursion to be stable.

Read H off the equation with the time-shift property. For the inverse, write a recursion whose
response is 1/H and expand l/H as a geometric series to find its impulse response.

By linearity and the time shift,
H(e™) =1+ ae P,
Its squared modulus is the sum of the squared real and imaginary parts:

|H(e™)|> = (1 + acoswD)? + (asinwD)?
=1+ 2acoswD + o?.

It is largest where cos wD = 1, giving (1 + «)?, and smallest where cos wD = —1, giving
(1 — a)?. So | H| swings between 1 — a and 1 + c. The cosine cos wD repeats every
27‘(’/D, so the swing happens D times in each period: the response is a comb. To remove
the echo, run

w[n] = y[n] — aw[n — D].

Its equation w[n] + aw[n — D] = y[n] transforms to (1 + ae “P)W =Y, soits
response is 1/(1 + ae 7)) = 1/H. The cascade has response H - = = 1,s0 W =
X and w[n| = z[n]. For the impulse response of the inverse, use the geometric series with
ratio 7 = —ae 7P, of modulus |a|:

1 1 o0 o0
e STy m T =) el <L
k=0 k=0

By the shift pair §[n — kD] <+ e “*7 the impulse response is (—a)* atn = kD, k > 0
, and zero elsewhere.

> B[]l =300 lalf = 1/(1 — |a) is finite only for | < 1. For || > 1 the terms
(—a)k do not decay and the recursion is unstable.

o = 1:|H| between 0.5 and 1.5, and the inverse between 1/1.5 = 2/3 and 1/0.5 = 2.
a = 0.8: |H| between 0.2 and 1.8, and the inverse between 1/1.8 = 0.5556 and
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1/0.2 = 5.
CHECK At every w the two magnitudes multiply to 1. At 8000 samples per second a delay of D =
2000 samples is 0.25 s, an echo that can be heard; the recursion takes it out again.

one period, 27 | |

FIGURE 6.31 Fora = % and D = 3: the echo response |1 + ae_j“’D] (solid) swings between 0.5 and 1.5 three times in
each period; the response of the recursion that removes it (dashed) is its reciprocal, between 2/3 and 2.

6.7 Summary

The two tables collect the properties and the pairs of this chapter. In every row, z[n| <+ X (e/*), each
spectrum repeats every 27, and each sum over k runs over all integers.
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TABLE 6.1 Properties of the discrete-time Fourier transform.

PROPERTY
Linearity

Time shift
Frequency shift
Conjugation
Time reversal
Time expansion
Convolution
Multiplication
Periodicity

First difference

Accumulation

Differentiation in frequency
Real sequence

Real and even

Real and odd

Even and odd parts

Parseval
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PAIR

azxi[n] +bzy[n] < a X;(e™) + b Xy(e)

x[n — ng| « e 7m0 X (&)

elng[n] «» X (elw—w))

z*[n] < X*(e™*)

z[—n] <> X (e

zy[n] & X (™)

z[n] * hn] < X (e™)H (e™)

zn = [, X(e?)Y (e1“=9))dh

X(ej(”“”)) = X (e/) for every sequence

zln] —z[n — 1] + (1 — e @) X (ev)

S alm] o XL X (e0) Y, 6(w - 2rk)
z[n] <> jdX(e™)/dw

X(e) = X*(e™):|X| even, /X odd

X (e’*) real and even

X (e/*) purely imaginary and odd

Ev{z} <> Re{X}, Odd{z} <> jIm{X}, forreal «

Yl = 5 [, 1X (e#)Pdw
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TABLE 6.2 Discrete-time Fourier transform pairs.

SEQUENCE TRANSFORM
S[n] 1
d[n — ny) e Jwno
u[n] =+ 7Y, 6(w — 27k)
a"uln], la] <1 ﬁ
(n+ 1)a"u[n], la] < 1 m
bt uln], [a] < 1 e
a, la| < 1 ﬁ
lon|n| < N sin(w(Ni+3))
sin(w/2)

smff#l,o<W<7r

lonjw| <W,0onW < |w| <7

1 21 > 0(w — 27k)

elon 2>, 8(w — wo — 27k)

cos(won) T 1 [0(w —wo — 27k) + §(w + wo — 27k)]
sin(won) = 2 k[0(w —wo — 27k) — &(w + wy — 27k)]
Zk:<N} aye* /N 21 Y ard(w — %)

> 0[n — kN] F2ow— 3

Written with the unnormalised sinc, sinc 6 = sin 6/6, the low-pass sequence is ¥ sinc(Wn).
What to carry into Chapter 7
» The pair, with analysis as the sum and synthesis as the integral over one period, carrying % It comes
from the series: N aj, samples X (e*), and the samples fill in as [N grows.

» The 27m-periodicity and its one-line proof, and that the same line fails in continuous time. High
frequency means w near =£r.

« The DFT is N samples of the transform. Zero padding adds samples of the same curve; only a longer
record narrows a peak, whose main lobe is 47r/L wide.

» Real means the phase is 0 or 7, not that the phase is zero.

« A periodic sequence has impulses of weight 27ra;, at w = 27rk/N for every integer k.

« Multiplication in time is a periodic convolution over 27, so anything reaching across a period boundary

folds back and adds. A window turns each spectral line into a lobe; a softer window lowers the side
lobes and widens the lobe.

. Parseval: >, |z[n]|?> = &= [, |X(e™)[*dw, with R = 1 .
- Adifference equation has H (e’*’) a ratio of polynomials in € ~/; partial fractions give h[n], and a
repeated factor needs (n + 1)a™u[n].
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« The unnormalised sinc, sinc § = sin /0, restated at every point of use.

» Discrete time has a difference, not a derivative; the derivative in this chapter is in frequency.

Many sequences are samples of a continuous-time signal, z[n] = x(nT"). The next chapter relates the
two spectra and states when the samples are enough to rebuild :c(t) Sampling produces repeated
spectral copies separated by the sampling frequency, so the periodic-overlap ideas of this chapter will be
used again.

Exercises

6.1 Prove that X(ej“’) is 27-periodic, and say precisely where the same argument fails for X(jw).
Answer: Substituting w + 27 into the analysis sum produces a factor e 72™ which is 1 in every term because n is an
integer. In continuous time the corresponding factor is e 727 with ¢ real, which equals 1 only at integer £ and cannot
leave the integral.

6.2 Five ones, z[n] = 1for0 < n < 4, and N = 5. How many of the five DFT values X [k] are zero?
Answer: Four. X (e/*) = e 9% sin(5w/2)/ sin(w/2), and at wy, = 27k /5 the numerator is sin(7k) = 0 for k =
1,...,4.Only X[0] = 5 is not zero.

6.3 The record cos(0.37n) + cos(0.47n) is kept for L = 10 samples and padded to N = 128 (record
A), or kept for L = 30 samples with no padding (record B). Whose curve | X (e)| has two separate
peaks?

Answer: Only B. Padding adds samples of the same curve, and at L = 10 the two lobes merge into one peak. At L =
30 the lobes are narrower and the two peaks part.

6.4 For z[n] = a™u[n] with @ = 3, give | X |max, | X |min and max |ZX | in closed form and as

numbers.
Answer:1/(1 —a) = 8/7 = 1.1429,1/(1 + a) = 8/9 = 0.8889, and arcsin § = 0.1253 rad.

6.5 Explain why the finite geometric sum behind the Dirichlet kernel needs r # 1 rather than |r| < 1, and

give the value of the kernel at the excluded points.

Answer: A finite sum always has a value; only the closed form fails, where its denominator 1 — r vanishes. Here || =
1 at every w, so |r| < 1 would exclude the sum entirely. At » = 1, that is w a multiple of 27, every term is 1 and the
sumis 2IN7 + 1.

6.6 Where is the first zero with w > 0 of the transform of the rectangular pulse with N1 = 3? Does going
from N; = 2 to N; = 4 halve the main lobe?

Answer: At 27 /7, since the zeros are at 2k /(2N1 + 1). No: the first zero moves from 27 /5 to 27 /9, a factor 5/9,
the inverse ratio of the pulse lengths.

6.7 The Dirichlet kernel is real at every w. Does it follow that | X | = X and ZX = 0?

Answer: No. Realness fixes the imaginary part and not the sign. The kernel is negative on part of every period, with
least value —1.2500 for N7 = 2, and there | X | = —X and ZX = 7. The conclusion needs the extra hypothesis
X > 0, which holds for a/™ but not here.

6.8 Invert the ideal low-pass spectrum with W = /2 and give z[0] and x[2]. State the sinc convention

you use.
Answer: z[n| = sin(Wn)/(mn) with [0] = W /7 = 0.5, and [2] = sin(7)/(27) = 0. In the unnormalised
convention sinc § = sin 6/6, the same sequence is % sinc(Wn).

© 2026 Huseyin Ugur Yildiz - huguryildiz.com - Course content: CC BY-NC-SA 4.0 Lecture Notes - 232



Signals and Systems — Lecture Notes

6.9 Where do the impulses of 2 cos (‘%’Tn) -+ cos (%’Tn) lie inside —m < w < 7, and what is the
fundamental period of the sequence?
Answer: Weight 27 at +7 /3 and weight 7 at + /4, after reducing 57 /3 to 7w /3 and 77 /4 to /4. The two

components have periods 6 and 8, so the sum has period lem(6, 8) = 24.

6.10 A turn of 37 /2 per step on the unit circle gives the samples cos(37n/2). Which turn between 0 and
T gives the same samples?

Answer: /2, since 2m — 3w /2 = /2 and cos((2m — w)n) = cos(wn) at every integer n. The point turns the
other way by 7r/2, and its real part is the same.

6.11 Two spectra, 1 on |w| < 37/4 and 1 on |w| < 7/2, belong to sequences that are multiplied
together. Why is Z (&™) =  and not £?

Answer: The multiplication property gives a periodic convolution over one period. The ordinary convolution of the two
bands is a trapezoid reaching to \w| = 57r/4, which is wider than one period, so near w = 7 a second copy arrives

from the other side and the two contributions of % add.

6.12 A cosine is kept for L = 16 samples. How wide is the main lobe of each line, and what happens to it

for L = 32? What does a Hann window of the same length do to it?
Answer: 47 /L = w/4 at L = 16 and 7/8 at L = 32, half as wide. A Hann window doubles the main lobe to 87/ L
and lowers the highest side lobe from about —13 dB to about —31 dB.

6.13 Derive the pair for (n + 1)a™u[n| and say what fixes the exponent and the sign.

Answer: Differentiate Y, -, a™e 7" = 1/(1 — ae %) with respect to a, shift the index and cancel one factor e,
giving 1/(1 — ae_j“’)2. 6ne differentiation of a first power produces the exponent 2, and the minus sign is inherited
from the pair being differentiated.

6.14 Find the impulse response of y[n] — 3y[n — 1] + 3y[n — 2] = 2z[n] and check it against the
equation.

Answer: h[n] = 4(3)"u[n] — 2(3)"u[n], so k[0] = 2, h[1] = 1.5, h[2] = 0.875. Substituting: h[1] — 2h[0] = 0
and h[2] — 3h[1] + 1A[0] = 0.

6.15 An echo has a = 0.8. Give the largest and smallest values of |1 + ae 7P
recursion w[n] = y[n| — aw[n — D] is stable.

, and say whether the

Answer: 1.8 where e P = 1 and 0.2 where e 7P = —1. The recursion is stable, because its impulse response
(—0.8)F atn = kD decays; its response lies between 1/1.8 = 0.5556 and 1/0.2 = 5.

6.16 Which properties of the continuous-time transform carry over unchanged, and which change form?
Answer: Linearity, the time shift, conjugate symmetry, Parseval and the convolution property carry over unchanged. The
synthesis equation changes its range to one period; the multiplication property becomes a periodic convolution; the
time-domain operator is a difference and not a derivative; and the transform pairs themselves differ, since the discrete-
time ones are 27-periodic and carry their own convergence conditions.
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CHAPTER

Sampling and aliasing

Sampling keeps the value of a signal every T' seconds and discards the values between those instants. This
chapter gives the condition under which the samples still determine the signal, builds the filter that rebuilds
it, and shows how the signal changes when the condition fails. It then processes the samples as numbers,
and changes the rate of a sequence that is already sampled.

THE CHAPTER IN TWO LINES

o]

X,(0) = 75 O X (il — k)

k=—00
w, > 2wy == z(t) can be recovered from z(nT)
The first line says that sampling replicates the spectrum, at every rate. The second says that the copies stay

apart when the rate is high enough. Copies that reach each other overlap, and only that overlap is aliasing.
Keeping the two words apart is most of this chapter.

Section 7.1 models the sampler and derives the spectrum of its output. Section 7.2 defines aliasing and
states the sampling theorem. Section 7.3 rebuilds the signal from its samples, first exactly and then with
the holds a converter uses. Section 7.4 applies the alias rule to tones, to a chirp, to a camera and to an
image. Section 7.5 processes the samples with a discrete-time system. Section 7.6 samples a sequence
and changes its rate.

7.1 The sampler and the sampled spectrum

Impulse-train sampling

Sampling is modelled as a multiplication. The sampling function is an impulse train of period 7', and the
sampled signal is the product of the signal with it. The model keeps the sampled signal a function of
continuous time, so the Fourier transform of Chapter 5 applies to it.
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IMPULSE-TRAIN SAMPLING

p(t) = Z §(t —nT), z,(t) = x(t) p(t)

z,(t) = z(t) Y 6(t —nT)
= > a(t)(t — nT)
= > z(nT)é(t —nT)

The first step substitutes p(¢) into the product. The second step moves x(t) inside the sum, because
multiplication distributes over addition. The third step uses the sifting property z(t)d(t — nT') =
z(nT)d(t — nT'): an impulse is zero everywhere except at its own instant, so only the value of z att = nT’

survives.

® HOW AN IMPULSE IS DRAWN

An impulse is drawn as an arrow whose height is its weight. In a picture of z,(t) the arrow att =
nT therefore reaches z(nT'), and the arrowheads trace the signal itself. The arrows are weights,
not values of a function. A sample equal to zero gives no arrow at all.

. 2 . .
This chapter uses one running signal, z(t) = (sin(rt)/(mt))". Its transform is a triangle of peak 1 that
reaches zero at |w\ = 2 rad/s (Example 7.5 derives a spectrum of this shape). So the highest angular
frequency it carries is wy; = 27 rad/s.

z(t), p(t) (1)
DN, e
t[s] t[s]

FIGURE 7.1 The running signal z(t) = (Sin(ﬂ't)/(ﬂ't))z FIGURE 7.2 The product z,(t) = z(t) p(t). Each impulse
and the impulse train p(t) with T = 0.25 s, each impulse of  now has weight z(nT’), so the arrowheads trace z(t),
weight 1. dashed.

Samples as a sequence

The sampler keeps only the numbers z(nT'). Written as a sequence, they are
zp[n] = z(nT), n=0,+1,4+2,...

The rest of the chapter asks when these numbers are enough to rebuild a:(t) The period 1" spreads the
arrows in time, but the sequence keeps exactly one number for each arrow. For the running signal,

z(t) = Ofirstatt = 1's, because sin(7 - 1) = 0. With T' = 0.2 sthe instant nT' = 1 sisn =
1/0.2 = 5, so z,,[5] is the first zero sample after n = 0.
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The rate, in radians per second and in hertz

A sampling rate can be stated as an angular frequency or in hertz. Both forms are defined here so that
their units stay distinct.

SAMPLING RATE, BOTH READINGS

2w |rad 1
Wg = ? |:?:| y fs = T [HZ], Ws — 27Tf3
w, is the sampling angular frequency. It is the angle that cos(wst) turns through per second, and it turns
through 27 rad in each period T'. f; is the sampling frequency in hertz, the number of samples taken per
second. Every spectrum in Sections 7.1 to 7.4 is drawn against w in rad/s, so w; is the working symbol; the
hertz reading appears where a physical rate is quoted.

® THE FACTOR OF 27

Calling 27 /T the sampling frequency and then reading it in hertz is a costly slip. With 7" = 0.25 ms
= 2.5 x 10~* s the two readings are ws = 27/(2.5 x 10~%) = 80007 rad/s and fs =

1/(2.5 x 10’4) = 4000 Hz. They differ by 27r, and an answer that mixes them is wrong by that
factor everywhere it is used. The same applies to the signal: a bandwidth of wps rad/s is far =

wyr /27 hertz.

One multiplication tests any pair of values: ws1" = 27 always, and f,1" = 1 always. For example, a
sensor that takes 200 samples per second has f, = 200 Hz, so wy = 27 f, = 27 x 200 = 4007
1

rad/s; the check is 4007 x 350 — 2.

The transform of the impulse train

Multiplication in time is convolution in frequency. So the spectrum of x,,(t) needs the transform of the
impulse train p(t). Four steps give the result. Step 1 writes the product as a convolution. Step 2 finds
P(jw) from the Fourier series of p(t). Steps 3 and 4 substitute P and evaluate the convolution with the
sifting property.

Step 1 is the multiplication property of Chapter 5. A product in time is a convolution in frequency, divided
by 27; the 1 /2 is the same factor that appears in the inverse transform.

X, (jo) = % (X (jw) * P(jw)] = % /oo X(j0) P(j(w — 6)) do.
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STEP 2A: THE FOURIER SERIES OF THE IMPULSE TRAIN

2
p(t) = Z ar et W, = %
k=—oc0
T/2
== / p(t) e st dt
T/2
T/2
= — / —jkwst dt
T/2
1
— —jkws-0 = —
T T ¢ T

p(t) is periodic with period T, so it has a Fourier series with fundamental frequency ws = 27r/T. The
coefficient integral runs over one period, —T/2 <t < T/2. Only the impulse at n = 0 lies inside that
window, so p(t) equals d(t) there. The sifting property then evaluates the exponential at ¢ = 0, where it
equals 1. Every coefficient is the same number, 1/T.

STEP 2B: THE TRANSFORM OF THE IMPULSE TRAIN

eht —— 271 §(w — kws)

o]

P(jw) = Z ;, 27 0 (w — kws) =7 Z O(w — kws)

k=—00 k——oo

The first line is the transform pair of a complex exponential. The transform is linear, so each term of the series
transforms separately and the constant 1/T passes through. An impulse train of spacing 7" in time is therefore
an impulse train of spacing w; in frequency, with weight 27T/T on every impulse. For example, T' = 0.1 s puts
the impulses of P(jw) ws = 27 /0.1 = 207 rad/s apart.

p(t) P(jw)
weight ‘T_ =57

L DL L]

FIGURE 7.3 Theimpulse train p(¢) with T' = 0.4 s: weight ~FIGURE 7.4 lts transform P(jw): an impulse every w, =

levery0.4s. 57 rad/s, each drawn with height equal to its weight

27 /T = 5.

The spectrum of a sampled signal

Step 3 substitutes P from Step 2b into the convolution of Step 1. Step 4 evaluates the integral with the

sifting property.
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o0

/ x(j0) 2T 7 > 3w~ 0~ hw,)dd

k=—00

I [, .
-z k_zoo /_OOX(Je)a(o ~(w— kw,)) 6

— % Z X (j(w — kwy)).

k=—00

In the second line the constants 1 /27 and 27 /T multiply to 1/7", and the sum is taken outside the
integral. The impulse is even, so §(w — 6 — kw,) = 6 (6 — (w — kw)); writing it this way shows where
it sits on the 6 axis. In the third line the sifting property picks out X at 0 = w — kws.

KEY RESULT: THE SPECTRUM OF THE SAMPLED SIGNAL

X, (jw) = ZX w — kws))

k—foo

Each term is one copy of X(jw), moved to kw, and scaled by 1/T, not by 1. The reconstruction filter of
Section 7.3 carries gain T', the inverse, so the two belong together. For example, if X (j0) = 2,7 = 0.05 s
and the copies do not overlap, only the & = 0 copy reaches w = 0, and X,(j0) = X (50)/T = 2/0.05 =

NINININL

w [rad/s]
FIGURE 7.5 The sampled spectrum of the running signal at 7' = 0.4 s, so w, = 57 rad/s. Every copy has height 1/T =

2.5, and one sits at each multiple of w;.

Replication at every rate
The sum for Xp (jw) runs over every integer k for every value of T'. There is no rate at which the copies
fail to appear, and no rate at which they disappear.

( NAMING THE PIECES

The term k = 0 is X (jw) /T, the spectrum of the signal itself, where it always sat. It is the
baseband. The terms kK = 4+1, +2, ... are the copies, centred at tw,, +2wsy, ...

® THE CENTRE IS NOT THE FIRST COPY
The baseband is k = 0, not a copy. Calling it the first copy puts every later count off by one.
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Only two things change with the rate. The copies sit w; = 27T/T apart, so a slower sampler (larger T')
brings them closer. Each copy is scaled by 1/T, so a slower sampler also makes every copy shorter.
Halving T therefore doubles both the spacing 27 /T and the height 1 /7.

Sampling rate and guard band

The baseband occupies |w| < wyy. The copy at k = 1is X (j(w — w;)) /T, which is non-zero where
|w — ws| < wp, thatisonws —wy < w < ws + wpr. So it begins at ws — wps. The gap between the
two decides everything.

GUARD BAND

(ws - wM) - Wi = Wg — 2“)M

copy k=1 starts baseband ends

The gap can be positive, zero or negative. For example, with wj; = 37 rad/s and w, = 8 rad/s it is 8w —
2. 3m = 27 rad/s.

. w, > 2wy, oversampling: the gap is positive and the copies stand apart.
» w, = 2wy, the Nyquist rate: the gap is zero and the copies touch at -w,.
« w, < 2wjys, undersampling: the gap is negative, and neighbouring copies overlap and add.

® TOUCHING IS ALREADY TO0O LATE

At w, = 2w afilter edge placed at wy, either drops a component that sits exactly there or takes in
the edge of the next copy. So the rate must satisfy ws > 2wy, strictly. Example 7.1 shows a signal
that loses a whole component at the boundary.

X, () X, ()
-8 -4m 4‘1'( 8‘1'[ -én -4n 8:1
w w w
FIGURE 7.6 Oversampling, w, = bm  FIGURE 7.7 The Nyquist rate, w, = FIGURE 7.8 Undersampling, w, =
rad/s: a guard band of 7 rad/s. 41 = 2wy the guard band is zero. 3 rad/s: the copies add. The solid red

curve is their sum.

7.2 Aliasing and the sampling theorem

Aliasing
Aliasing is the overlap of neighbouring copies in X, (jw). The baseband ends at wjs and the copy k =
1 starts at w, — wy,. They overlap exactly when the copy starts before the baseband ends:

ws —wy <wy = ws < 22wy
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The overlap then runs from wy, — wjs to wjy, so its width is wp — (ws — wM) = 2w); — wy. For the
running signal, wys = 27 rad/s, sampled at w, = 3.57 rad/s, the overlap runs from 1.57 to 27 and is
0.57 rad/s wide.

® REPLICATION IS NOT ALIASING

It is sometimes said that below the Nyquist rate the spectrum is no longer replicated. That is false.
The formula for X, (jw) carries no condition, so the copies are there at every rate; below the Nyquist
rate they overlap. Replication is what sampling does. Aliasing is the overlap of the copies that
sampling made.

Why aliasing cannot be undone

Where two copies meet, the sampler stores one number that is the sum of two contributions. Near the
baseband, at 0 < w < wyy, the two are the baseband and the copy £ = 1:

X, (i) = o= [X () + X (i — )]

wanted intruder

A filter multiplies Xp (jw) frequency by frequency. It can keep or remove whole intervals of w, but it
cannot split one stored value into the two numbers that were added to make it. X,,(jw) still equals
X (jw)/T alone only where no copy reaches, that is on |w| < ws; — wys. Atw, = 3.4 rad/s the
running signal keeps this form only on |w| < 3.4w — 27 = 1.4.

Xy (jw)

A

\
U
\
U
Y

w [rad/s|

FIGURE 7.9 The running signal sampled at ws = 2.67r rad/s, near the baseband. Inside the red intervals the baseband,
cyan, and a copy, violet, both contribute, and the sampler keeps only their sum, red.

©® THE ONLY REPAIR IS PREVENTION

Raise w, above 2w, or remove the high frequencies of ac(t) before the sampler. The second is the
anti-aliasing filter of Section 7.4.
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The sampling theorem

KEY RESULT: THE SAMPLING THEOREM
X(jw) =0 for |w| >wy and w, > 2wy,
—>  z(t) is determined uniquely by z(nT), n = 0,+1,+2,...

The signal is recovered by passing :vp(t) through an ideal low-pass filter of gain 1" and cutoff w. with wy; <
w, < w, — wyr. The quantity 2w, is the Nyquist rate of the signal, and w, must be strictly above it. The
hypothesis matters: without a band limit there is no wjs, and the theorem says nothing.

The cutoff interval comes from the guard band. The filter must pass the whole baseband, so w. > wyy. It
must stop the lowest copy, which starts at ws — wys, S0 we. < ws — wys. For example, with wyr = 27
and w, = 77 rad/s the interval is 27 < w, < 7m — 2w = 57, so w, = 4m works, while 1.57 cuts into
the baseband and 5.57 lets a copy through.

R Xp (Jw)
e T wy < Wwe < Wg— Wi
FEEEEEEEAEEEEEEE=- 1
1 3 I
1 [
1 [
1 I
1 1
T 1 T I L T I T ] T #
-8n -611 -4n -21 21 4m e amn

w [rad/s]

FIGURE 7.10 The running signal, wys = 27 rad/s, sampled at ws = 67 rad/s. The dashed amber box is a low-pass filter
with w, = 3, the green area is what it passes, and the coral bracket is the interval in which w, may stand.

Why the inequality is strict

Put wy = 2wy into the cutoff condition:

wyr < wWe < 2wy — Wy = Wi
———

Ws—wWM

No number w, satisfies wyr < we < wpr, so there is no admissible filter at the Nyquist rate itself. A
statement with w, > 2w, would promise a filter that its own cutoff condition rules out.

/A A REAL FILTER NEEDS A GAP

A real filter cannot jump from pass to stop; it needs room between the band edge and the first copy.
So the rate is chosen with a guard band above 2wy . If the filter needs a gap of at least 7 rad/s and
wyr = 27 rad/s, then w, — 2wy > 7 gives wy > 4w + ™ = 57 rad/s.

¢ EXAMPLE 7.1 — THE NYQUIST-RATE BOUNDARY

GIVEN z(t) = 1 + cos(20007t) + sin(40007t), sampled at exactly w, = 2wy, = 80007
rad/s.
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What is left of the term sin(40007t) after sampling, and what a cosine at the same
frequency would give.

Use the sampled-spectrum sum, because a copy can land on a baseband line and cancel it.
Locate every contribution to X, at w = 440007, then confirm the result from the sample
values in time.

The highest frequency present is 40007 rad/s, so wjy; = 40007 rad/s and

T_2_7r_ 2r 1
 w, 8000w 4000

1
=0.2 — = 4000.
s = 0.25 ms, T

The sine transforms to ;—r [(5(w —40007) — §(w + 4000%)}; Example 7.3 derives this pair.
Write the sampled-spectrum sum for this term and keep the k = 0 and k = 1 terms:

1
k=0: —- 7]1 [6(w — 40007) — §(w + 40007)]
1
k=1: = z [6(w — 80007 — 40007) — §(w — 80007 + 40007)]
J
1 =«
=77 [6(w — 120007) — 6(w — 40007)].
J

The k = 1 term replaces w by w — w,, which moves every impulse up by 80007. The
impulse that sat at —40007 now sits at —40007 + 80007 = 440007, and it keeps its
negative sign. At w = 440007 the two weights add:

1 x 1 =« _4000r 40007 0
T g T j J J '
The same cancellation happens at —40007, where the £k = —1 copy brings the impulse

from +40007 down by 80007. So the sine term is absent from the sampled signal. The
cosine term cos(20007t) is not affected: its line at —20007 moves to —20007 +
80007 = 60007, which is outside the baseband.

The sample values of the sine are

sin(40007 nT") = sin (40007r . 4(1;%) =sin(nn) =0 for every integer n.

Every sample falls on a zero crossing, so the sampler never sees the term. A cosine at the
same frequency behaves differently: cos(40007n/4000) = cos(mn) = (—1)", so its
samples are +1 and —1 in turn. At the boundary rate the result depends on the phase of the
component, so the boundary rate cannot be trusted.

Add a guard band. With w, = 10007 rad/s the rate becomes w, = 2wys + wy, =
80007 4+ 10007 = 90007 rad/s, so
21
T = =
9000 4500

The cutoff interval wyr < we < ws — wpr becomes 4000 < w. < 90007 — 40007 =
50007 rad/s, which is no longer empty.

s~ 222.2 us.
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3 Xp(jw)
40007

-8000mt

FIGURE 7.11 The sine term of X, (jw), times j. At
440007 the baseband line, cyan, meets a line of the
opposite sign brought by the copy k = =1, violet; they are

8000
4000

t [ms]

w [rad/s]

FIGURE 7.12 The band-edge tone sin(40007r¢) with ¢ in
ms, and its samples at 7' = (.25 ms. Every sample sits on
a zero crossing.

drawn slightly apart and sum to zero.

¢ EXAMPLE

GIVEN

FIND

METHOD

SOLUTION

CHECK
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7.2 — ONE SIGNAL AT THREE RATES

2
The running signal z(t) = (sin(mt)/(mt))", whose transform is a triangle of peak 1 with
wy = 27 rad/s. The periods are T} = 0.40s, 7o = 0.50sand T3 = 2/3 s.

For each period: the rate, the guard band and the height of each copy. Which period lets
z(t) be recovered?

Use the three definitions of Section 7.1, because the question asks for the rate, the
separation and the scale of the copies: ws = 27r/T, guard band ws — 2wps with 2wy =
47, and copy height 1 /T times the peak of 1.

With w, and the guard band in rad/s,

2 11
T, =0.40s : wser:5w, guard = 57 — 47 =47, = ooo =25
o 11
Ty =050s: w, — —— — 4, d=dr —4r =0, —=-——=2
2 St W T o T SHAG T AT AT T, 0.50
T3=2/3s: w—2—7r—37r uard = 37 — 47 = —7 i—§—15
y = © W= g =3, guard = =-m p=3-L

Dividing by 2/3 is multiplying by 3/2, which gives the last row. Only T is safe. T5 sits on
the boundary, and at T3 the copies overlap by 7 rad/s on each side.

wsT = 2w ineachrow: b X 0.4 = 27, 4w x 0.5 = 2, 37 X 5= 2. Also, from 17 to
T3 the spacing falls from 57 to 37 and the height from 2.5 to 1.5: height and spacing move
together, since both are proportional to 1/T. A sketch with the same height at every rate
hides half of what sampling does.
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w, [rad/s]
A

107t

811

61T Ty

°® T: 2wy = 4
| _________________ h-—.___2 _________ -~ M
211 Ts
0.2 0.4 0.6 0.8

FIGURE 7.13 The rate ws, = 27 /T against the period T'. A period is safe while its point lies above the coral line 2wy, =
47 rad/s, in the green band.

¢ EXAMPLE 7.3 — A LINE SPECTRUM AND ITS NYQUIST RATE

GIVEN

FIND

METHOD

SOLUTION

CHECK
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z(t) = 1 + cos(20007t) 4 sin(40007t).
X(jw), the bandwidth wjs, and the Nyquist rate in rad/s and in hertz.

Use linearity, because the signal is a sum of standard terms. Write each term as a sum of
complex exponentials and transform term by term with elwt s 26 (w — wo). The farthest

line from the origin gives wjy.

The pair for one complex exponential holds because the inverse transform of the right side is
= = [ 276(w — wp)e™" dw = e/“v" by sifting. Transform term by term:

1=¢e"% «— 276(w)

cos(20007t) = 120007rt + % 20007t
+— w8(w — 20007) + 76(w + 20007)
sin(40007t) = J 40007t _ y 1 ,—j4000mt
— Z6(w — 40007) — = §(w + 40007)
J J

Each impulse weight is 27 times the coefficient of its exponential: 27 - % = mand 27 -
2%. = 7r/j. Adding the three lines gives

X (jw) = 2m6(w) + 7 [§(w — 20007) + §(w + 20007)]
+ g [6(w — 40007) — §(w + 40007)).

Five impulses, each written as a function of w so that its position can be read. The farthest sit
at +40007, so

wyr = 40007 rad/s,  fi = = 2000 Hz,
2wy = 80007 rad/s, 2fu = 4000 Hz.

Any working rate must be strictly above 80007 rad/s.

Invert the impulses with iﬂ fX(jw)eth dw. The first gives 3—77; = 1. The cosine pair gives
I (72000mt . =32000mt) — 1. 2 cos(20007t) = cos(20007t). The sine pair gives
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5 (/1000 — 7 J4000T) — L. 2 5in(40007t) = sin(40007t). The sum is z(t). The

signal repeats every 1 ms, and its fastest term runs at 2000 Hz.

X (jw)

A

27

a2

S 1 -

I I I
l -2000m 2000m 4000m
—7/j

w [rad/s|

FIGURE 7.14 The line spectrum of Example 7.3. The cyan weights are real. The violet pair is imaginary, drawn up for
+m/j and down for —m /5.

¢ EXAMPLE 7.4 — THE SAMPLING PERIOD AT THE NYQUIST RATE

GIVEN

FIND

METHOD

SOLUTION

CHECK

WARNING
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2(t) = sin(40007t) |

it
Its transform, the sampling period I" at the Nyquist rate, and the height of each copy.

Invert a rectangle of height 1 to recognise the signal. The rectangle ends at wj;, so w, =
2wy, and then T' = 27r/w3. Check the result three ways, because this is where a factor of
1000 is most easily lost.

Write W = 40007 and let R(jw) be 1 on |w| < W and 0 outside. Its inverse transform is

1 Wl.ejwtdw_il£]”v L I

2m J_w 2w | gt |y 2w jt
1 25sin(Wt)  sin(Wt)
T2 it wt

The bracket is the antiderivative of e/t with respect to w, and el — e 30 =2 7 sin 6
removes the factor j from the denominator. So X (jw) = R(jw), and wy = W = 40007
rad/s. The Nyquist rate is wy, = 2wj; = 80007 rad/s, and

_2_7r 27

= —= :2. 1_4 — .2 .
o, 8000r  a00p °~ 2010 s=0.25ms

T

In hertz the rate is fs = 1/T = 4000 Hz, and each copy of the rectangle is scaled to height
1/T = 4000. At this rate neighbouring copies touch at 4000

Three independent tests. First, w,T = 80007 x 2.5 x 10~* = 27; with 0.25 s it would be
20007 instead. Second, the copy scale is 1 /T = 4000; with 0.25 s it would be 4. Third,
doubling the rate must halve the period: at 160007 rad/s, T = 27 /(160007) = 1/8000 s
= 125 us, and 0.25 ms divided by 125 us is exactly 2.

The answer is a quarter of a millisecond. Cancelling the 7 but not the thousand gives 0.25 s,
and every later number is then wrong by a factor of 1000. A quarter of a second between
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samples would be four samples a second for a signal that carries 2000 Hz: the next sample
would come 0.25 x 2000 = 500 cycles of the tone later.

¢ EXAMPLE

GIVEN

FIND

METHOD

SOLUTION

CHECK

WARNING

7.5 — AREA AND PEAK OF A TRIANGULAR SPECTRUM

. 2
z(t) = (sin(4000mt)/7t)", the square of the signal of Example 7.4, whose transform
R(jw)is 1 on |w| < 40007.
The peak of X(jw), the bandwidth, the period at the Nyquist rate, and the height of one
copy after sampling at that rate.

Use the multiplication property, because the signal is squared in time. The spectrum is then
the rectangle convolved with itself, divided by 27: a triangle. Keep its area and its peak
apart.

Write W = 40007 and g(t) = sin(Wt)/t, so that z(t) = g(t)? and G(jw) = R(jw)
by Example 7.4. Squaring in time is convolution in frequency divided by 27:

1

2

. | Y .
X (jw) = —[R* R](w) = 2—/ R(j0) R(j(w — 6)) d6.
Tr —00
The integrand is 1 where both rectangles are 1, that is where — W < 0 < W and w —
W <60 < w+ W at the same time, and 0 elsewhere. For 0 < w < 2W the overlap runs
fromw — W to W and gives

w
[R*R}(w):/ 1do =W — (w—W) =2W — w.
w—W
For negative w the same argument gives 2W + w, so [R * R|(w) = 2W — |w]| on |w| <
2W and 0 outside: a triangle. Its value at the origin, A, is the area of the full rectangle, and
the peak of X is A divided by 27:

w
A=[RxR](0)= / (1)(1) d8 = 2W = 8000,
-W
Ko = X(j0) = 2 — 8900™ _ 4000,
2w 2w

The triangle reaches zero at 2W, twice the half-width of the rectangle, so wjy; = 80007
rad/s. The Nyquist rate is 2wy; = 160007 rad/s, and

2m
T = e
16000 8000

The copy height is Xmax/T = 4000 x 8000 = 3.2 x 10".

This bandwidth is twice the one in Example 7.4, so the period must be half of it: 125 us
against 0.25 ms. Also w,T = 160007 x 1.25 x 10~* = 27.

Ais an area and Xpax is the peak of a spectrum. They differ by 27, so substituting one
where the other belongs inflates every later height by that factor. Every later formula uses
Xmax, never A.

s=1.25x10"%s =125 pus.
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T X (jw) X, (jw) [x107]

N Y K S 32

! l

1 : |

l L, .

-8000T 8000m -32000mt -16000Tt 16000m 32000m
w [rad/s] w [rad/s]

FIGURE 7.15 Example 7.4 at the Nyquist rate 80007 FIGURE 7.16 Example 7.5 at its Nyquist rate 160007
rad/s, drawn times T". The rectangle and its copies touch at rad/s. Each copy stands 3.2 X 107 tall, and neighbours just
+40007. touch.

Band-pass sampling
A band-pass signal has X (jw) = 0 outside wy, < |w| < wg. Its width is B = wy — wy,. The theorem

asks for ws > 2wy, but that condition is sufficient, not necessary. The spectrum is empty below wry,, and
at a lower rate the copies can land in that empty space without meeting.

The positive band occupies w;, < w < wgy, and its copies occupy wy, + kw, < w < wy + kw,. The
negative band occupies —wg < w < —wr, and its copies occupy —wg + mw,; < w < —wr, + mws.
Every copy is a shift of one of these two by a multiple of wy, so the picture near one gap repeats in every
gap. It is therefore enough to fit one copy of the negative band into the gap between the positive-band
copy k = —1, which ends at wg — wj, and the positive band itself, which starts at wy,. For the copy m
this asks

wg —ws < —wp +mws <=  (m+1)ws > 2wgy,
—wr, + mw, < wp, — muw, < 2wy,.

Write n = m + 1. The two conditions together give one window of rates for each positive integer n:

THE BAND-PASS SAMPLING WINDOWS

2w 2w
_Héwsg L,
n n—1

wH
n:1,2,..., LgJ
For n = 1 the right side has n — 1 = 0 in its denominator and gives no upper limit: this is ws > 2wg. A
window is not empty only when 2wz /n < 2wy /(n — 1). Multiply by n(n — 1) /2: (n — 1)wy < nwry, so
n(wg — wr) < wg, thatis n < wy/B. At an end of a window the copies touch; as at the Nyquist rate, a
component exactly at a band edge is then at risk. When the copies stay apart, a band-pass filter of gain 1" on

wr, < |w| < wg returns z(t).

¢ EXAMPLE 7.6 — BAND-PASS SAMPLING

GIVEN A signal whose spectrum fills 87 < |w| < 107 rad/s.
FIND Every rate at which the copies do not overlap. Does 77 work? Does 97?
METHOD Compute B and |wg /B, then list the windows 2wx /n < ws < 2wy /(n — 1). Check

the lowest rate by moving each half of the band.

SOLUTION  wy, = 87, wy = 107, so B = 27 and wgr /B = 5. The lower edge is 4B. The windows
are
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n=1: wg;>207

n=2: 10r <w,; <167
n=3: L ~6.67r<w, <8
n=4: 57r§ws§mT”%5.337r

n=>5: 4r < w, <4m.

So 77 works, because it lies in the window n = 3. The rate 97 does not, because it lies
between 87 and 107, in no window. A faster rate is not always a safer one. The lowest rate
is ws = 2B = 4 rad/s, five times lower than 2wy = 207r.

CHECK At w, = 47 move each half of the band by a multiple of w, into 0 < w < 47r:

—2ws
8T < w < 10m —— 0 <w<2m,
+3w,
10T < w < —8T —3 27 < w < 4.
The two halves take turns and fill the axis without overlapping. If the band moves up to

127 < |w| < 147, then wy /B = 7 and the window n = 7 is 4w < w;s < 4: the lowest
rate is again 2B = 4, because the lower edge is again a whole multiple of B.

T X, (jw)

-
) 1 1 1 1 | Ll

-12n -8n -4m 4n 8mn 12n

w [rad/s]

FIGURE 7.17 The bandon 81 < |w[ < 107 rad/s, cyan, and its copies at w; = 4 rad/s, violet, drawn times T'. The
band leans, so a copy of the positive half and a copy of the negative half can be told apart; they take turns along the axis.

Y

1 1 HN ] I
4n 8Irt 1 én 1 EISr[ 2(IJr[
w; [rad/s]

FIGURE 7.18 The rates from 37 to 227 rad/s for the band of Example 7.6: green where the copies fit, red where they
overlap. The green windows are the point 47, then 57 to 5.337, 6.677 to 87, 107 to 167, and everything from 207 up.

7.3 Reconstruction

The ideal reconstruction filter

If the copies stand clear, recovering x(t) means keeping the one at the origin and discarding the rest. A
low-pass filter does exactly that.
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IDEAL RECONSTRUCTION FILTER

T, |w| <we

wy < we < Wy — wyy
0, |w|>we

H,(jw) = {

X, (jw) = H,(jw) X, (jw) = T - X (jw) = X (jw) = =,(t) = z(t)

Filtering multiplies the spectra. Inside |w| < w, only the k = 0 term of the sum for X, (jw) is non-zero, and
that term is X(jw)/T; every other copy starts at ws — wps or beyond, which is outside the passband. The
gain is T' because the baseband is X(jw)/T. The second line holds only when the copies do not overlap.

(® COMMON ERROR: GAIN 1
Afilter of gain 1 returns X (jw) /T, thatis z(t) /T, not (t). Since T' changes with the rate, the

error changes with it.

For example, a signal with w;; = 27 rad/s sampled at w, = 107 rad/s needs 27 < w, < 10w —
27w = 87. So w, = 5 recovers x(t), while w, = 7 cuts the baseband and w, = 97 lets the copies at

4107 through.

.
L ™

e on

w [rad/s|

-On -61

FIGURE 7.19 The running signal with 7' = 1/3 s, so ws = 67 rad/s and each copy has height 1/T" = 3. The dashed
amber filter has gain T" on |w\ < 3. It removes the copies at =67, violet, and scales the baseband, cyan, down to the

green X, (jw) = X (jw) of height 1.

The chain in time

Two stages turn z(t) into z,.(t). The sampler turns z(t) into z,(t) = > (nT) é(t — nT), an
impulse train of period T" weighted by the samples. The filter Hy(jw) turns z,(t) into x,(t). Between two
samples, att = n1' + T/2, the impulse train is zero; only the filter output has a value there.

® NAME THE SIGNALS APART
The sampler output is z,,(t). The name z,(t) belongs to the output of the reconstruction filter and to
nothing before it. A diagram that labels the sampler output wr(t) has skipped the filter.
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| Y —b>
-2 1 1.5 2
t [s]

FIGURE 7.20 The running signal, dashed, the sampler output z,,(¢) with T' = 0.25 s, violet, and the filter output z, (¢) with
we = m/T = 4 rad/s, green. The green curve lies on z(t).

Band-limited interpolation

Filtering is convolution with the impulse response hyp (t) of the filter, and x,, is a train of impulses. So the
output is a sum of shifted copies of hzp: each sample is replaced by a curve of its own height, and the
curves are added. The first chain below finds hr,p as the inverse transform of H,; the second forms the

convolution.

THE KERNEL AND THE INTERPOLATION FORMULA

1 oo . 1 We .
hip(t) = 5~ / H,(jw) e dw = o / T &t dw

ik ejwt We T ejwct . efjwct
T2 [j_t]wczﬁ'j—t
T 2jsin(w;t) Tsin(wt)
o jt N mt
2, (t) = 2, (t) * hp(t) = / [ Y e(nT) (7 — nT)} hp(t —7)dr
=3 o(nT) / 5(r—nT) hpp(t—7)dr = 3 2(nT) hyp(t —nT)

In the first chain the limits shrink to +w. because H, is zero outside them, and T comes out as a constant.
The bracket is the antiderivative of e/“* with respect to w; then e’ — e=7% = 25 sin § removes the 5, and
2/2m = 1/m. Att = 0 the integral is ff;c T dw = Tw,/m, which is also the limit of T"sin(w.t)/(7t).
The second chain is the convolution integral with the impulse train substituted for x;; the sum is taken outside
the integral, and the sifting property evaluates hyp at 7 = nT for each n.

KEY RESULT: BAND-LIMITED INTERPOLATION

1 () = Z z(nT) hpp(t — nT) = Z 2(nT) TSiI;((jC_(tn}T)LT))

n—=——oo n—=—oo

One kernel per sample, scaled by it. The sum is linear in the samples. If a fault doubles one sample, so that
z(0) becomes 2z(0), the output changes by z(0) k7 p(t), and that change spreads over all ¢, not only t = 0.
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The interpolation kernel

The cutoff can be anywhere in wyr < we < ws — wps. The middle of that interval is % (wM + ws —
wyr) = ws/2 = m/T, and itis the usual choice. With w, = /T the kernel becomes

T sin(wt/T in(7t/T t in 0
hrp(t) = smf:; /T) = Smﬂ(_:/; ) = sinc(ﬂ—), sinc(f) = SIZ .
The second equality divides numerator and denominator by 71". Throughout this course sinc(@) =
sin 0/6 is unnormalised. At t = 0 the kernel is Tw. /7 = T'(w/T)/m = 1. Att = mT withm # 0 it
is sin(7m) /(7wm) = 0. So each sample sets the output at its own instant and adds nothing at the other
sample instants: x,.(mT") = x(mT'). Another cutoff loses this property. With w. = 1.57 /T, for

example, hp(0) =T - 1.57/(nT) = 1.5.

® KEEP THE m INSIDE THE SINE

The kernel is sinc(nt/T') = sin(nt/T)/(wt/T). Akernel written sin(¢/T") /(wt/T) has lost a 7r:
its zeros move to t = mmaT, off the sample instants. With 1" = 1 the correct kernel att = 1 is
sin(7r) /7 = 0, while the damaged one gives sin(1) /7 = 0.267849, so that sample leaks into its
neighbour. At ¢ = 0 the damaged kernel is not even 1: neart = 0, sint ~ ¢, so sin(t)/(7t) —
1/m =~ 0.318. Anything written sinc(¢/7") belongs to the other, normalised convention and is a
different function.

kernel z(t), z,(t)
) 1
eS| N Tenm el ————e = - ———
T4 3 A "2 3 4 3 2 B 1 2 3
t/T t[s]

FIGURE 7.21 The kernel sinc(7t/T"), amber, is 1 at its FIGURE 7.22 The running signal sampled with 7' = 0.5 s:
own instant and 0 at every other one. With the 7 dropped, one kernel per sample, grey, and their sum, green. It lands
dashed red, it misses the instants. on the dashed original.

The zero-order hold

The ideal filter cannot be built: its impulse response starts before t = 0 and never ends. A converter holds
each sample instead, until the next one arrives.

ZERO-ORDER HOLD

1, 0<t<T
hot) =47 "=°S zo(t) = 2(nT), nT <t<(n+ )T
0, otherwise

The hold replaces each impulse z(nT") §(t — nT') by a rectangle of height (nT") and width 7', so its output
is a staircase.

The staircase is not :(t). Over one tread, from nT" to (n + 1)7T", a smooth signal moves away from the
held value by about |2’ (t)| T, because z(nT + 7) ~ z(nT) + «'(nT) T and T reaches T'. So the
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largest gap scales with T': halving T' from 0.2 s to 0.1 s about halves it, but it never reaches zero at any
finite rate.

THE FREQUENCY RESPONSE OF THE HOLD

] 00 o T ot e Juwt T 1— e—ij
Hy(jw) =/ ho(t) e 7" dt :/ e M dt = [ : ] R
TR/ _ g T/2)  ieT)2. 9] gin(wT/2)

- Jw - Jjw
_ T2 2sin(wT/2) T2 sin(wT'/2)
w wT'/2

The limits shrink to 0 and 1" because hy is zero elsewhere. The bracket is the antiderivative of e’j“’t;
evaluating it at 7 and at 0 gives (e 7“7 — 1) /(—jw), which is the fraction shown. The second line factors
e 7T/2 out of 1 — e~ 7T, which leaves e/*T/2 — ¢=7+T/2 = 2j sin(wT /2); the j then cancels. The last
form multiplies and divides by T"/2 to show the unnormalised sinc: Hy(jw) = T e #“T/2 sinc(wT'/2) with
sinc(f) = sin /6. The factor e 7“T/2 is a delay of half a sampling period.

Three readings of | Hy(jw)| = |2 sin(wT'/2) /w| compare it with the ideal filter of gain T" and cutoff
ws/2=m/T.
« Atw = 0,sin0/6 — 1, so |Ho(j0)| = T the hold already has the gain the ideal filter needs.
« Inside the band it sags. At the edge w = 7 /T": |Hy| = 2sin(n/2)/(n/T) = 2T /m ~ 0.64T.
» Outside the band it leaks: it is small but not zero, so parts of the copies remain. Its first zero for w > 0
is where wT'/2 = m, thatis w = 27 /T = w,. With T' = 0.1 s that is 207 rad/s.

) z(t), zo(t) [Ho(jw)]
EARS D o N
/ \
/0.5 \ 1 0.25 I
//‘ ~ : \/\/
-2 -1 1 2 -én -Ain 4'1'[ 8'1'[ :
t[s] w [rad/s]
FIGURE 7.23 The zero-order hold with " = 0.5 s: each FIGURE 7.24 |Hy(jw)| with T = 0.5 s against the ideal
sample of the running signal is held for one period. filter, dashed: flat at 7" up to ws /2 = 27 rad/s. The hold

sags inside the band and leaks outside it, red.

¢ EXAMPLE 7.7 — HEARING THE HOLD

GIVEN Atone z(t) = cos(2m fot) with fo = 300 Hz, sampled at f; samples per second and
played through a zero-order hold.

FIND The level of the first copy of the tone, relative to the tone, at f, = 2000 Hz and at f, =
8000 Hz.

METHOD Sampling puts copies of the tone near f; & fy, 2f, = fy, and so on; the nearest is at f, —

fo. The hold multiplies each line by | Hy|, so compare |Hy| at fs — fo with |Ho| at fo. Write
the response in hertz withw = 2 f and T' = 1/ f,.

SOLUTION  Substitute w = 27 f and T = 1/ f, into | Hy| = |2 sin(wT'/2) /w|:
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_ 2sin(nf/fs)| _ |sin(nf/f)|
2 f mf .

At the copy, f = fs — fo, the sineis sin(m — 7w fo/ fs) = sin(m fo/ fs), by sin(r —
0) = sin . So the sines cancel in the ratio:

[Ho(i2m(fs — fo))| _ sin(nfo/f5)/ (w(fs — fo)) fo

|Ho(527f)|

Ho(j2nfo)l  sin(nfo/fs)/(nfo)  fi—fo
At f, = 2000 Hz the copy is at 1700 Hz with relative level 300/1700 ~ 0.18. At f, =
8000 Hz it is at 7700 Hz with relative level 300/7700 ~ 0.039.

CHECK The ratio is below 1 whenever fy < f,/2, as it must be for a sampled tone. It falls as f
rises: a higher rate moves the copies up and makes them weaker. The copies sound as a
buzz on top of the tone, and raising the rate makes the buzz rise in pitch and fade.

Compensating the hold

The hold followed by a second filter H,. would act as the ideal filter H if Hy(jw) H,(jw) = H (jw).
Divide by Hy = e 7*7/2 2 sin(wT'/2) /w:
H(jw) T2 H(jw)w

H(39) = 4 Ge) = 2sm(eT/2)

Take the target H with gain T up to 7 /T" and zero beyond. Inside the band the compensator needs
|H,| = Tw/(2sin(wT'/2)). Atw — O thisiis 1, since sin§ = 6. At the edge w = /T itis (T -
7/T)/(2sin(m/2)) = /2 ~ 1.57. So the boost stays between 1 and  /2; it never grows without
bound, because sin(w7'/2) first vanishes at w = w,, outside the band. A narrower target needs less
boost: if H stops at w;/4 = m/(2T), the largest boost is (7 /2)/(2sin(7/4)) = 7/(2v/2) ~ 1.11.

The compensator is still hard to build. The factor e?T/2 is a time advance, and H is ideal. Converters
approximate H,, or use the hold output as it is.

magnitude
A - /2
\ H / |
-4n -3n -21n -t 1 21 3mn amn

w [rad/s|

FIGURE 7.25 With T' = 0.5 s: the hold | Hy(jw)|, amber, the compensator | H, (jw)|, violet, which rises from 1 to 7 /2 at
the band edge, and their product, green, the target of gain T" up to w, /2 = 27 rad/s.

The first-order hold
The first-order hold joins consecutive samples by a straight line. It is also called linear interpolation.

t—nT
T

x1(t) = z(nT) + [z((n +1)T) — =(nT)], nT <t < (n+1)T.
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Att = nT the fractionis 0 and 1 = z(nT);att = (n+ 1)T itis 1 and 1 = z((n + 1)T). Between
nT and (n + 1)T the line needs the next sample z((n + 1)T"), so a real system waiits for it and its
output is 1 (t) delayed by T'.

The error is smaller than that of the staircase. Take one interval with midpoint m and expand x about m:
z(m£T/2) = z(m) £a'(m)L + 2" (m) %2 + - - -. At the midpoint the line is the average of its two
end values, z(m) + 2" (m) T?/8 + - - -, because the first-order terms cancel. So the gap at the
midpoint is about |z”| T2 /8 and scales with the square of the period: halving T" from 0.2 s to 0.1 s about
quarters it.

THE IMPULSE RESPONSE OF THE FIRST-ORDER HOLD

M) = 3 (9 9)(8), g(t)z{;’ n=te

o0

T/2 T T
g(T)g(t—T)dT=/ ldT:——(t——>:T—t, 0<¢t<T
t-T)2 2 2

Grot) = [

—00

g is the hold rectangle, centred on ¢t = 0. The integrand is 1 where both |7| < T'/2 and |t — 7| < T'/2. For
0 <t < T the second conditionist — T /2 <17 < t+T/2,sotheoverlapist — T/2 < 7 < T'/2, of
length T' — ¢. For t > T there is no overlap. The convolution is even, so (g * g)(t) =T — [t|on [t| < T:a
triangle of peak T'. Dividing by 1" gives h1(t) = 1 — |t|/T on |t| < T', a triangle of peak 1. With T' = 0.2's,
hi(0.1) =1 —0.1/0.2 = 0.5.

This triangle joins the samples. The output of the hold is } _, x(kT') hy(t — kKT).OnnT <t < (n +
1)T only the kernels of n and n + 1 are non-zero, and [t — nT| =t —nT, [t — (n+ 1)T| = (n +

T -t
e(nT)(1- _T”T) fa((n+1T)(1- %)
t —nT t—nT t—nT

= z(nT) — 2(nT) +z((n+1)T)

= z(nT) +

A [2((n+1)T) — 2(nT)],

which is z1 (). The second bracket simplifies because 1 — (nHjZT_t — T_(”;l)T“ — t*;T.

THE FREQUENCY RESPONSE OF THE FIRST-ORDER HOLD

T/2 —jwt17T/2 % — g
Gl = [ ema = [ MR 2einler )

T/ I -T/2 Jw w
H (jw) = %G(jw)G(jw) _ % [%/T;?)]

G is the transform of the centred rectangle; the limits are iT/Z because g is zero outside them, and el —
e 7% = 24 sin 6 cancels the j. Since g is centred on t = 0, G has no delay factor. Convolution in time is
multiplication in frequency, so g * g transforms to G - G, and the constant 1/T passes through by linearity.
Hj isreal and H; > 0 because it is a square. Atw = 0, sin(wT'/2)/(w/2) — T, so Hy(j0) = T?/T =
T.
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At the band edge w = /T H; = %[sin(7r/2)/(7r/(2T))}2 =7- AT _ 4L ~ 0.417T, a larger sag

w2

than the 0.64 T of the zero-order hold. Far above the band H falls off as 1 /w?, against 1 /w for | Hy|, so
it leaks much less. With T = 0.5 s at w = 67 rad/s, where wT'/2 = 1.57 and | sin(1.57)| = 1:
2-1 1 1172 2
Hy(j6m)| = =—— = — ~0.106,  Hi(j6 :—[—] — = ~0.023.
Holi6m)| = 5= = 57 106m) = 55 132) = o
Tz(t)a z1(t) 9(1); h(t)
JIN T
. — AN | | i
-2 -1 | 1 2 -d.5 -0.‘25 0.‘25 015
t[s] t[s]
FIGURE 7.26 The first-order hold with T" = 0.5 s: the FIGURE 7.27 The hold rectangle g(t), dashed, and the
samples of the running signal joined by straight lines. triangle h1(t) = (g * g)(t)/T of peak 1, with T' = 0.5 s.
The axis is time.
‘ |Ho(jw)|, Hi(jw)
‘ ]
10m
w [rad/s|

FIGURE 7.28 Both holds with T' = 0.5 s: the first-order hold, solid amber, and the zero-order hold, dashed. The band edge
w,/2 = 2 rad/s is marked. Both start at T'; the first-order hold falls away faster on both sides of the edge.

® A HOLD IS NOT A RECONSTRUCTION

Both holds are filters with a real, non-flat, non-band-limited response. The staircase and the broken
line are different signals from (t), and a faster rate makes the error smaller but never zero. The
sampling theorem guarantees that the samples determine m(t) and names the filter that recovers it.
Feeding the same samples to a different filter gives a different output.

Conditions for exact reconstruction

Exact reconstruction needs three things together.
1. Band-limited: X (jw) = 0 for |w| > w.
2. Rate: w; > 2wyy.

3. Filter: gain T" and cutoff wy; < w, < wy — wyy.

The first condition fails for every signal of finite duration. Take the rectangular pulse z(t) = 1 on |t| < T}
and 0 outside:
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e — e T 2sin(wTh)

Jjw w

This transform crosses zero again and again, but it is never zero on a whole interval. There is no wys
beyond which it vanishes, so no rate keeps the copies apart, and the tails of all the copies add
everywhere. In practice a filter first removes what lies above a chosen wjs. The filtered signal is then
recovered exactly; the original is not. By contrast, cos(107t) has wy; = 107 rad/s, so any w, > 207

rad/s recovers it exactly.

| X (jw)

-161 -81 8mn 161

w [rad/s]

FIGURE 7.29 Arectangular pulse of width 1 s, 77 = 0.5 s,
has | X (jw)| = |2sin(w/2)/w|, which never settles to
zero.

7.4 Aliasing in practice

Aliasing of a sampled cosine

| Xp(jw)]

-16m -81 8n 161

w [rad/s]

FIGURE 7.30 The same pulse sampled with 7' = 0.25 s,
w, = 8 rad/s: the tails of all the copies add at every
frequency.

Take z(t) = cos(wyt), so wy; = wy, and reconstruct with the cutoff at w, = w, /2. The transform is
X (jw) = mé(w — wo) + md(w + wo). Substitute it into the sampled-spectrum sum:

1 — ™

Xp(jw) = T Z X (j(w — kws)) = T

k=—00

Z [6(w — kws — wo) + 6(w — kws + wo)].

k=—00

So sampling puts a line at every kws + wp, each of weight 7w /T". The filter multiplies by 7" inside |w| <
w. and by 0 outside, so each surviving line returns to weight 7. The method has three steps: list the lines
kws £ wo, keep those with |w| < w,, and read the output from the kept lines. For k = 0 and k = 1 at
three rates (the k = —1 lines are the mirror images at negative frequencies and give the same verdict):

w, = bwy, w, = 3wy :

k =0: 4w, inside;

k=1: 6wy =+ wy= 5wy, Tw, outside

= x,(t) = cos(wot)

w,; = 3wy, w, = 1.5wy :

k =0: *w inside;

k=1: 3wy + wy = 2wy, 4w, outside

= z,(t) = cos(wot)

ws = 1.5wq, we = 0.75wy :

k =0: 4wy outside;

k=1: 0.5wq inside, 2.5w( outside

= x,(t) = cos(0.5wot)

In the third case the original frequency is removed: the line at wy lies outside the filter. The line at
1.5wy — wy = 0.5w, comes from the k = 1 copy, and it lies inside.
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Xp(jw) Xp(jw) Xp(jw)

—————————— ' r==--- =T

NN AR

-12n -6t 6n 12n -12n -6m en 12n

w w w

FIGURE 7.31 ws = 6wy: the line at FIGURE 7.32 ws = 3wy: the line at FIGURE 7.33 ws = 1.bwy: a copy
wy is kept. wy is still kept. line at 0.5wy is kept, red; the others
are grey.

The alias frequency

THE UNDERSAMPLED COSINE, w,/2 < wy < w,s

-1

X, (jw) = mé(w — (ws — wp)) + T8 (w + (ws — wp)) N zr(t) = cos((ws — wo)t)

For w,/2 < wy < w, the baseband line at wy lies outside |w| < w,/2, while the line w, — wy of the copy
k = 1 lies inside, and so does its mirror —(ws — wo) from k = —1. Each impulse is written as a function of w
; an expression such as 7w (w, — wy) is a constant and locates nothing. The arrow is the inverse transform.

The output is a clean cosine at the wrong frequency, and nothing in the samples marks it. The samples of
cos(wot) and of cos ((ws — wo)t) are the same numbers, because (ws — wo)nT = 27n — wonT and
the cosine is even with period 27r.

For any wy the rule reads as follows. The numbers wy — kwy, for all integers k, are spaced w, apart, so
exactly one of them lies in —w;/2 < w < ws/2 (when none sits on an end); it is the one with & the
integer nearest to wo/ws. Its mirror comes from the negative-frequency line. So the kept pair is j:|w0 —
kws|. In hertz the tone returns at

fo=\fo—Ekfsl, k = the integer nearest to f,/ f, 0< £, <f,/2.

The simpler form w, — wy is the case k = 1, which holds for w, /2 < wy < 3w, /2 only. For example, at
fs = 6 kHz atone at fo = 4 kHz returns at |4 — 6| = 2 kHz, so a 4 kHz whistle recorded this way plays
back at 2 kHz. A tone at 5 kHz returns at |5 — 6| = 1 kHz, the only line inside | f| < 3 kHz.

:B(t), mr(t)
( ) ( ) () @,
AN AN AN N
[ /o /oy Y
/oy Iy /oy
/o I /o Iy
/ I ! o ! I / \
! k / \ ! k / \ ! ! / \ !
T ! L Y " ! L A T ! L A — >
\ 1 \‘/ rog ‘\ \:’ \/ I 15 ‘\ \:’ I o
[ @ ! () @ [ /

\\\_l
~

-\\

\\

\‘. t
‘../ I 05 \, 1. ‘./

@
\
\
\
\
\ \
\ .
/ \ \ I}

/
/
1
)
L
)
1
° | ¢ K . | v °
-1 \s \s, \, \\/ \s \~/ \s \~/

t [ms]

FIGURE 7.34 A4 kHztone, dashed, sampled at fs = 6 kHz, violet dots. The red 2 kHz cosine passes through the same
samples, and it is what the filter returns.
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Hearing aliasing with a chirp
A chirp is a tone whose frequency rises steadily. Take z(t) = cos (271' - 1000 tz). The frequency at a
moment is the rate of change of the phase, divided by 27:
2 1
(27 -1000#%) = o~ - 27 - 2000 ¢ = 2000 Hz.

1
ft)=5-%

In 3 s it rises from 0 to 6 kHz. Sample it at f, = 4 kHz and apply the fold rule at each moment. For 0 <
t<1s, f <2kHz= f,/2and k = 0: the tone is heard as it is, rising to 2 kHz att = 1 's. For 1 <
t<2s,2< f <4kHzand k = 1: the heard pitch is 4000 — 2000t Hz, which fallsto 0 att = 2 s,
where f = f,.For2 <t < 3s,4 < f < 6 kHz and again k = 1: the heard pitch is 2000t — 4000 Hz,
which rises again to 2 kHz at ¢ = 3 s. The pitch that comes out folds at f3/2 and runs back down.

FIGURE 7.35 The chirp frequency f(¢) = 2000 ¢ Hz, dashed, sampled at f; = 4 kHz, and the pitch that comes out, red.
The green band is what the reconstruction filter keeps.

¢ EXAMPLE 7.8 — ALIASING AT THREE SAMPLING PERIODS

GIVEN z(t) = cos(2nt), so wy = 2 rad/s and the Nyquist rate is 47 rad/s. The periods are
T, =1/4s, Ty =1/3sand T3 = 2/3 s, and w, = w,/2.

FIND Which periods recover the signal, and what is recovered when one does not.

METHOD Use the line spectrum after sampling, because the filter selects individual lines. Compute

w, = 2w /T, compare it with the Nyquist rate of this signal, 47, and when it fails find the
line inside |w| < w,/2.

SOLUTION 2
T, =1/4s: ws:ﬁ:87r>47r, w, = 47
2
T, =1/3s: ws:—ﬂ-:67r>47r, w, =37
1/3
Ty—2/3s: wy— -1 — 37 <4 —15
B = S: ws—2/3— T T, we= L.57w

In the first two rows the baseband lines =27 are inside the cutoff, and the nearest copy
lines, 8 — 2w = 67 and 67 — 2w = 4, are outside, so x,.(t) = cos(27t). In the third
row the baseband lines +27 lie outside |w| < 1.57 and are removed. The k = 1 copy puts
lines at 37 = 27, that is at 57 and at 7; the one at 7 is inside. The kK = —1 copy gives the
mirror line at —7r. So
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wy —wy =37 — 27 =7 < w, = 1.5,
X, (jw) =7é(w —7) + 0 (w + 1) = z,(t) = cos(nt).

The sample values of the two signals must agree at T3 = 2/3 s:

4mn 2mn
COS(27TT7,T3) = COS(T) = COS (27T’I’L — T)

2
= cos(%) = cos(mnT3).

Here 27 is a whole number of turns, and the cosine is even. The two sample sequences
are identical, so no reconstruction could prefer one over the other; the filter returns the lower
one. At T = 0.8 s, similarly, w, = 27/0.8 = 2.57 and w, = 1.257: the line 27 is outside,
and the copy line 2.5m — 2w = 0.57 is inside, so x,(t) = cos(0.57t).

The verdict rests on the number the rate is compared with, and for this signal that number is
2wj; = 4m. Comparing against another signal’s Nyquist rate of 67 makes the middle row
read 6 > 67, the boundary case the theorem excludes, although this signal has a
comfortable margin there.

z(t), z.(t)

FIGURE 7.36 Example 7.8 at T3 = 2/3 s: cos(2mt), dashed, its samples, and the red cos(7t) that the filter returns
through the same samples.

¢ EXAMPLE 7.9 — PARTIAL ALIASING OF TwWO COSINES

GIVEN

FIND

METHOD

SOLUTION

z(t) = cos(mt) + cos(3mt), sampled with T' = 2/5 s; we = ws/2.
xr(t), and which component moved.
Treat the components separately, because one can alias while the other passes unchanged.

First test the rate against this signal’s Nyquist rate, then track each baseband and copy line
through the filter.

wyr = 3 rad/s, so the Nyquist rate is 2w, = 67 rad/s, while

_ 2m 27

ws = 7 = 575 = br rad/s, W, = % = 2.57 rad/s.

Since 5 < 67, aliasing occurs. Each component transforms to a pair of impulses of weight
7, and sampling puts lines at kw, =+ wy for each of the two values of wy. Test each line
against |w| < 2.5
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+ 7 inside

57 — m = 4m, bw + ™ = 67 outside

wo=3m, k=0: =+ 37 outside
wo=3m, k=1: 5w — 3 = 2m inside, b7 + 37w = 8x outside
Larger |k| moves the lines further out, and k = —1 gives the mirror lines at —27 and —4.

The filter multiplies the surviving lines by T', which cancels the 1/T of sampling and returns

the weight 7 to each line. Hence

X, (jw) = 7[0(w — ) + 6(w + )] + 7 [6(w — 27) + d(w + 27)]

L) g}r(t) = COS(ﬂ't) + COS(27Tt),

since each pair [0 (w — a) 4+ §(w + a)] returns cos(at). The component cos(7t) keeps
its frequency; cos(3mt) returns at w, — 37 = 2, a frequency the signal never contained.

CHECK The aliased component and its replacement must give the same samples at 1" = 2/5 S:
6mn 4mn
cos(3mnT) = COS<T> = CoS (27m — T)
4
= cos(—) = cos(2mnT)
VARIATION WithT = 1/2s, wy, = 4w and w, = 2. The line 7 is kept. The copy line of the second

component lands at 4™ — 37 = T, on top of the kept line, so the two weights add:
X, (jw) = 2m[§(w — 7) + §(w + m)] and z,.(t) = 2 cos(nt). Saying only “aliasing
occurred” is not an answer; name what each component became.

LTI

-5 -4 -3t 21 -t I s 2n 3n 4n 5m

w [rad/s]
FIGURE 7.37 The lines of Example 7.9 after sampling at
ws = 5 rad/s, with the filter |w| < 2.57 dashed. The line

at 7 is kept, cyan, the copy line at 27 is kept, red, and the
grey lines are removed.

The anti-aliasing filter

2‘1 ®. ®
\\ // \\ A4
\ A \ [
\\ 7N N ,/ \\ 7\ /N // .
\ / \ /’\ / - // \\ . \ /’\ . \ / 7 o
\e, o 1 e ' 2 N o 38 ®/ 4
\./ \\ ,’ \./ \./ \\ /I \./
> \\,’ AN
t[s]

FIGURE 7.38 xz(t), dashed, and the red z,(t) =
cos(mt) + cos(27t). Both pass through every sample.

No real signal is strictly band-limited, and a sampler at a fixed rate cannot be helped after the fact. The
repair is a low-pass filter H 44 placed before the sampler, which removes everything above w; / 2 while it

can still be removed cleanly.
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H(jw) |— &

A 4

A 4

sampler

FIGURE 7.39 The chain with an anti-aliasing filter. The filter comes first; the sampler output is (), and z,(t) is the
output of the reconstruction filter.

(® PLACE THE FILTER BEFORE THE SAMPLER

After sampling, a folded frequency sits on top of wanted content at the same frequency. No later filter
can separate the two contributions. The anti-aliasing filter must remove the high frequencies before
the sampler.

¢ EXAMPLE 7.10 — WHAT THE ANTI-ALIASING FILTER BUYS

GIVEN

FIND

METHOD

SOLUTION

X(jw) =1 — |w|/(37) on |w| < 37 and 0 outside, a triangle that reaches past w; /2 for
ws = 47 rad/s. Before the sampler, an ideal low-pass H 44 keeps |w\ < Wwq; the
reconstruction filter has gain 7" and cutoff w, /2 = 2.

The error energy 5 [ | X (jw) — X, (jw)|? dw for w, = 37 (no filter), w, = 2 and

We = .

By Parseval this is the energy of (t) — z,(t). Split the frequency axis into the part the
reconstruction keeps, |w| < 27, and the part it removes, 27 < |w| < 3. Inside the band
the error is whatever the copies add or the prefilter removed; outside it the error is X itself.
The triangle is even, so compute w > 0 and double.

No filter, w, = 3m. For 0 < w < 27 the copy k = 1 adds X (j(w — 4)), which is non-
zero where |w — 47| < 3, that is for w > 7; there it equals 1 — (47 — w)/(37) =

(w —7)/(37). So the error inside the band is (w — ) /(37) on T < w < 27, and
outside itis X = (37 — w)/(37) on 27 < w < 3m. With u = w — 7 in the first integral
and u = 37 — w in the second, each runs over 0 < u < 7:

3ox

2w — 2 33w — w2 1 1u 0
[ o [ (e 8T
x 3m 2 3 Or=L 3 lo 27

™

1 T T 2
Egﬁ_%-2(2—7+ﬁ) = o~ 0.074,

With w, = 27 the prefilter removes 27 < |w| < 3 before the sampler, so no copy

reaches the band and only the removed part is lost:

1 ™ 1
2 — ~ 0.037.

EZW:_' . —_ =
27 27 27

With w, = 7 the whole of 7 < |w| < 37 is lost; with w = 37 — w running over 0 < u <
2m:
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1 o ar — 2 1 1 320 1 873 8
. T 9m2 T

2 37 3 Jo 27x2 27
CHECK Moving w, from 37 to 27 removes the folded part and halves the error: ;/3; = % A cutoff

below w; /2 removes wanted content too, with no folded part left to remove, so E, = 8/27
is larger than both. The best cutoff is ws/2.

spectra

-6r -4mn 4n 6

w [rad/s]
FIGURE 7.40 No anti-aliasing filter: X (jw), dashed, the

copies at £4r, violet, and the recovered X, (jw), green.
The red area is the error; its energy is 2/27.

spectra

|
1
|
1
|
)
1
T

-6111 -lin -2mn 2n 4'1'( 6‘1'(
w [rad/s]
FIGURE 7.41 With H 44 cutting at w, = 27, dashed

amber: the copies no longer reach the band, and only the
removed tails are lost. The error energy halves to 1/27.

The same comparison for the two cosines of Example 7.9, z(t) = cos(nt) + cos(3nt) atT = 2/5 s.
Without the filter, 2 (t) = cos(mt) + cos(2nt) and the erroris e(t) = z(t) — x,(t) = cos(3nt) —
cos(27t). With a low-pass at 2.5 ahead of the sampler, the component at 37 is removed first, cos(7t)
alone is sampled and recovered exactly, and the error is e(t) = cos(3mt).

MEAN-SQUARE ERROR, AVERAGED OVER ONE PERIOD OF 2 S

e’(t) = [cos(3mt) — cos(27r1£)}2 = cos®(3mt) — 2 cos(3mt) cos(27t) + cos®(2mt)
= cos?(3nt) — cos(mt) — cos(5mt) + cos?(27t)

e2

1 [,
== t)ydt=1-0-0+1=1, 2
no filter 2/06() 2 L 0+2 €

1 [,
== 3rt)dt =1
filtered 2 /0 €08 ( T ) 2

The cross term uses 2 cos A cos B = cos(A — B) + cos(A + B) with A = 37t and B = 2nt. The
window of 2 s holds a whole number of periods of every term: cos(7rt) has period 2 s, cos(5t) has period 0.4
s, and cos®(3mt) = § + 1 cos(6mt) averages to 3. A cosine averages to zero over a whole number of
periods, so each cross term contributes 0 and each squared cosine contributes % Filtering first halves the error
power. It costs the 3m component, which was lost either way. What it buys is the removal of a false component
at 27 that the signal never contained, and that nothing downstream could tell apart from the signal.

Why 44.1 kHz

Hearing ends near 20 kHz, so the anti-aliasing filter of an audio converter passes 0 to 20 kHz. A real filter
cannot drop at once: it needs a width 4, its transition band, to fall to its stop level at 20 + A kHz. After
the filter the spectrum occupies | f| < 20 + A kHz. Its copy at f, begins to rise at f; — (20 + A), and it
must not start before the filter has stopped:

£i—(20+A)>20+A = £ >2(20+ A) =40+ 2A kHz.
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¢ EXAMPLE 7.11 — THE TRANSITION BAND OF THREE RATES

GIVEN

FIND

METHOD

SOLUTION

CHECK

An audio band of 0 to 20 kHz, and the rates 40 kHz, 44.1 kHz (the CD) and 48 kHz (film and
video sound).

The transition width A each rate leaves the anti-aliasing filter, and the lowest rate for a filter
that needs A = 3 kHz.

Solve f; = 2(20 + A) for A, which gives A = f,/2 — 20.

fs=40: A=20—-20=0
fs=44.1: A =22.05—-20=2.05kHz
fs=48: A =24—-20=4kHz

40 kHz would need A = 0, a filter no circuit can build. The CD rate leaves 2.05 kHz, from 20
to 22.05 kHz. A cheaper filter that needs A = 3 kHz requires fs > 2(20 + 3) = 46 kHz; at
44 1 kHz its copies would overlap.

Put each A back: 40 + 2 x 2.05 = 44.1 and 40 + 2 x 4 = 48. The same rule serves a
telephone line, which keeps speech up to 3.4 kHz and samples at 8 kHz: A = 8/2 —
3.4 = 0.6 kHz.

spectrum
A

-
~
[\

Y

-20 20 441

7 IkHz)

FIGURE 7.42 Aflatinput after the anti-aliasing filter, cyan, and its copies at the CD rate f; = 44.1 kHz, violet. With A =
2.05 kHz the filter reaches its stop level exactly where the copy at fs begins, at f5/2 = 22.05 kHz.

Aliasing in time

A camera is a sampler with 7' = 1/fs, where f, is the frame rate, and a strobe lamp is the same device

built from light. What is seen follows the alias rule, applied to an angle.

¢ EXAMPLE 7.12 — A WHEEL THAT TURNS BACKWARDS

GIVEN

FIND

METHOD

SOLUTION

A marked spoke turns at 9 revolutions per second. A camera records 10 frames per second.
The rotation the recording shows, with its direction.

Model the tip of the spoke as €/?(®) with 6(t) = 27 - 9, a single complex exponential, so
that the direction of rotation is the sign of its frequency. Sample it at w, = 27 f, and keep
the line inside |w| < ws/2.

The tip €718 has one line, at wy = 27 - 9 = 187 rad/s. The camera samples at f; = 10
Hz, so w, = 207 rad/s and the kept band is |w| < 107. Sampling puts copies of the line at

© 2026 Hiseyin Ugur Yildiz - huguryildiz.com - Course content: CC BY-NC-SA 4.0 Lecture Notes - 263



CHECK

Signals and Systems — Lecture Notes

187 + k - 207

eee, =227, —2m, 18w, 387, ...
~~ N
k=—1 k=0

Only £ = —1 lies inside, so the kept line is wyg — w, = 187 — 20 = —27 rad/s. That is
27 /2w = 1 revolution per second, and the minus sign means the other direction. Since

ws = 207 < 2wy = 36, this is the undersampled case. Between frames the spoke turns
9/10 of a turn, and the eye reads that as 1/10 of a turn backwards, because it takes the
shorter way round.

Frame n is taken at t = n/10 s. The recorded angle is

n n 27n
9(—) = 187 — = 2 — ——,

10 10 10
and ef(2m—2m/10) — o=j2m/10 heacayse eI2™ = 1. These are exactly the frames of a
rotation at —1 revolution per second. At 20 frames per second, ws = 407 > 367, and the
film shows 9 rev/s in the right direction. At 9 frames per second the kept line is 187 —
187 = 0, and the spoke stands still. A fan at 25 rev/s filmed at 24 frames per second gives
507 — 487 = +27: 1 rev/s forward.

cos 6(t)
- - , , < - - °
\ \ N ; e
/I \ [ ] \ II \\ / \ 1\ 1\ 1 \ /, \\ ! @ ,/ \\
! ‘\ ! \ 1 \ A I I ro\ 1 \ [ \ Il \
| ) ! : . \ II \ II \ I/ \\ ! \\ h o K \ , \
1 ! \ \ \ 1 1 \ \
\ \ ] 1 ]

! A L \ i \L \ ! ‘\ T II ‘\ II : / ! ! T \;
] 1 \ | ! \ \
\\ } ‘\ I' ‘\.’ \ ] \ ] \ h \./ \‘ } \ Il

- . 0.25 i \0.5/ \ 7075\ S
v ! Vo vy o/ \ ! VoL v [ Vo
! v \ (] @ N A/ \
-1 N \/ \s N \\.I_/ < N N/ \s
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FIGURE 7.43 The horizontal position of the spoke tip, cos H(t), at 9 revolutions per second, dashed, and the frames at 10
per second, dots. The frames describe one revolution per second, red.

Aliasing in space

Position takes the place of time without any change to the arithmetic. A stripe pattern of 9 cycles per
millimetre recorded on a grid of 10 points per millimetre has 2 x 9 = 18 > 10, so it is undersampled,
and it is recorded at |10 — 9| = 1 cycle per millimetre. A fine pattern is recorded as a coarse one. The
coarse bands are in the samples, not in the object. They are smooth and regular, and nothing marks them
as false. The cure is the one used in time: blur the detail slightly before it is recorded, not after.

Two regular patterns laid over each other make the same effect with no sampler at all. Stripes of period
1.0 mm and 1.1 mm have spatial frequencies

1
fi = 0- 1.000, fo = — =0.909 cycles/mm, P

—
—

= = 11 mm.

1 11
. ii—Ff 1-3

e
[

1.1

Two close spatial frequencies beat at their difference, as two close tones do, and the overlay repeats
every P. This pattern is called moiré. When an image is recorded, the pixel grid is one of the two patterns:
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FIGURE 7.44 Stripes of 9 cycles per millimetre, cyan,
recorded by a grid of 10 points per millimetre, dots. The grid
records 1 cycle per millimetre, red.
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? P =11 mm
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FIGURE 7.45 Bars of period 1.0 mm and 1.1 mm, alone
and laid over each other. The overlay is dark where the bars
disagree, and that repeats every P = 11 mm.

7.5 Discrete-time processing

Most signal processing today samples a continuous-time signal, computes with the numbers, and converts
the result back. This section follows a band-limited signal through that chain and shows that, for such
inputs, the whole chain acts as one continuous-time LTI system.

@® TWO FREQUENCY VARIABLES

Both kinds of frequency appear together here, so this section writes w for continuous-time frequency
in rad/s, with X.(jw), and €2 for discrete-time frequency in rad/sample, with X ;(e/®?) =

3. x4[n]e 7. Chapter 6 wrote w for the discrete-time variable; Section 7.6 returns to that. The
subscript ¢ marks a continuous-time signal and d a sequence.

The processing chain

z.(t) zq[n]

—_—

C/D Hy () D/C

A 4
A 4

T T

FIGURE 7.46 Discrete-time processing of a continuous-time signal: a C/D converter, a discrete-time system and a D/C
converter, both converters working with the same period T'.

in g
sinc(6) = ——— .

00 )
wtn), :

ye(t) = Z Ya[n] sinc((T

n=—oo

md[n] = :IZC(’I”LT),

The C/D (continuous-to-discrete) converter keeps the samples. The D/C converter rebuilds the band-
limited signal through the output numbers, with the ideal filter of gain 7" and cutoff 71'/T of Section 7.3, so
that y.(nT') = yq[n| at every sample. Only H; changes the spectrum; the converters sample and
rebuild. If yq[n| = xq[n] and the input is band-limited with ws > 2wy, the chain returns y.(t) = x.(t).

From radians per second to radians per sample

Sample n is taken at t = nT’, so a continuous-time exponential e/“* becomes e/"T = el WI)n s
discrete-time frequency is therefore
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FREQUENCY MAP

Q = w T
~~ ~- ~~
rad/sample  rad/s s/sample
T is seconds per sample, so the units match. The sampling rate ws = 27r/T lands on Q2 = w,T = 27, and
ws/2 lands on 2 = 7. The band edge wyy lands on Qa7 = wpT'. The copies stay apart while Q37 < 7, that

iswyT < m,thatis wy < m/T = ws/2: the sampling theorem again.

For the running signal, wy; = 27 rad/s, sampled with 7' = 0.2 s, the band edge lands on 2, = 27 X
0.2 = 0.47. With T' = 0.25 s it lands on 0.57r. With T = 0.6 s it lands on 1.27 > m, and the copies

overlap.

TXd(ejQ) TXd(ejQ)
. r s | A .
one period, 27 | i one period, 27 | :
| 1 | /\__/1\_._/\
/\ 3 / \ 3 /\ R Z T T =
-3n -2n i n 2n 3n -3n -2n n n 2n 3n

Q [rad/sample] Q [rad/sample]

FIGURE 7.47 The running signal sampled with 7' = 0.25s FIGURE 7.48 The same signal with T' = 0.6 s: 3, =
and drawn times T" against 2: 3y = 0.57, and a copy 1.2 > m, and neighbouring copies overlap, red.

every 27r.

The spectrum of the samples

The spectrum of the sequence x4 [n] follows from the sampled spectrum of Section 7.1 by a change of
variable. Step 1 writes both transforms as sums over the same samples. The impulse 5(t — nT) has
transform [ 6(t — nT)e 7+ dt = e 7" by sifting, so the transform of z,,(t) = >, z.(nT) 6(t —
nT') is a sum of such terms. The second line is the definition of the transform of z4[n| = x.(nT).

X, (jw) = Z z.(nT) e HnT
X4(e?) = Z z.(nT) e 7"

n=—oo

Step 2 compares them. The two sums are the same when wT' = €, thatis w = Q/T. Then substitute
the sampled spectrum and use kwsT = 27k:
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THE SPECTRUM OF THE SEQUENCE OF SAMPLES

Ko -5 (8) - $5 x((E-w)
1 & c(] Q—T27rk)

k=—00

The second line writes % — kws = Qf’;w“T = Qf;”k. The copy k sits at {2 = 27k for every T'; changing T’

only stretches the drawing, because the time axis ¢t = nT" has become the integer n. The result repeats every
27 in €2, as every discrete-time spectrum must.

The equivalent continuous-time system

Follow a band-limited input with X.(jw) = 0 for |w| > ws/2 through the chain. The D/C converter forms
> yaln] 8(t — nT), whose transformis Y yg[n]e "1 = Y, (e™T) by Step 1, and multiplies by the
filter of gain T" on |w| < ws/2. Inside that band:

Y.(jw) = T Ya(e") = T Hy(e™") Xa(e™")
=T Hy(eT) . % X, (jw) = Hy(e™T) X, (jw).

The second equality is the convolution property of the discrete-time system, Y; = H;X,. The third uses
the spectrum of the samples at 2 = wT'": for |w[ < ws/2 only the copy k = 0 lies there, and it is
X (jw)/T. Outside the band the D/C filter gives zero.

KEY RESULT: THE EQUIVALENT SYSTEM

Hd(ej‘”T), lw| < wy/2
0, lw| > ws/2

Her(jw) = {

This holds for every input with X (jw) = 0 at |w| > w,/2. For other inputs the chain is not even time-
invariant: a short pulse may fall between two samples and vanish, while the same pulse shifted onto a sample
instant does not. To design H,; for a wanted H.g, read the key result backwards: Hy(€/?) = H(j2/T) for
|Q| < m, repeated every 27r.

An example: the three-point average ya[n| = fza[n + 1] 4+ 3za[n] + Jz4[n — 1]. Ashift by one
sample multiplies the transform by eim, SO

: 1 1 1 _; 1 1, . 1 1 1

JO = 9@ = Z -0 _ = Z (.00 -\ - | = 0=-(1

Hy(e™) 7€ T3¢ 2+4(e +e ) 5 5 cos 2( + cos ),

using e/ 4+ e 9 = 2cos Q. With T' = 0.25 5, w, /2 = /T = 47 rad/s and Hegr(jw) = 5 (1 +
c0s(0.25w)) for |w| < 47 Atw = 2mitis 2(1 + cos(m/2)) = 3. Atw = 6m > 4 itis 0: the D/C
converter removes it, although Hj; itself repeats there.
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12n

w [rad/s]

FIGURE 7.49 The three-point average with 7' = 0.25 s as a continuous-time system: Heg(jw) = %(1 + cos(wT)) for
|w| < ws/2 = 4 rad/s, amber, and zero beyond. The grey dashed curve is the periodic Hy(e/“T) that the D/C converter
cuts off.

¢ EXAMPLE 7.13 — A DIGITAL CUTOFF IN HERTZ

GIVEN A digital low-pass that keeps |Q2| < Q. = /4, run at fs = 8 kHz and then at f, = 44.1
kHz.
FIND Its cutoff in rad/s and in hertz at each rate.
METHOD Read the key result backwards: the filter keeps |wT'| < €, so w. = Q./T = Q. f, and
fe=w./2m = Q.fs/2m.
SOLUTION At f, = 8 kHz:
71' 20007
We= 7" 8000 = 20007 rad/s, fe= o 1000 Hz = 1 kHz.
At f =44.1kHz: f, = 7;—44 -44.1 = 447'1 = 5.5125 kHz. For 2. = 7 /4 in general,
Je= fs/8
CHECK The cutoff must lie below f,/2, because . < m:1 < 4 kHz and 5.5125 < 22.05 kHz.

The filter stores only {2.; the sampling rate decides where it acts. A sound card that changes
its rate moves every cutoff with it, so a digital filter is designed for the rate it runs at. For a

filter that keeps || < /2 at 16 kHz, f. = 22 - 16 = 4 kHz.

— om

A digital differentiator

The derivative dz./dt has transform jwX.(jw). So a band-limited differentiator is

Jw,  |w| < w,/2

Q| <.
0, |w|>ws/2 [ <=

; Q Q

He . _ H 70 — He ( _) _ =

ii(jw) { a(e”) = Heaj ) =i 7

Outside || < 7 the response repeats every 2. Its magnitude is the ramp |$2| /T, which reaches 7 /T
at the band edge; with 7' = 0.25 s that is 47, and at 2 = 7/2 itis (w/2)/0.25 = 2. Its phase is

+7/2for Q > 0and —m/2 for Q < 0, and at Q = 7 the response jumps from jm /T to —jm /T

¢ EXAMPLE 7.14 — THE DIFFERENTIATOR ON A TONE

GIVEN

FIND
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The digital differentiator with fs = 1 kHz, and the input tone x.(t) = cos(2 fot).
Y (t) for fo = 100 Hz, and its peak for fy = 700 Hz.
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METHOD Write the sampled tone as two complex exponentials, multiply each by H; at its own
frequency, and convert back with €29 = wT.

SOLUTION  The samples are q4[n] = cos(Qyn) = e/ + L= with Oy = wyT'. For 0 <
Qo < 7, Hy(e?™) = jQ0/T and Hy(e7™) = —jQ /T, so

1 jom 1 jD _jom _ o . /P —eSm
yd[n] - 2 T € 2 T € o T J 2
Qo . . Q . )
== Jd sin(Qyn) = 7 sin(Qon) = —wp sin(wenT).

The gain is o/T = wo and the phase shift is 7/2, since —sin @ = cos(f + 7/2). The
D/C converter returns y..(t) = —wy sin(wgt) = dx./dt. At fy = 100 Hz, 2y = 27 -

100 - 0.001 = 0.27 < 7, and the output peaks at wg = 2007 ~ 628.3 per second, that
is 0.628 per ms. At fo = 700 Hz, Q¢ = 1.47 > 7: the tone lies above f,/2 = 500 Hz, so
it folds first, to fs — fo = 300 Hz, because cos(1.4mn) = cos(27n — 0.67n) =
cos(0.67n). The filter then differentiates the 300 Hz alias, and the output peaks at 27 -

300 = 6007 ~ 1885 per second.

CHECK For fo = 100 Hz the output is the true derivative of the input. For fy = 700 Hz it is not: the
true derivative would peak at 27t - 700 per second at 700 Hz, while the chain gives a 300 Hz
tone with a smaller peak. The equivalent system holds only for band-limited inputs.

|Hy(e?)| z(t), ye(t)
one period, 27 | 4 !

| — 1
41+ A 1= o
211 i N Mo / .7 \ N
: "< . = T ] >
| | 1 | | 2 o . e 10
-3n -2n -t n 2n 3n A See - -
t [ms]

Q [rad/sample]

FIGURE 7.50 The magnitude of the digital differentiator for =~ FIGURE 7.51 A 100 Hz tone, dashed, and the differentiator
T =0.25s:aramptow/T = 4 at Q) = =+, repeated output at f; = 1 kHz, in units of per millisecond:
every 2. —0.27 sin(0.27rt) with ¢ in ms, peak 0.628.

A half-sample delay

A delay by A multiplies the transform by e A A band-limited delay by half a sampling period, A =
T /2, is therefore

T
2

Hop(jw) = e 972, |w| <w,/2 =  Hy(e®) =e /75 =72 (0| <.

lts gain is | Hy| = 1, and its phase —{2/2 is a straight line: every frequency is delayed by half a sample.
The output is y4[n] = y.(nT) = z.(nT — T'/2), the curve through the samples read half a step earlier.
There is no formula z4[n — %] a sequence has no value atn — % For example, with 7' = 1 ms and
z.(t) = cos(2m - 250t), t in seconds, y4[0] = z.(—0.0005) = cos(—27 - 250 - 0.0005) =

cos(—m/4) ~ 0.707.

The impulse response is the inverse transform of Hg over one period:
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THE IMPULSE RESPONSE OF THE HALF-SAMPLE DELAY

™ T -3y 1™
mn= L [T emrgmag - L [T gan-baqo L[ €22
—r 2 3 %)

=50 T/ . 27 | j(n —
_ 1 2j Sin(”("_ %)) _ sin(w(n— %)) = sinc(n(n — %
27 jn — %) a m(n — %) N ( ( 2))

The exponents combine as —{2/2 + Qn = Q(n — %) andn — % is never zero, so the antiderivative has no

zero denominator. Evaluating at +7 uses e/ — e 779 = 2 sin 6. Here sinc(f) = sin 6/6, unnormalised.
Since sin(r(n — §)) = (—1)"", h[n] = (=1)"*'/(m(n — §)): itis never zero, and it decays only like
1/n, so every input sample contributes to every output sample. The two central values are equal: h[(]] =

;&2 = 2 and h[1] = % =2

™

A second route gives the same h[n|. Feed the chain z.(t) = sin(nt/T")/(wt), whose transform is 1 on
lw| < /T (Example 7.4 with W = 7 /T). Its samples are z4[n| = sin(mn)/(mnT) = 0forn # 0
and z4[0] = 1/T, so z4[n] = £6[n] and the output is 7h[n]. The output is also z.(nT — T'/2), so

hln] = Ta(nT — §) = sl
2

zo(t), ye(t) hin]
I// \\
1 —= .
e -~ < e 0 5/ \
/ N /’—/—,——4/> 0.25’ [\\
7 N [ 4 J o \
’ 2 \é /6 8 - o~ i ! A 2 el >
1 . /// ¢ 4 ~é- 2 \41/25 <‘ \ é// \ﬁr g
i t [ms| n
FIGURE 7.52 z.(t) = sin(27 0.15¢) + FIGURE 7.53 The impulse response h[n] = sinc(m(n —
0.5 cos(2m 0.32t) with ¢ in ms, sampled at T' = 1 ms, 1)), with sinc(6) = sin 8/6: the kernel shifted by half a
violet. The half-sample delay gives y4[n| = z.(nT — T'/2)  sample, dashed, read at the integers. Every n carries a
, green, the samples of the delayed curve. value.

Quantization

A real C/D converter with B bits also rounds each sample to one of 27 levels, so that the result T4 [n]is a
number the computer can store. Over the range —1 to 1 the levels are a step A apart:

2 A
A=—p,  enl=an-cl, leln] < S
Each value goes to the level of its own step, and the level sits in the middle of the step, so no value is
more than half a step from its level. One more bit halves A, and with it the largest error. With B = 4,
A =2/16 =1/8 and |e] < 1/16. Rounding is a second loss, besides aliasing: it cannot be undone,

and no sampling rate removes it. Only more bits make it smaller.

The size of the error is measured by its power. Take the error as spread evenly over —A /2 < e < A/2,
with density 1/A. Its mean square is

— 1 [A2 1 re314/2 1 1,A% A3 A2
2:— 2d = —_—| —_ = — ¢« — | — —_— = —
€ A/_Me © A[3]—A/2 A 3(8+8) 12
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A full-scale sine sin(wyt) has power % the mean of sin®. With A2 = 4/2%5 the signal-to-noise ratio in

decibels is

ABOUT SIX DECIBELS PER BIT
1/2 6 . 228
SNR = 101log,, A3 10log;y - = 10log;y —— = 101log;, (1.5 - 2°7)

— 10log,, 1.5+ 2B - 10log;, 2 ~ 1.76 + 6.02 B dB

The last line uses log(ab) = log a + log b and log(228) = 2B log 2, with 10 log,, 1.5 ~ 1.76 and
20log;, 2 ~ 6.02. Each extra bit adds about 6 dB, so going from 12 to 14 bits adds about 2 x 6.02 ~ 12
dB. The rule gives 19.8 dB at 3 bits, 49.9 dB at 8 and 98.1 dB at 16, the CD format; the ratio measured on a

sampled full-scale sine lies within 1 dB of the rule from 3 bits up.

z(t), z4[n] SNR [dB]
; { 100 o—
. 80 /
@ e 60
| j'r "}:'L. L 40 /0
‘ : .- 20 ®
0.25 o.Ls"t.L. 075 .J.J"H ‘ | | | .
4 beo—o—o~2 1 4 8 12 16
t [mms] B |bits]

FIGURE 7.54 Afull-scale 1 kHz sine, t in ms, sampled 16 FIGURE 7.55 Therule SNR ~ 6.02B + 1.76 dB, with
times a cycle and rounded with B = 3 bits: 8 levels, A = the three cases B = 3, 8 and 16 marked.
0.25, dotted lines.

7.6 Decimation and interpolation

A sequence can be sampled too: keep every IN-th value and set the others to zero. This section derives
what that does to the spectrum, and then uses it to lower the rate of a sequence (decimation) and to raise
it (interpolation). Every spectrum here is a discrete-time transform, so the frequency variable is w in
rad/sample, as in Chapter 6, and every spectrum repeats every 2.

The running sequence of this section is z[n] = (sin(wn/S)/(ﬂ'n/S))2, with [0] = 1. Write it as

z[n] = 64 g[n|? with g[n] = sin(Wn)/(7n) and W = 7/8, because sin(nn/8)/(mn/8) =
8sin(Wn)/(mn). The transform of g is 1 on |w| < W and 0 on W < |w| < 7 (Chapter 6). Squaring in
time is a periodic convolution divided by 27, and the convolution of that rectangle with itself is the triangle
2W — |w| on |w| < 2W, as in Example 7.5. So

. 1 32 /m T
X (/) = 64 - — (2W — :_<_— ) <T

a triangle of peak % - & = 8 that reaches zero at wy; = 7 /4, repeated every 2.
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Sampling a sequence

SAMPLING A SEQUENCE

pln) = Y dln—kN),  w[n] = z[n] pln]
k=—00
zpn] = Z z[n]dn — kN| = Z z[kN] 6[n — kN] = {m[n], n=kN

k=—00 e —oo 0, otherwise

The sampler multiplies az[n] by a unit sample every N samples; the integer IV is the sampling period. The
second step uses z[n] d[n — kN| = z[kN|d[n — kN|, because §[n — k| is zero exceptatn = kN.
For example, with z[n] = (0.5)™ and N = 3, z,[4] = 0, because 4 is not a multiple of 3.

z[n] @p[n]
1
0 [ 05 [
* ° * ? . 2
12 6 6 12 12 -6 I 6 12

n n
FIGURE 7.56 The running sequence x[n] = FIGURE 7.57 The sampled sequence x,[n] with N = 3:

(Sin(ﬂn/g)/(wn/g))Z_ every third value is kept and the others are zero.

The spectrum of a sampled sequence

The derivation follows the continuous-time one of Section 7.1. Step 1 finds the transform of p[n]. It is
periodic with period IV, so it has a discrete-time Fourier series with coefficients

1+ —jk(@n/Nyn _ L 0y _ 1
ak:NZp[n]e :N(le)zﬁ’
n=0

since in one period 0 < n < N — 1 only p[0] = 1 is non-zero. A periodic sequence has impulses of
weight 27ray, at w = 27k /N (Chapter 6), so

STEP 1: THE SAMPLING SEQUENCE
” = 1 2k 2T — 2
P(ej):kz_: 27T'N(5(W—T):Nkz_: 5(w—kws), ws:F

One period of 27 holds the N impulses kK = 0, 1,..., N — 1, each of weight 27/ IN; with N = 4 that is four
impulses of weight 7r/2. Here wg = 27T/N is the sampling frequency of the sequence, in rad/sample.

Step 2 is the multiplication property of Chapter 6: a product in time is a periodic convolution over one
period, divided by 27. Step 3 substitutes P and sifts. Over 0 < 6 < 27 the impulses of P are those with
k=0,....,N—1:
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) 1 27 ) ] 1 21 N-1 2 )
X, (e) = _/ P X (/@) do = — . — / 5(0 — kw,) X (e/“~9) do
2T 0 2T N pry 0
1 N-1
=~ X (k).
k=0

KEY RESULT: THE SPECTRUM OF A SAMPLED SEQUENCE
1 N-1
X (ejw) _ § X(ej(w—Zﬂ'k/N))
P N
k=0

N copies of X (e?*) in each period, spaced 27 /N apart and scaled by 1/N. Each copy reaches wj; on
either side of its centre, so neighbours stay apart when 2w /N > 2wy, that is

27 7
ws > 2w = — > 2w = wy < —.
s M N M M < 3y

For the running sequence, wy; = m/4: with N = 3, /4 < /3 and the copies stand apart; with N =

4, /4 = /4 and they just touch; from N = 5 on they overlap. A sequence with X (e?) = 0 for
27 /7 < |w| < 7 needs 27 /7 < 7/ N, thatis N < 3.5, so the largest N with no aliasing is 3.

X, (c) X, (c)
1 ‘ one period, 27 | I |

one period, 27 | :
S S —

AMAAMAM — yovvnshny,

-3n -2n - m 2n 3n

w w

FIGURE 7.58 The sampled spectrum of the running FIGURE 7.59 The same with N = 5: the copies, 27T/5
sequence with N = 3: copies of height 8 /3, spaced 271/3  apart, overlap because /4 > /5. Their sum is red.
apart, that stand clear.

Recovering the sequence

Without aliasing, an ideal discrete-time low-pass filter recovers x[n] from z,, [n] It keeps the copy at w =
0 and removes the others, and its gain /N undoes the factor 1/N:

. N, |wl<w ; 1 i j
Hejw: ‘ ) wyr < We < Wg — W, Xre']w :N'_Xejw :Xe]w-
() {07 e o o o X(P) =N % X () = X()

Like every discrete-time frequency response, H repeats every 2. With no aliasing, w, = 7T/N = ws/2
always lies in the range. For the running sequence with N = 2 the range is 7r/4 <We < — 7r/4 =
37 /4, so w. = /2 recovers it.

Decimation

The zeros of [n] carry nothing, so storing them wastes memory. Decimation by IV keeps every IN-th
value and closes the gaps:

zp[n] = xp[nN] = z[nN].
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For example, z[n] = nfor0 <n < 11 and N = 4 give 2[2] = z[2 - 4] = z[8] = 8. If z[n] holds
samples of z(t) taken every T, then x5 [n| holds samples taken every NT': the sampling rate falls by the
factor IV, which is why decimation is also called downsampling. Its spectrum follows from the definition
and one change of index.

Xy(e™) = Z k] ek = Z 2, [kN] e @/ NEN
k=—00 k=—00
= Z z,[n] e T@Nm = X (5N,

The first line puts (k] = x,[kN] into the definition and writes wk = (w/N)(kN). The second line
sets n = kNN the terms of xp [n] with . not a multiple of N are zero, so adding them changes nothing,

and the sum is over all n.

DECIMATION STRETCHES THE SPECTRUM

=

=l

Xb(ejw) _ Xp(ejw/N) _ % X(ej(w_27rk)/N)
0

£
Il

The frequency axis of X, is stretched by IN. A band edge wys moves to Nwyy, and the copies at 27k / N
move out to 27k, so the period stays 27r. For the running sequence with N = 3 the band widens from 7 /4 to
3w /4; with N = 2 it widens to 7/2.

xp[n] Xp(e™)
i g Il
one period, 27 |
1 _— |
1 8/3 t
[ 05 I /\ : / \ | /\

* ® L i L ° *——» ‘ . : —
-4 -2 2 4 -3 -21n -t nd 2n 3n
n w

FIGURE 7.60 The running sequence decimatedby N =3 FIGURE 7.61 Its spectrum: the triangle of the running
:xp[n] = z[3n). sequence stretched by 3, now reaching 37 /4, with its copies

at every multiple of 27r.

Filter before you decimate

Decimation stretches the band edge to Nwyy. If Nwjs > 7, the stretched copies overlap, and that is
aliasing. So a sequence is low-pass filtered to |w| < /N before it is decimated:

z[n] — Hd(ejw) N W — xp[n], Hd(ejw) = {(1)7 Lf);:/‘i\q < .

Atfter the filter the band edge is at most /N, so the stretch by N keeps it inside |w| < 7. The filter
comes first; after the decimator no filter can separate a folded tone from wanted content.

¢ EXAMPLE 7.15 — DECIMATING TWO TONES

GIVEN Tones of 500 Hz and 3 kHz sampled at 8 kHz: z[n] = cos(7mn/8) + cos(37n/4).
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FIND What decimation by N = 2 gives with and without the prefilter, and which tone keeps its
pitch when N = 4 with no filter.

METHOD Map each tone to rad/sample with w = 27rf/fs, multiply by IV, and bring the result into
—7m < w < 7 by adding a multiple of 27r. Convert back to hertz at the new rate fs/N.

SOLUTION  The tones sit at w; = 27 - 500/8000 = 7 /8 and wz = 27 - 3000/8000 = 37 /4. With
N = 2 and no filter they move to 2 - 7/8 = w/4 and 2 - 37 /4 = 37 /2. The second is
outside |w| < 7r; subtract 27: 37/2 — 2w = —m /2. Atthe new rate 8/2 = 4 kHz, /4 is
7% . 4000 = 500 Hz and /2 is 2 - 4000 = 1000 Hz. So the 3 kHz tone is heard at 1
kHz. With the prefilter, |w| < /2 keeps 7 /8 and removes 37 /4 > 7/2, and only the 500
Hz tone remains. With N = 4 and no filter the new rate is 2 kHz: 4 - 7/8 = 7/2 < 7, so
500 Hz keeps its pitch, while 4 - 37w /4 = 37, which is 37 — 27 = T, that is 1 kHz.

CHECK In hertz, the fold rule of Section 7.4 at the new rate gives the same answers: at 4 kHz, |3 —
4| = 1 kHz; at 2kHz, |3 — 2| = 1 kHz, while 500 < 1000 Hz = f,/2 stays where it is.

Interpolation

Interpolation by N raises the rate. Step 1 inserts N — 1 zeros between neighbouring samples; with
N = 4 that is three zeros in each gap:

] zy[n/N], n=0,£N,£2N,...
r(ny|n| =
) 0, otherwise.

This is the time expansion of Chapter 6. Only the terms n = kN are non-zero, so its transform is
X(N)(ejw) - Z z(y[n] e—dum _ Zmb[k] e JwkN _ be[k] e iNWk — x, (eij).

The axis is compressed by IV, so the spectrum repeats every 27 / IN. One period of 27 now holds N
copies: the wanted one at w = 0 and N — 1 images centred at 27k /N, k =1,...,N — 1. Step 2
removes the images with a low-pass filter:

N, |w|<w/N
0, w/N<|w| <.

ylnl = (zany *h)[n],  H(e™) = {

The gain [N keeps the old samples at their values. The impulse response of the filter is

T iwn 17/ N ..
b = o [ weman - M ] N s/ )
21 J o N 2r L gn |y 27 in
_sin(mn/N) . /mn ) _ sinf
Yy 1nc( N)’ sinc(d) = 0

with h[0] = 5= - N - 22 = 1 from the integral directly. At the other multiples of N, h[mN| =
sin(mm)/(mm) = 0. So atn = kN only the term ¢ = k of the convolution survives: y[kN| =
> xo[i] h[(k — i) N| = xp[k]. The kept samples do not move; the filter only fills the zeros.
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z(3[n], y[n] X(2)(e?)

I

I

LT

-12 -6 6 12 18 -3 =21 -t l nd 2n 3n

-18
n w
FIGURE 7.62 Interpolation by N = 3 of the running FIGURE 7.63 xp[n| = cos(nn/4) with one zero inserted
sequence: the kept samples, violet, at n = 3k, and the after every sample, N = 2: the wanted lines at +7/8,
values the low-pass puts into the zeros, green. cyan, and the images at +77/8, red, in every period. The

low-pass, dashed, keeps |w| < 7/2.

¢ EXAMPLE 7.16 — THE IMAGES OF A TONE

GIVEN

FIND

METHOD

SOLUTION

CHECK

A 500 Hz tone sampled at 4 kHz, [n] = cos(mn/4), interpolated by N = 2 to 8 kHz.

Where the images lie, what they sound like without the filter, and how many copies a period
holds when N = 4.

Use X(n)(e?) = X (e?*): aline of X}, at wy + 2rm moves to (wy + 27m) /N.

X has lines at 7 /4 + 2rm. With N = 2 they move to (£7/4 + 2mm)/2 = +7/8 +
7m. For even m these are £ /8 plus multiples of 27, the wanted tone: at 8 kHz, % .
8000 = 500 Hz. For odd m they are the images; in —m < w < m, m = 1 gives —m /8 +
m="Tn/8andm = —1gives /8 — m = —7m/8. At 8 kHz, 7—;@ - 8000 = 3500 Hz, so
without the filter the images sound as a 3.5 kHz whistle. The low-pass of gain 2 and cutoff

7 /2 removes them. With N = 4 the spectrum repeats every 27 /4, so one period of 27
holds the wanted copy and 3 images: 4 copies in all.

77 /8 + /8 = m: each image is the mirror of the tone about 7r/2, the new f, /4. In hertz,
3500 + 500 = 4000 Hz, the old sampling rate, as for the copies of a sampled tone at f, +

fo-

A rate change by L/ M
To change the rate by a rational factor L /M, go up by L, filter once, and go down by M

z[n] — —|H, gain L, w. = min(%, &%) | — — y[m].

One filter does both jobs. The interpolator needs a cutoff of 7r/L to remove the images of 1 L, and the

decimator needs a cutoff of 7r/M to prevent the aliasing of | M. Both run at the same high rate, so one
low-pass with the smaller of the two cutoffs meets both conditions.

¢ EXAMPLE 7.17 — FROM 48 KHZ TO 44.1 KHZ

GIVEN

FIND

METHOD

A recording at 48 kHz that must be converted to 44.1 kHz.
L, M, the rate at which the filter runs, and its cutoff.

Write the ratio of the rates in lowest terms, with the greatest common divisor from the prime
factorisations.
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44100 = 22 -3%2.52.72 and 48000 = 27 - 3 - 53. The common factors are 22 - 3 - 52 =
300, so

44100  44100/300 147

- - L =147, M = 160.
48000 _ 48000/300 160 7 60

The filter runs at 48 - 147 = 7056 kHz, with gain 147 and cutoff min (7 /147, 7/160) =
7/160.

48 - %(7) = % = 44.1 kHz. The reverse conversion, from 44.1 kHz to 48 kHz, raises the

rate by 48000/44100 = 160/147: up by 160, down by 147.

z[n], ylm]

~ -
~ -
~ -

SN C (1
UL

t/T

FIGURE 7.64 Arate change by L /M = 3/2 for x[n] = cos(mn/5), time in units of the old spacing T". Violet: the old
samples. Up by 3 and the filter put values between them; down by 2 keeps every second one. The output y[m] green, has 3
samples in every 2 units of time.

7.7 Summary

The three tables collect the results of the chapter. The first two are in continuous time, with w in rad/s; the
third mixes the two, with 2 or w in rad/sample for sequences as in Sections 7.5 and 7.6.

TABLE 7.1 Sampling and the sampling theorem.

RESULT
Sampler

Rates

STATEMENT

2a(t) = 2(8) 5, (¢ — nT) = X2, 2(nT) (¢ — nT)
w, = 2m/Tinradls, f, = 1/T inHz, w, = 27 f,

Sampled spectrum Xp(jw) = 7 3, X (j(w — kws)), at every rate

Guard band

ws — 2wy positive, zero at the Nyquist rate, negative when the copies overlap

Sampling theorem X (jw) = 0for |w| > war and ws > 2wyy: the samples z(nT') determine z(t)

Nyquist rate

2w rad/s; the rate must be strictly above it

Band-pass sampling  2wg/n < w, < 2wr/(n—1),n < wy/B
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TABLE 7.2 Reconstruction and aliasing.

RESULT

Ideal filter
Interpolation
Zero-order hold

First-order hold

Alias of a
cosine

Anti-aliasing

STATEMENT
H,.(jw) = T for |w| < w,, 0 for |w| > w,, with wy; < w, < wy — wyr

z,(t) = > z(nT) W with w, = /T the kernel is sinc(nt/T)

Hy(jw) = e #7/2 25T vy Fy(j0) = T
Hy (jw) = % 282 with Hy (j0) = T

2 < wy < wy, we = 412, () = cos((ws — wo)t);ingeneral fo = |fo — kfs| < fs/2

A low-pass with cutoff w; /2, placed before the sampler; with a transition band A, fs > 2(far +
A)

TABLE 7.3 Discrete-time processing and rate change.

RESULT

Frequency map

STATEMENT

Q=wlws — 2, ws /27

Samples Xy(e’) = 157, X (§(Q — 27k)/T)

Equivalent system Heg(jw) = Hd(ej“’T) for |w| < ws/2, 0 beyond, for band-limited inputs
Quantization A =2/28 |e| < A/2, noise power A%/12, SNR ~ 6.02B + 1.76 dB
Sampled sequence X,(e) = + N o X (e/=27k/N)): no aliasing when wyy < /N
Decimation zp[n] = z[nN), Xp(e™) = X,(e™/N); low-pass to 7/ N first

Interpolation

z(v)[n] < Xy(e7N9); low-pass of gain N, cutoff /N

Rate change L /M Up by L, one low-pass of gain L and cutoff min (7 /L, /M), down by M

/A ROWS WITH A CONDITION

The sampling theorem needs a band-limited (), and a signal of finite duration never is. The
equivalent system holds only for band-limited inputs. Every sinc in these tables is the unnormalised
sinc(f) = sin /6.

What to carry forward

« An ideal sampler produces xp(t) = > x(nT) d(t — nT’): an impulse at every nT’ whose weight is
the sample z(nT).

« One rate has two numbers: w, = 27 /T in rad/s and f; = 1/T in Hz. Check every period with

wsl = 2.

» The sampled spectrum has a copy at every multiple of w,, scaled by 1/T, at every rate.

« The guard band w,; — 2w, between the baseband and the first copy is positive, zero at the Nyquist

rate, or negative.
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« Aliasing is the overlap of neighbouring copies, which happens only when w, < 2wj;. No filter after the
sampler can undo it; a low-pass before it prevents it.

« The sampling theorem needs a band limit and w, > 2w, strictly. A signal of finite duration is never
band-limited.

« Ideal reconstruction is a low-pass of gain T" with was < w, < ws — wyyr; in time it adds one kernel per
sample.

» The zero-order hold equals T" at w = 0, sags in the band and leaks outside it. The first-order hold falls
off like 1/w?, and its output is delayed by 7.

» Acosine above ws/2 comes back at the alias frequency. A wheel on film and stripes on a pixel grid
follow the same rule.

« For band-limited inputs, sample, process and rebuild acts as Hegt(jw) = Ha(e™T) on |w| < ws/2.
Quantization adds a loss that only more bits reduce, about 6 dB per bit.

« Decimation stretches the spectrum by [N and needs a low-pass first; interpolation compresses it by IV
and needs a low-pass after.

® THE FOUR TRAPS, IN ONE PLACE

Saying the copies disappear below the Nyquist rate: they never do, they overlap. Treating ws =
2w as safe: the admissible cutoff interval is empty there. Reading 27T/T in hertz: that is rad/s, and
the error is a factor of 27r. Calling a hold output the reconstructed signal: a hold is an approximation
with a measurable error.

When a signal is band-limited and the sampling rate satisfies the strict condition, its samples determine it
uniquely. This is the bridge from continuous to discrete time: the continuous-time operations of the earlier
chapters can be carried out on the samples, and the result converted back.

Exercises

7.1 A signal is sampled at ws = 80007 rad/s. Give T" and fs, and verify the period with a unit check.
Answer: T = 27 /w, = 1/4000 s = 0.25 ms and f, = 1/T = 4000 Hz. Check: w,T" = 80007 x 2.5 x 10~* =
27. A period of 0.25 s fails the same check by a factor of 1000.

7.2 X (jw) peaks at 1 and T = 0.2 s. How tall is each copy in X, (jw), and where is the copy k = 2
centred when T' = 0.125 s?

Answer: Each copy is scaled by 1/T" = 1/0.2 = 5. With T' = 0.125 s, ws, = 27/0.125 = 167 rad/s, so the copy
k = 2is centred at 2w, = 327 rad/s.

7.3 State in one sentence each what sampling does at every rate, and what happens only below the

Nyquist rate.
Answer: At every rate sampling puts a copy of X(jw) at every multiple of wg, scaled by 1/T. Below the Nyquist rate
those copies overlap and add, and that overlap is aliasing.

7.4 Show that the sampling theorem cannot be satisfied at w, = 2w, and give a signal that
demonstrates it.

Answer: The cutoff condition wy; < w, < w, — wys becomes wy; < w, < wyy, which is empty. For z(t) =
sin(wart) sampled at ws = 2wy every sample is sin(7n) = 0. For sin(507t) at 1007 rad/s, for example, every
sample is 0.
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7.5 What is the Nyquist rate of cos(3007t) + cos(7007t), and what is w); for z(t) =

. 2
(sin(50¢) /(7)) "2
Answer: The highest line is 7007 rad/s, so the Nyquist rate is 14007 rad/s. Squaring convolves the rectangle on
lw| < 50 with itself, so the band doubles: w;; = 100 rad/s.

7.6 A triangular spectrum has peak X,,,x = 4000 and is sampled at wy, = 320007 rad/s. Find the height
of one copy, and say why the area A = 80007 is not the number to use.

Answer: T' = 27/32000m = 1/16000 s, so the copy height is X,,,,/7" = 4000 x 16000 = 6.4 x 107. The area
of the convolution and the peak of the spectrum differ by 27, since squaring in time convolves in frequency and divides
by 27; using A inflates every height by that factor.

7.7 wpr = 37 and wy = 107 rad/s. Which of 27, 57 and 87 is a working cutoff w,.?

Answer: The cutoff needs 37 < w. < 10m — 37 = 7, so only 57 works.

7.8 A zero-order hold has T' = 1 ms. Where does | Ho(jw)] first reach zero, and what is | Ho | there
relative to 1" at the band edge ws/2?
Answer: The first zero is at w = ws = 27/T = 20007 rad/s. At ws/2, |Hy| = 2T /7 ~ 0.64T.

7.9 cos(107t) is sampled at w, = 167 rad/s and reconstructed with w, = 87. What comes out?
Answer: 107 > 8, so the baseband line is removed. The copy line 16w — 10w = 67 < 87 is kept, so z,.(t) =
cos(6mt).

7.10 z(t) = cos(mt) 4 cos(3t) is sampled with ' = 2/5 s and reconstructed with w. = w,/2. Find
z,.(t) and name the component that moved.

Answer: ws = b < 67, so aliasing occurs. Surviving lines: 7 from the baseband and 5 — 37 = 27 fromthe k = 1
copy, giving z,(t) = cos(mt) + cos(27t). The component at 37 moved to 27; the one at 7 passed untouched.

7.11 The chirp cos(27 - 1000 ¢2) is sampled at f, = 3 kHz. What pitch is heard at t = 2 s?

Answer: Att = 2 s the tone is at 2000 x 2 = 4000 Hz, and |4 — 3| = 1 kHz lies inside 0 to 1.5 kHz. The pitch heard
is 1 kHz.

7.12 A wheel turns at 23 rev/s and is filmed at 24 frames/s. Stripes of period 1.0 mm lie over stripes of
period 1.25 mm. What does the film show, and how far apart are the dark bands of the overlay?

Answer: 23 — 24 = —1: the wheel seems to turn backwards at 1 rev/s. The spatial frequencies are 1 and 1/1.25 =
0.8 cycle/mm,so P =1/(1 — 0.8) = 5 mm.

7.13 A telephone line keeps speech up to 3.4 kHz and samples at 8 kHz. How wide may the transition

band of its anti-aliasing filter be?
Answer: A = f;/2 —3.4=4—3.4 = 0.6 kHz.

7.14 The digital differentiator runs with T = 0.25 s. What is | H;(e/)| at 2 = 7 /2, and what peak does
the output reach for a 700 Hz tone when f; = 1 kHz?

Answer: |Q| /T = (7/2)/0.25 = 27. The 700 Hz tone folds to 1000 — 700 = 300 Hz first, so the output is the
derivative of the alias, with peak 27 - 300 s~ 1.

7.15 A converter is changed from 4 bits to 12 bits over the range —1 to 1. Give the largest rounding error
before, and the change in SNR.
Answer: With 4 bits, A = 2/2% = 1/8 and |e| < 1/16. Eight more bits add about 8 x 6.02 ~ 48 dB.
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7.16 The running sequence of Section 7.6, wy; = 71'/4, is decimated by N = 2. Where is the new band
edge, and does it alias? A 44.1 kHz recording is converted to 48 kHz: which ratio L/M does it use?

Answer: The band edge moves to Nwys = /2 < m, so there is no aliasing. The rate rises by 48000,/44100 =
160/147: up by L = 160, down by M = 147.
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APPENDIX

A

Summary of formulas

A.1 Energy and power

TABLE A.1 Energy and power in continuous and discrete time.

QUANTITY CONTINUOUS TIME DISCRETE TIME
Total energy Ey = [T |z(t)*dt Ew =20 _ |z[n]?

. T e 1 N 9
Average power P = :zll—{%o 5 [z (t)Pdt Py = ]\}l_lgo SNTT 2on—n 27|
Energy signal E, <00, P,=0 same
Power signal Eyw — 00,0 < Py < 0 same

A.2 Operations and periodicity

TABLE A.2 Operations on the time axis, and the test for periodicity.

ITEM STATEMENT

Shift z(t — to): delay if tp > 0, advance if ty < 0

Reversal z(—t), z[—n]

Scaling y(t) = x(at): compressed if a > 1, stretched if 0 < a < 1; support divided by a
Combination z(at — b): shift by b first, then scale by a

Periodicity z(t) = z(t + T); z[n] = x[n + N] with N an integer

Fundamental frequency ~ wo = 27/Tp = 27/ Ny

Even and odd Ev{z} = 3[z(t) + z(—t)], 0Odd{z} = 3[z(t) — z(—t)]
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A.3 Impulses and steps

TABLE A.3 The unit impulse and the unit step in continuous and discrete time.

ITEM CONTINUOUS TIME DISCRETE TIME

Step and impulse  §(t) = Lu(t), u(t) = ffoo §(r)dr  O[n] =u[n] —uln — 1], uln] = > 7 6[n — k|

Sampling z(t)d(t — to) = x(t0)d(t — to) z[n]é[n — ng] = [no|d[n — ng|
Sifting z(to) = [0, z(t)d(t — to)dt z[no] =Y, z[n]d[n — ng
Representation  z(t) = [z(7)d(t — 7)dr zn] =), z[k|d[n — k|

A.4 Complex exponentials

TABLE A.4 Complex exponentials in continuous and discrete time, and their periods.

ITEM STATEMENT

Continuous time z(t) = Ce™; with C = Ae’’ and a = 7 + jwy: z(t) = Aeel“otto)
Period Ty = 27 /wy, always periodic for wy # 0

Discrete time x[n] = Ca™ with o = €”; growth boundary at |a| = 1

Period N = Z—Zk; periodic only if wy /27 € Q

Frequency wrap-around el(wot2mn — gjwon

A.5 Systems and convolution

TABLE A.5 System properties, in general and for an LTI system in terms of h.

PROPERTY GENERAL CRITERION LTI CRITERION IN TERMS OF h
Memoryless output at ¢ uses only input at ¢ h(t) = ad(t) or h[n| = ad|n]
Invertible distinct inputs give distinct outputs h x g = § for some g

Causal output uses only 7 < ¢ h(t) =0fort < 0; h[n| = 0forn < 0
BIBO stable bounded input gives bounded output J|hldt < 00; Y, |h[k]] < o0

Time invariant z(t —to) = y(t —to) —

Linear axi + bxa — ay1 + by -
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CONVOLUTION

o0

yln] = Y z[k]h[n — k]

k=—00

y(t) = /oo 2(F)h(t — 1) dr

o0

Convolution is commutative, distributive, and associative. The output support is the sum of the input supports.
The total areas, or the total sums in discrete time, multiply.
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A periodic signal of period T with wg = 27 /T, or a periodic sequence of period N with wy = 27/ N. In
both columns & <> aj and y <> by.

TABLE A.6 Fourier series properties in continuous and discrete time.

PROPERTY

Linearity

Time shift

Frequency shift
Conjugation

Time reversal

Time scaling

Periodic convolution
Multiplication
Derivative or difference
Integral or running sum
Real signal

Real and even

Real and odd
Even-odd parts

Parseval

CONTINUOUS TIME

Az(t) + By(t) <> Aay + Bby,
z(t —tg) < ape It
eMwty(t) < ap_m

z*(t) <> a*

z(—t) <> a_y,

z(at), a > 0: ay, period Ty /
fTo z(7)y(t — 7)dT < Thaby,
2(t)y(t) < Dope oo abrs
dz/dt < jkwoay

Gk
Jkwy

ffoo zdr < onlyifap =0

ap = a*,; |ay| even, Zay, odd

ay real and even

ay, purely imaginary and odd

Ev{z} < Re{a;}, Odd{z} <> jIm{a;}

7 Jg, [2lPdt = 35 |ax?

DISCRETE TIME
Az[n] + By[n] +» Aay + Bby,
z[n — ngl > ape IFET/N)nmo
eIMCr/Nngln] 5 ay_y
z*[n] < a*,,

z[-n] < a_y

L(m) [n]: %ak, period mIN
Zr:(N) z[rlyn —r] < Nagby
z[nly[n] < D2, vy acbr—e

z[n] — z[n — 1] < (1 — e 7*C7/N))q,

Stz & iz only ifag = 0
same
same
same
same

% an(N) |z = Zk:(N) |ax|?

The two columns differ in three rows because discrete-time coefficients repeat, ar = ar+n. For
multiplication, the discrete-time sum therefore covers one period instead of all integers. Time expansion

carries the factor % because the average uses m times as many samples. Discrete time also uses a first
difference where continuous time uses a derivative. At k = 0, integration or accumulation requires zero
mean; otherwise the result grows without bound.
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A.8 Continuous-time Fourier transform

TABLE A.7 Properties of the continuous-time Fourier transform.

Signals and Systems — Lecture Notes

PROPERTY

Linearity

Time shift

Frequency shift
Conjugation

Time reversal

Time and frequency scaling
Convolution

Multiplication
Differentiation in time
Integration

Differentiation in frequency
Duality

Real signal

Real and even

Real and odd

Even-odd parts

Parseval

STATEMENT
azy(t) + bxy(t) < aX;(jw) + bX,(jw)
z(t —to) < e 7 X (jw)
etz (t) < X (j(w — wp))
z"(t) < X*(—jw)
z(—t) ¢ X (—jw)
z(at) < LX(jw/a)

(t) * h(t) < X (jw)H (jw)
z(t)y(t) < ) * Y (jw)
/At ¢ < W)X (juw)

AA

jw

[l x(r)dr & £ X (jw) + 7X(0)5(w)
tz(t) < jdX(jw)/dw
X(t) < 2mz(—w)

X(—jw) = X*(jw); | X| even, ZX odd

X (jw) real and even

X (jw) purely imaginary and odd

Ev{z} <> Re{X}, Odd{z} <> jIm{X}
J% le@)Pdt = 5 [7)1X (jw)Pdw
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TABLE A.8 Continuous-time Fourier transform pairs.

SIGNAL
6(t)

5(t — to)

u(t)

e "u(t),a >0

te~%u(t),a >0

tn—l

me*“tu(t), a>0
e’“‘t', a>0
lon |t| < T3, 0 beyond

SWt) _ W ginc(Wt)
mt ™

1

ejwot

cos wot

sin wot

Jkwot
> are’

Square wave: lon [t| < T1,00n T < [t| < T'/2

> o(t — kT)

Signals and Systems — Lecture Notes

TRANSFORM
1

e Jwto

jiw + 7 (w)

1
a+jw

1
@t o)
1
@ty

2a
aZtw?

25T) — 97 sinc(wTh)
Lon [w| < W, 0 beyond
270 (w)

270 (w — wy)

md(w — wo) + 76 (w + wo)
550 o) 500+ 00
>k 2mapd(w — kuwo)

e )
POTICEE

This table uses the unnormalised definition sinc(6) = sin 6/6. The normalised convention divides the
argument by 7. Convert the argument when moving between conventions; otherwise the result loses a

factor of 7. The exponential pairs require a > 0.
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A.9 Discrete-time Fourier transform

TABLE A.9 Properties of the discrete-time Fourier transform.
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PROPERTY
Linearity

Time shift
Frequency shift
Conjugation

Time reversal

Time expansion
Convolution
Multiplication
Differencing in time
Accumulation
Differentiation in frequency
Real sequence
Real and even
Real and odd
Even-odd parts

Parseval
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STATEMENT
az,[n] + bas[n] < aX;(e) + bX,(e)
z[n — ng| 4 €m0 X ()

efmnzn] ¢ X (efle—w))

z*[n] & X*(e )

z[—n] < X (e )

2w [n] & X (e/)

zn] * hn] < X (e#)H (&)

zlnlyln] < L [, X(e/)Y (elw9)do

z[n] —z[n —1] < (1 — e )X (e)

S oo @lm] ¢+ £ 4 X (7%) 30, 6(w — 27k)
nzn| < jdX(e™)/dw

X(e ) = X*(e™); | X| even, ZX odd

X (e’*) real and even

X (€%*) purely imaginary and odd

Ev{z} < Re{X}, Odd{z} < jIm{X}

X @l = o7 for [X () Pdw
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TABLE A.10 Discrete-time Fourier transform pairs.

SEQUENCE

a"uln], |a] <1

(n+ 1)a"u[n],

al <1

(n+r—1)!
n!(r—1)!

a”u[n], |a| <1
al™ la| < 1

1on |n| < Ny, 0 beyond
Sinfr#l= O<W<nr

1

edwon

COS Wy

sin wyn

Zk:< ) ag ek 2/ N)n

Y, 6[n — kN

TRANSFORM

1

e—jwno

= 47y, 6(w— 27k)

1
1—ae v

1
(1—aew)?

1
(1—ae—w)r

1—a?
1—2a cos w+a?

sin(w(N1 +% )
sin(w/2)

lonjw| <W,0onW < |w| <

2m Y1 0(w — 27k)

2>, 06(w — wo — 27k)

Ty p[0(w — wo — 27k) + 6(w + wo — 27k))]
= 1000 — an — 2mk) — 8(e + s — 27k)]
21>y and(w — BF)

2ﬁﬂ k‘s(‘”—%)

Every transform in this section is periodic in w with period 27 because the time index is discrete. A

periodic sequence has discrete spectral coefficients, while an aperiodic sequence has a continuous

spectrum. In each case, discreteness in one domain produces periodicity in the other.
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A.10 Symbols

TABLE A.11 Symbols and their meanings.

SYMBOL MEANING

z(t), z[n] input signal, continuous and discrete time

y(t), y[n] output signal

h(t), h[n| impulse response of a linear time-invariant system
§(t), d[n] unit impulse

u(t), uln] unit step

E, P, total energy and average power over all time

To, Ny fundamental period

wo fundamental angular frequency, rad/s or rad/sample
* convolution

J imaginary unit, j2 = —1
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VERSION DATE CHANGES

V0o 23 September 2026 First edition.

© 2026 huguryildiz.com - Course content: CC BY-NC-SA 4.0

© 2026 Huseyin Ugur Yildiz - huguryildiz.com - Course content: CC BY-NC-SA 4.0

Signals and Systems — Lecture Notes

Lecture Notes - 290


https://huguryildiz.com/
https://creativecommons.org/licenses/by-nc-sa/4.0/

	Signals, Systems andFrequency-Domain Analysis
	ContentsContents
	How to read these notes

	List of FiguresList of Figures
	List of TablesList of Tables
	CHAPTER1Signals
	1.1Definitions and notation
	1.2Energy and power
	From circuit power to signal power
	Total energy
	When total energy diverges
	Average power
	Energy signals, power signals, and neither

	1.3Signal operations
	Time shifting
	Time reversal
	Time scaling
	Combining a shift and a scale

	1.4Periodicity, even and odd
	Periodic signals
	A repeating shape that is not periodic
	The period of a sum
	Even and odd signals
	Products of even and odd signals

	1.5The impulse and the step
	The discrete-time impulse and step
	First difference and running sum
	The step as a sum of weighted impulses
	Sampling and sifting
	The continuous-time impulse
	Step, impulse, sampling and sifting in continuous time
	Scaling the impulse
	Differentiating a signal with jumps

	1.6Complex exponentials
	Complex numbers in polar form
	Continuous-time complex exponentials
	Case 1:  and  real
	Case 2:  purely imaginary
	Case 3: 
	A sum of two exponentials
	Discrete-time complex exponentials
	Low and high frequencies in discrete time
	When is a discrete-time exponential periodic?
	A sampled sinusoid has its own period
	Harmonically related exponentials
	Geometric sums
	Summing one harmonic over a period

	1.7A catalogue of common signals
	Building blocks: step, ramp, sign and exponential
	Pulses: rectangle, triangle, sinc and Gaussian
	Periodic waveforms: sine, square, triangle and sawtooth
	Signals for the ear: chirp, beats, AM and FM
	Random signals: noise, a noisy tone, a random walk and a telegraph signal

	1.8Summary
	Exercises


	CHAPTER2Systems and their properties
	2.1The input–output abstraction
	One equation, many systems
	Connecting systems

	2.2The six properties
	Memory
	Invertibility
	Inverse systems
	Causality
	Stability
	Time invariance
	Linearity
	Complex scale factors
	Incrementally linear systems

	2.3Classification in practice
	2.4Summary
	Exercises


	CHAPTER3Linear time-invariant systems
	3.1Impulse response and the representation property
	Every signal is a sum of impulses

	3.2The convolution sum
	Either signal can be flipped
	Flip, shift, multiply, add

	3.3The convolution integral
	Pulses of width 
	A convolution checklist

	3.4Properties of convolution
	Inverse systems
	System properties from the impulse response
	The step response
	The integrator and the differentiator

	3.5Difference and differential equations
	Difference equations and initial rest
	Non-recursive and recursive equations
	Block diagrams
	A first-order differential equation

	3.6Summary
	Exercises


	CHAPTER4Fourier series
	4.1The eigenfunction property
	Continuous time
	Discrete time
	A sum of eigenfunctions

	4.2Synthesis and analysis
	Which periodic signals have a series
	The synthesis equation
	Fundamental period of a sum
	The analysis equation
	The DC coefficient
	Real signals: cosine and sine forms

	4.3Series worked out
	The envelope, and the samples taken from it
	How many harmonics are enough

	4.4The discrete-time series
	4.5Properties
	Linearity and time shift
	Time reversal and conjugation
	Frequency shift and time scaling
	Periodic convolution
	Multiplication
	Differentiation and integration
	First difference and running sum
	Parseval’s relation

	4.6A periodic input through an LTI system
	Putting a real output back together
	Ideal frequency-selective filters
	Frequency-shaping filters
	Discrete-time filtering
	A first-order recursive filter

	4.7Summary
	Checklist
	Where Chapter 5 begins
	Exercises


	CHAPTER5The continuous-time Fouriertransform
	5.1From series to transform
	The periodic extension of a pulse
	The coefficients are samples of one curve
	The sum becomes an integral
	When the transform exists
	Convergence at a jump
	Transforms in the limit

	5.2The standard pairs
	Narrow in time, wide in frequency
	Time limitation and band limitation

	5.3Periodic signals
	5.4Properties
	Linearity and time shift
	Frequency shift
	Conjugation and the symmetry of a real signal
	Even and odd parts
	Differentiation in frequency
	Differentiation in time
	Integration, and the impulse it leaves behind
	Time scaling
	Duality
	Parseval’s relation

	5.5Convolution and multiplication
	Delay, differentiator, integrator
	The multiplication property
	Amplitude modulation
	Synchronous demodulation
	A band-pass filter with a tunable centre

	5.6Systems from a differential equation
	The frequency response of the example
	Repeated poles

	5.7Summary
	Properties
	Transform pairs
	What to carry forward
	Exercises


	CHAPTER6The discrete-time Fourier transform
	6.1Building the transform
	The coefficients are samples of one function
	Letting the period grow
	When the transform exists
	Why the spectrum repeats
	Frequency in discrete time
	Frequency on the unit circle
	The discrete Fourier transform
	Zero padding and resolution

	6.2The standard pairs
	6.3Periodic sequences
	The transform of a periodic sequence
	Cosine and sine
	The periodic square wave

	6.4Properties
	Linearity and time shift
	Frequency shift
	Conjugation and spectral symmetry
	Time reversal
	Even and odd parts
	Time expansion
	First difference
	Accumulation
	Differentiation in frequency
	Parseval's relation
	Duality

	6.5Convolution and multiplication
	Multiplication is a periodic convolution
	Seeing a cosine through a window
	Spectrum over time

	6.6Difference equations
	The repeated-pole pair

	6.7Summary
	What to carry into Chapter 7
	Exercises


	CHAPTER7Sampling and aliasing
	7.1The sampler and the sampled spectrum
	Impulse-train sampling
	Samples as a sequence
	The rate, in radians per second and in hertz
	The transform of the impulse train
	The spectrum of a sampled signal
	Replication at every rate
	Sampling rate and guard band

	7.2Aliasing and the sampling theorem
	Aliasing
	Why aliasing cannot be undone
	The sampling theorem
	Why the inequality is strict
	Band-pass sampling

	7.3Reconstruction
	The ideal reconstruction filter
	The chain in time
	Band-limited interpolation
	The interpolation kernel
	The zero-order hold
	Compensating the hold
	The first-order hold
	Conditions for exact reconstruction

	7.4Aliasing in practice
	Aliasing of a sampled cosine
	The alias frequency
	Hearing aliasing with a chirp
	The anti-aliasing filter
	Why 44.1 kHz
	Aliasing in time
	Aliasing in space

	7.5Discrete-time processing
	The processing chain
	From radians per second to radians per sample
	The spectrum of the samples
	The equivalent continuous-time system
	A digital differentiator
	A half-sample delay
	Quantization

	7.6Decimation and interpolation
	Sampling a sequence
	The spectrum of a sampled sequence
	Recovering the sequence
	Decimation
	Filter before you decimate
	Interpolation
	A rate change by 

	7.7Summary
	What to carry forward
	Exercises


	APPENDIXASummary of formulas
	A.1Energy and power
	A.2Operations and periodicity
	A.3Impulses and steps
	A.4Complex exponentials
	A.5Systems and convolution
	A.7Fourier series properties
	A.8Continuous-time Fourier transform
	A.9Discrete-time Fourier transform
	A.10Symbols


